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Abstract

PAC learning, dating back to Valiant’84 and Vapnik and Chervonenkis’64,’74, is a classic model for
studying supervised learning. In the agnostic setting, we have access to a hypothesis set H and a training
set of labeled samples (z1,y1),- .., (Zn,yn) € X x {—1,1} drawn i.i.d. from an unknown distribution D.
The goal is to produce a classifier h : X — {—1,1} that is competitive with the hypothesis h, € H
having the least probability of mispredicting the label y of a new sample (z,y) ~ D.

Empirical Risk Minimization (ERM) is a natural learning algorithm, where one simply outputs the
hypothesis from H making the fewest mistakes on the training data. This simple algorithm is known to
have an optimal error in terms of the VC-dimension of H and the number of samples n.

In this work, we revisit agnostic PAC learning and first show that ERM is in fact sub-optimal if we
treat the performance of the best hypothesis, denoted 7 := Prp[hp(z) # yl, as a parameter. Concretely
we show that ERM, and any other proper learning algorithm, is sub-optimal by a /In(1/7) factor. We
then complement this lower bound with the first learning algorithm achieving an optimal error for nearly
the full range of 7. Our algorithm introduces several new ideas that we hope may find further applications
in learning theory.

1 Introduction

One of the most basic theoretical models for studying binary classification in a supervised learning setup,
is the Probably Approximately Correct (PAC) learning framework of Valiant [25], and Vapnik and Chervo-
nenkis [27, 28]. In this framework, a training data set consists of n i.i.d. samples S = {(x;,y;)}; from an
unknown data distribution D over X x {—1,1}. Here X is an input domain and {—1, 1} are the two possible
labels. The goal is to design a learning algorithm A, that on a training set S, produces a classifier /hypothesis
hs : X = {—1,1} minimizing the probability of mispredicting the label of a fresh sample from D, denoted
by erp(h) := Prp[h(x) # y].

In the PAC learning framework, the algorithm A is further given a hypothesis set H C X — {—1,1}, and
the performance of the hypothesis hg produced by A must be competitive with the best hypothesis hZ, in
H, where h}, := argmin, 4, erp(h) (breaking ties arbitrarily). Classic work on PAC learning distinguishes
two important cases, namely realizable and agnostic learning. In the realizable setting, it is assumed that
erp(hy) = 0, i.e. that there is a hypothesis in H perfectly classifying all data. Here the goal is to achieve
erp(hg) < € for € going to 0 as fast as possible with n. In the often more realistic setup of agnostic learning,
the goal is instead to guarantee erp(hg) < erp(h}) + ¢, thus being competitive with h%,.

Realizable setting. The realizable setting is by now very well understood, in particular following a surge
of results over the past few years. The most natural learning algorithm in this setting is Empirical Risk
Minimization (ERM), that simply outputs an arbitrary hypothesis hg € H that achieves erg(hg) = 0. Here,
and throughout the paper, we let erg(h) for a set of samples S denote Prg[h(x) # y], and when we subscript
a probability by S, we let (x,y) be a uniform random sample from S. Note that a hypothesis hg with
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erg(hg) = 0 is guaranteed to exist since h%, is one such hypothesis. Classic work [28, 26, 6] shows that
ERM guarantees, with probability 1 — § over S ~ D™, that erp(hs) = O((dIn(n/d) + In(1/5))/n). Here
d denotes the VC-dimension [29] of H and is defined as the largest number of points z1,...,z4 € X for
which H can generate all 2¢ possible labelings of x1,...,z4. This sample complexity is known [17, 5, 24, §]
to be optimal for any proper learning algorithm, i.e. there exists an input domain X, hypothesis set H
of VC-dimension d and a data distribution D, such that any A that outputs a hypothesis hg from H
must have erp(hg) = Q((dIn(n/d) + In(1/6))/n) with probability at least §. Determining the optimal
sample complexity for improper learning algorithms, i.e., algorithms that are allowed to output an arbitrary
hypothesis hg : X — {—1,1}, and not only hypotheses from H, was a major open problem for decades.
Finally, in work by Hanneke [14], building on ideas of Simon [24], an optimal learning algorithm guaranteeing
erp(hg) = O((d + In(1/0))/n) with probability 1 — § was finally developed. This matches previous lower
bounds [6, 12] and thus settled the complexity of realizable PAC learning. Over the past few years, there
have been several works proving optimality of other and arguably simpler learning algorithms, including for
the practical heuristic bagging [19, 10], a variant of the one-inclusion graph learning algorithm [1, 17], and
most recently for a simple majority vote among three ERM classifiers [2].

Agnostic setting. ERM is also a very natural learning algorithm in the agnostic setting. Instead of
outputting a hypothesis hg with erg(hg) = 0 (which might not exist), ERM instead outputs the hypothesis
h§ = argminy, 4, erg(h) achieving the best performance on the training data (breaking ties arbitrarily). This
strategy is well understood and is known [16] to guarantee erp(hg) = erp(h})+O(y/(d +1n(1/5))/n). Note
that always use h%, to denote the hypothesis argmin, erp(h). Unlike the realizable setting, there is a matching
lower bound [3] (Theorem 5.2) even for improper learning algorithms. Thus in contrast to the realizable
setting, simple ERM is provably optimal. While this might seem the end of the story, the picture is however
more complicated. In particular, one would expect there to be some form of transition between the agnostic
and realizable setting, i.e. for sufficiently small 7 = erp(h},), ERM must become sub-optimal. The bounds
with the explicit dependence on 7 are quite standard in the literature and are sometimes called the first-
order bounds, especially in the contexts of online learning and optimization. For the state-of-the-art upper
and lower bounds in the agnostic PAC learning setup, we refer to [7, Corollary 5.3] and the corresponding
lower bounds in [11, Chapter 14] and in [4]. Since we revisit ERM and state its sample complexity also as a
function of 7, we start with the following upper bounds (with 01ln(1/0) = 0):

Theorem 1 (ERM Theorem, derived from [20]). For any input domain X, hypothesis set H of VC-dimension
d, number of samples n, distribution D over X x {—1,1} and any 0 < & < 1, it holds with probability at least
1 — 6 over a sample S ~ D" that every hypothesis h € H satisfies

(et (k) — exa()| = O (\/erp(h)(dln(l/erp(h)) +1n(1/9) dln(n/d)+1n(1/5)> .

n n

In particular, this implies that running ERM returns a hypothesis hs € H satisfying

erp(hs) = 7+ 0 (\/T(dm(lm +1n(1/9)) , din(n/d) +1n(1/5)> |

n n

where T = erp(hp).

Observe the /71In(1/7) dependency in erp(hg) that smoothly interpolates between the agnostic and
realizable setting. By the lower bounds in [11, Chapter 14], we have that any learning algorithm .4 produces
with probability at least  a hypothesis hg with

erp(hs) = 4 Q ( H(d+W(/5) | d+ 1n<1/5>> |



Thus there is a \/In(1/7) gap between ERM and the lower bound. Furthermore, and unlike the realizable
setting, there are no known algorithms that bridge this gap and we have no proof that optimal algorithms
need to be improper (except when 7 = 0).

Our Contributions. In this work, we close this gap for almost the full range of 7. First, we prove that
any proper learning algorithm must incur this /In(1/7) factor in its sample complexity:

Theorem 2. There is a constant C' > 0 such that for any VC-dimension d, number of samples n and T
satisfying Cdln(n/d)/n < 1 < 1/C, there is an input domain X and hypothesis set H of VC-dimension d,
satisfying that for every proper learning algorithm A, there is a distribution D over X x {—1,1} such that:

1. There is a hypothesis h € H with erp(h) = 7.

2. With probability at least 1/16 over a sample S ~ D™, it holds that the hypothesis hg € H produced by

A on S has erp(hg) =7+ Q(y/7dIn(1/7)/n).

Motivated by this lower bound, we design a new improper learning algorithm that avoids this y/In(1/7)
penalty and achieves an optimal sample complexity except for very small values of 7:

Theorem 3. For any input domain X, hypothesis set H of VC-dimension d, number of samples n, distribu-
tion D over X x {—1,1} and any 0 < § < 1, there is an algorithm, DISAGREEINGEXPERTS, that when given
samples S ~ D™ and failure probability &, returns with probability at least 1 —¢ a hypothesis hg : X — {—1,1}
satisfying

erp(hs) =7+ O ( r(d+In(1/3)) , In*(n/d)(d+ 1n<1/6>>>

where T = erp(hp).

This is the first known learning algorithm to provably outperform ERM in the agnostic setting. Fur-
thermore, we stress that despite the recent progress on realizable PAC learning, none of the ideas in those
works seem to generalize easily to the agnostic setting. Instead, our algorithm is based on a new paradigm
of recursively training pairs of nearly optimal classifiers that disagree in many of their predictions. We
elaborate on this new approach in Section 1.1 and hope it may find further applications in learning theory.

1.1 Proof Overview

In this section, we present the high level ideas of both our new agnostic PAC learning algorithm, Dis-
AGREEINGEXPERTS, as well as our lower bound for proper learners. We begin with the upper bound.

New algorithm. Our improved algorithm relies on several new insights regarding Empirical Risk Mini-
mization. To set the stage for describing these ideas, consider a data distribution D over X x {—1,1} and
let 7 = erp(h%). If we run ERM on a data set S ~ D" of size n, then by the ERM Theorem (Theo-
rem 1), this ensures that for sufficiently large constant ¢ > 0, ERM will not return a hypothesis h with
erp(h) > 7+ ¢\/7dIn(1/7)/n (let us ignore § and the additive dIn(n/d)/n term in the ERM Theorem for
simplicity). This is, of course, a 4/In(1/7) factor worse than what we are aiming for. To improve this bound,
we show that there is always a win-win situation we may exploit to shave the /In(1/7) factor.

To understand this win-win scenario, consider the set 7 C H of near-optimal hypotheses h with erp(h) <
T+ ¢\/7dIn(1/7)/n, i.e., the hypotheses that might be returned by a typical execution of ERM. These are
what we think of as experts in our algorithm name DISAGREEINGEXPERTS. In the proof of the ERM
Theorem, the basic idea is to union bound over all h € H (with a chaining argument), to show that
|erp(h) — erg(h)| = O(y/7dIn(1/7)/n) for all h € H simultaneously and thus returning the hypothesis
h§ with smallest error on S is a good strategy. Our first new insight is, that if the hypotheses in H are
sufficiently similar, then this union bound improves for H. Concretely, assume that all pairs of hypotheses



hi,he € H have Prplhi(x) # hao(x)] = O(7/In(1/7)). We argue that this implies that all hypotheses in
H satisfy the stronger guarantee that |ers(h) — erp(h)| = O(y/7d/n) rather than just O(\/7dIn(1/7)/n),
hence improving the accuracy obtained from ERM. The intuitive reason for this improvement is, that when
all the hypotheses in H are very similar, it suffices to bound |erg(h) — erp(h)| for one h € H and to bound
|(ers (k') — erg(h)) — (erp(h') — erp(h))| for all other i’ € H. Since |erp(h’) — erp(h)| = O(Prp[h(x) #
R (x)]) = O(r/1In(1/7)), we get stronger concentration on |(erg(h’) —ers(h)) — (erp(h’) —erp(h))| than each
individual | erg(h’) — erp(h')].

Unfortunately, we have no guarantee that all pairs of hypotheses hy, ho € H have Prplhy(x) # ha(x)] =
O(7/In(1/7)). Our next contribution is thus to find a way of exploiting the existence of two near-optimal
hypotheses hi, ho with Prp[hi(x) # he(x)] = Q(7/1In(1/7)) (i-e., a pair of disagreeing experts). Here we
show that the conditional distribution of a sample (x,y) from D with hi(x) = ho(x) is "easier”! than
the distribution D. In more detail, we know that erp(h;) = 7 + O(y/7dIn(1/7)/n) for j = 1,2. Since
precisely one of them errs whenever hy(z) # hao(x), and both or none err when hy(z) = ho(x), we have
that erp(h1) + erp(h2) = Prplhi(x) # ha(x)] + 2Prp[hi(x) # y A h1(x) = ha(x)]. Since they are both
near-optimal, this implies Prp[h1(x) # y A h1(x) = ha(x)] = 7+ O(y/7dIn(1/7)/n) — Q(7/In(1/7)). This is
7 — Q(7/1In(1/7)) for 7 sufficiently large (this assumption is one of the causes of the additive In®(n/d)(d +
In(1/6))/n term in our upper bounds). Rewriting this also gives Prp[hi(x) # y | hi(x) = hao(x)] =
Prp[hi(x) = ha(x)] "1 (7 — Q(7/1In(1/7))). Recalling that precisely one of h; and hy errs when they disagree,
and that they are both near-optimal implies Prp[hi(x) = ha(x)] > 1 — O(7) and thus Prplhi(x) # y |
hi(x) = ha(x)] = (1 + O(7))(t = Q(7/In(1/7))) = 7 — Q(7/In(1/7)). What we have just argued is, that
under the conditional distribution D= of a sample (x,y) ~ D with hi(x) = ha(x), there is a hypothesis
hyp_ € H with erp_(h},_) = 7 — Q(7/In(1/7)) (in particular, both h; and hy have this property). The
distribution D_ is thus somewhat easier than D since the optimal error under D is 7.

Our next idea is to repeat the above argument recursively in order to drive erp_(h},_) further down.
More formally, if we can again find a pair of disagreeing experts hi, ho for the distribution D— and re-
peat this ¢ times, then we end up with a list of pairs (h}, hd),..., (h}, h}) such that under the distribution
D— of a sample (x,y) ~ D conditioned on Vi : hi(x) = hj(x), we have erp_(h}_) < 7(1 —1/In(1/7))".
After t = O(In(1/7)Inln(1/7)) iterations, we have ensured erp_(h},_) < 7/In(1/7). Empirical Risk Mini-
mization on samples S with Vi : h{(x) = hi(x) then gives a hypothesis with erp_(h§_) = erp_(h}_) +
O(/(r/In(1/7))dIn(In(1/7)/7)/n) = erp_(h}_) + O(y/7d/n).

What remains is to handle samples with h{(x) # h}(x) for some i. We let D denote the distribution D
conditioned on such a sample. Our key observation is that we can control the probability of receiving such
a sample. Concretely, we show that Prp[3i : hi(x) # hi(x)] = O(7). We thus expect to see ©O(7n) samples,
denoted S, from D in a training set S ~ D™. A completely naive invocation of the ERM Theorem, only
assuming 7 = O(1), shows that we find a hypothesis hg, with erp,(hg,) = erp, (hp,) + O(\/d/[Sx|) =
erp,(hp,) + O(y/d/(tn)). Note that the dependency on 7 is very bad for this hypothesis, i.e., a \/1/7
rather than /7. However, since samples with hi(x) # h%(x) are so rare, this turns out to be sufficient.

We now have all the ingredients for our algorithm. If we have obtained the pairs of disagreeing experts
(hi,h3),..., (R}, hS) and the two hypotheses hy  and hg.,, our final classifier does as follows on a new point
x € X without a label: First, it checks whether there is a pair with hi(x) # h(z). If so, it returns hs, (x).
Otherwise, it returns h§_(x). If p denotes Prp[3i : h(x) # hb(x)], then p = O(7) and our final classifier hg

LA similar argument was used in [9, 22] in the context of classification with an abstention option. The authors also use the
disagreement sets of what we call the experts — candidates for being an output of a typical ERM. However, the authors of
[9, 22] focus on either abstaining or learning the labels of the set of disagreements of pairs of experts, while in this work we use
the fact that the conditional distribution of the set where two experts agree is ”easier”.



satisfies
erp(hs) = perp,(hs,)+ (1 —p)erp_(hs_)
= perp,(hp,) +O(py/d/(Tn)) + (1 = p)erp_(hp_) + O(/7d/n)
= perp,(hp) + (1 = p)erp_(hp) + O(y/7d/n)
= erp(hp) + O(V/7d/n).

This completes the high level description of the key ideas in our new algorithm. Let us finally remark that
we clearly do not have ¢ training sets of size n each for training h%, h} for i = 1,...,t. Instead, we allocate
around n/t samples for each iteration. This of course reduces the performance of any estimates based on
ERM. However, we can show that this only matters for very small values of 7 and thus is a second source of
the additive In®(n/d)(d + In(1/8))/n term.

Lower bound for proper learners. Our lower bound proof is quite simple. Assume we wish to prove
a lower bound on the error of a proper learner when the hypothesis set has VC-dimension d, we have n
samples and erp(h},) = 7 for some 7. We construct an instance where the input domain X is the discrete set
Z1,..., %, with u m d/7. We let the hypothesis set H consist of all hypotheses returning —1 on precisely d of
the u points. Finally, the unknown concept we are trying to learn is the all-1 concept. This hypothesis class
is routinely used in the existing lower bounds, and in fact corresponds to the hardest case under Massart’s
noise condition [21, 23, 15, 30]. Note that H does not contain the all-1 concept; thus, we cannot simply
choose the proper learner that always outputs this concept.

Assume we have some proper learning algorithm A for this hypothesis set and input domain X. We
now consider a number of different data distributions Dy, Ds,..., and argue that there is at least one
of the distributions D; under which A often (with constant probability) produces a hypothesis hg with
erp, (hg) =7+ Q(y/7In(1/7)d/n) when S ~ DI

The distributions we consider each corresponds to a hypothesis h € H. The distribution Dy, returns each
point x € X such that h(x) = —1 with probability 1/u—«. For the remaining points, the distribution returns
them with probability 1/u + f(a,d,u) such that we get a probability distribution (thus f(«,d,u) < « for
u > 2d). Since the unknown concept/true labeling function is the all-1 function, we have that any hypothesis
h € H errs precisely when it returns —1. Thus in particular, the best hypothesis under Dj, is h and that
hypothesis has erp, (h) = d(1/u — «). This is the value we set to 7 by choosing u and « appropriately.

Now consider choosing one of the distributions D}, uniformly at random and running A on S ~ D}. Since
A is proper, it has to return a hypothesis in H. This means that is has to choose d points x; on which to return
—1. Now crucially, if a constant fraction of those are chosen such that h(x;) = 1, then erp, (hs) = 7+ Q(da).
Intuitively, since the points with h(z;) = —1 receive the least probability mass under Dy, and A does not
know the distribution Dy, the best strategy for A is to output the hypothesis hg returning —1 on the d points
x; from which there are fewest copies in the sample S. We expect to see n(1/u+ f(a)) < n/u+ an copies of
each x; with h(z;) = 1 and we expect to see n(1/u —a) = n/u — an copies of each point with h(z;) = —1. A
simple application of Chebyshev’s inequality implies that with constant probability, it holds for at least half
the points x; with h(z;) = —1 that we see n; > n/u—an—O(y/n/u) copies of it in S. Now for the points ;
with h(z;) = 1, by anti-concentration, we see no more than n; = n/u + an — Q(y/nln(u/d)/u) copies with
probability roughly d/u. We thus expect to see ©(d) such points with n; = n/u+ an — Q(y/nln(u/d)/u). If
vnln(u/d)/u > can for a large enough ¢ > 0, this implies we have fewer copies of these points and A will
return —1 on at least d/2 of them. We can thus choose o = O(y/In(u/d)/(un)) = O(y/7In(1/7)/(dn)) and

conclude erp, (hg) = 7+ Q(da) = 7+ Q(\/7dIn(1/7)/n) as claimed.

2 Near-Optimal Agnostic PAC Learner

In this section, we present our new agnostic PAC learner, DISAGREEINGEXPERTS (Algorithm 1), with an
optimal error bound except for very small values of 7 = inf ey erp(h). The guarantees of Algorithm 1 are



stated in our main upper bound result, Theorem 3. To simplify the analysis, DISAGREEINGEXPERTS ensures
that we may focus on analysing a subroutine COREDISAGREEINGEXPERTS (Algorithm 2) under the following
simplifying assumptions:

1. n> ¢, n*%(n/d)(d + In(1/5)) for large enough constant ¢, > 0.
2. ¢, In’(n/d)(d +1n(1/8))/n <7 < 1/¢, for large enough constant ¢, > 0.
3. We have an estimate 7 € [7/2, 27] available.

Under these assumptions, we show that the subroutine COREDISAGREEINGEXPERTS (Algorithm 2) with
probability at least 1 — 0 over a training set S ~ D" returns a hypothesis hg with erp(hs) < 7 +
O(/7(d +1n(1/68))/n).

We start by justifying these assumptions before delving into the details of the analysis. Crucially, our full
algorithm DISAGREEINGEXPERTS needs none of these assumption, they are merely to ease the presentation
and analysis of the main part of our algorithm, COREDISAGREEINGEXPERTS.

Simplifying assumptions. For assumption 1., notice that our claimed upper bound in Theorem 3 on the
error of hg exceeds 1 for smaller n and thus is trivially true. The algorithm DISAGREEINGEXPERTS, shown
as Algorithm 1, takes care of assumptions 2. and 3.

Algorithm 1: DISAGREEINGEXPERTS(S, H, d, 0)

Input: Training set S of n samples {(z;,y;)}7~, with (z;,v;) € X x {—1,1}, hypothesis set H of
VC-dimension d, failure parameter § > 0.

Result: Classifier hg : X — {—1,1}.

Partition S into three sets S, .52, .53 of n/3 samples each.

Let 7 < erg, (b, ).

Run COREDISAGREEINGEXPERTS(S2, H,d, §, 7) to obtain hypothesis h;.

Run ERM on S3 to obtain hypothesis hs.

return hg € {h1, ho} with smallest erg,(hs).

ok W N

Given a training set S ~ D™, DISAGREEINGEXPERTS first splits the training set into 3 sets S;,Ss,S3
of n/3 samples each. It then computes the error 7 of the best hypothesis hg, in H on S;. By the ERM
Theorem (Theorem 1) and assumption 1. (that we already justified), the estimate 7 satisfies 7 € [1/2,27]
with probability 1 — 4.

It then invokes COREDISAGREEINGEXPERTS on Ss using this estimate 7 to obtain a hypothesis h;. This
justifies assumption 3. (by rescaling § by a constant factor).

It also runs ERM on S, to obtain a hypothesis hy. Finally, it uses S3 as a validation set to estimate
erp(h;) and erp(hy) to within additive (by Chernoff):

|ers,(h;) —erp(h;)| = O(\/erp(hi) In(1/8)/n +1n(1/6)/n).

Returning the hypothesis among hy, hy with the least erg, (h;) ensures that the final hypothesis hg has error
at most

miin erp(hy) + O(y/erp(h;) In(1/8)/n + In(1/6)/n).

By the guarantee claimed above for Algorithm 2, this is at most 74+O0(1/7(d + In(1/8))/n) when ¢, In® (n/d)(d+
In(1/8))/n <7 < 1/c, (i.e. under assumption 2.). For smaller 7, the ERM Theorem (Theorem 1) guarantees
that hy has an error of at most

T+0 <\/r(dln(n/d)n+ In(1/9)) | din(n/d) +1n(1/5)> o (lns(n/d)(d+ln(1/5))> |

n n



Note that we have upper bounded 71In(1/7) in the first term by 7In(n/d) since the second term dominates
for 7 < d/n. Similarly, for 7 > 1/¢,, the ERM Theorem guarantees that hs has an error of at most

r+0 (Vd+m(1/a)/n) = +0 (Vrd+m(1/8)/n).

This completes the justifications for assumptions 1., 2., and 3. We now proceed to analyzing the main part
of our new algorithm, denoted COREDISAGREEINGEXPERTS, under these assumptions.

2.1 Core algorithm

Our algorithm COREDISAGREEINGEXPERTS is shown as Algorithm 2, where we define

\/6(d1n(1/ﬁ) +1n(1/5)) | din(n/d) + 1n(1/5)>

n n

a(n,d,d, ) = cq (

with ¢, a sufficiently large constant. In Algorithm 2, the two parameters ¢, cz are also sufficiently large
constants (in particular, ¢y is sufficiently larger than ¢, + ¢; and ¢, is sufficiently larger than the constant
hiding in the O(:)-notation of the ERM Theorem (Theorem 1)).

Algorithm 2: COREDISAGREEINGEXPERTS(S, H, d, d, T)

Input: Training set S of 2n samples {(z;,y;)}2"%, with (z;,9;) € X x {—1,1}, hypothesis set H of
VC-dimension d, failure parameter § > 0, estimate 7 € [7/2, 27].
Result: Classifier hg : X — {—1,1}.

1 Partition S into two sets B, C' of n samples each.

2 Let t < ¢ In(1/7) Inln(1/7).

3 Let Z; « ¢z - tn*(n/d) (dIn(n/d) 4 In(1/5)) /n.

4 Partition B into t sets B, ..., B! of n/t samples each.

5 7+ 0

6 fori=1,...,tdo

7 | Let T C B’ be the samples in B’ with h?(z) = hi(x) for all j < i.

8 Run ERM on 7" to obtain a hypothesis hZ%..

9 Let 7; < erpi(hk.).

10 if v; < Z; then

11 | break
12 | Let H' C H be the hypotheses h € H with erp:(h) < v; + a(n/t,d,d,v;).
13 | if there is no pair hy, ha € H' with Pryi[hy(x) # ha(x)] > v;/In(1/v;) then
14 ‘ break
15 else

16 Let hY < hy and hb < hy for a pair hy, he € H® with Prpi[hi(x) # ha(x)] > 7/ In(1/7;).
17 i

Partition C' into two sets C— and C where C_ contains all z with hi(x) = hi(z) for all i = 1,...,r
and C contains the remaining.

19 Run ERM on C_ to obtain a hypothesis hf,_.

20 Run ERM on C to obtain a hypothesis hZ;.

21 Let hg be the classifier that on an input = checks whether hi(z) = hi(x) for all i = 1,...,r. If so,

hs returns hg,_(z) and otherwise it returns hg (2).

[
]

22 return hg.

Recall that our goal is to show that under assumptions 1., 2. and 3., it holds with probability at
least 1 — & over a training set S ~ D27 that Algorithm 2 returns a hypothesis hg with erp(hg) <



7+ O(y/7(d+1n(1/8))/n). We note that the algorithm is presented as if given a training set of size 2n,
not n. This is merely to make the constants simpler and only affects the generalization error by a constant
factor after rescaling n with n/2.

Brief overview. Before giving the details of the analysis, let us briefly discuss the steps of Algorithm 2,
introduce some notation and give the high level ideas in the analysis. Assume we run Algorithm 2 on a data
set S ~ D", The data set is first split into two pieces B, C of size n each.

We start by partitioning B into ¢ pieces B!,..., B! of n/t samples each and execute the for-loop in steps
6-17. The goal of these steps is to obtain hypotheses h} and h that are both close to optimal and yet disagree
a lot in their predictions, i.e., disagreeing experts. In each step of the loop, we gather the set T? of samples
(x,y) € B? for which hf(x) = hj(x) for all j < i, i.e., none of the previous pairs disagree on x (for i = 1,
we have T' = B'). Now consider any fixed outcome B',..., B~ of B!,..., B*~ " and h},hd,... AL pL!
of hi,hi ... hi™' hi~!. The samples in T* are ii.d. from D conditioned on hjl (x) = hé(x) for all j < .
Denote this conditional distribution by D?. Steps 8-9 estimate the best possible error erpi(h},;) achievable
under D*. If this error is sufficiently small, we exit the for-loop in step 11.

If not, we gather the subset of hypotheses H’ that are near-optimal on the data set T® (step 12). Among
these, we look for a pair ki, he that disagree on many predictions in T?. If there is no such pair, we exit the
for-loop in step 14. Finally, if there is, we let h? and h} be an arbitrary such pair.

Once the for-loop has completed, we use the obtained pairs h¢, h} to partition the samples in C into two
sets C— and C, where C contains the samples (x,y) € C where at least one 7 has hi(z) # h}(z) and C—
contains the remaining. We finally run ERM on each of the two sets to obtain hypotheses hg_ and hE;#.

The intuition for why the above works was also discussed in Section 1.1. We repeat the main ideas here
in context of the full algorithm description. First, if we exit the for-loop before having completed all ¢ steps,
then either it was possible to obtain a very small error on T? (step 10-11) or there was no pair ht, h% that
disagree on many predictions (step 13-14). In the former case, ERM on C_ ensures that hg_ makes few
mistakes on samples from D where hi(x) = hj(x) for all i. Denote the distribution of such a sample by
D_. In the latter case, since all hypotheses that are near-optimal on T? make almost the same predictions,
the ERM bounds improve for C_. If we complete all ¢ iterations of the for-loop, then we will show that
each step decreases erp: (hy,;) enough that erp_(hy,_) < 7/In(1/7). With this reduced error, the additive
mistakes resulting from ERM is down-scaled sufficiently to cancel out the y/In(1/7) factor of sub-optimality.

Finally, for the set C, we will show that Prp[3i : hi(x) # hj(x)] < O(r). Thus, when we run ERM
on C, we can afford to merely upper bound the error of hg, by erp, (hp ) + O(/(d+In(1/8))/(mn)).
This is because we only see such a sample with probability O(7) and thus the additive error contributes
only O(1+/(d + In(1/8))/(mn)) = O(\/7(d + In(1/5))/n). Here D_ denotes the conditional distribution of a
sample (x,y) from D conditioned on there being at least one ¢ for which h?(x) # h%(x).

Analysis. We are now ready for the formal correctness proof. Let S ~ D?" denote a random training set
of 2n samples and let B and C be the respective sets of size n constructed by Algorithm 2.

We first argue that once the for-loop in steps 6-17 of Algorithm 2 terminates, the two distributions D_
and D~ have the following desirable properties:

Lemma 1. [t holds with probability at least 1 — /2 over B ~ D™, that upon termination of the for-loop, we
have Prp[i : hi(x) # hi(x)] < 87 and:

e For any m > n/2, it holds with probability at least 1 — /8 over a set C— ~ D™ that erp_(hg_) =
erp_(hj_) +O(y/7(d +In(1/5))/n).

Before proving Lemma 1, we show that it suffices to establish our claim on erp(hs) and thus completes
the proof of Theorem 3.

Fix an arbitrary outcome B of B for which the properties in Lemma 1 are satisfied upon termination.
This also fixed h{,h} to some hi,h} and D_ and D to some D_ and D.. The set C still consists of i.i.d.
samples from D as C is not used in the for-loop.




Define p := Prp[3i : hi(x) # hi(x)]. We start by showing properties of he, when p > ¢, In(1/6)/n
for a large enough constant ¢,. Under this assumption on p, by Chernoff, we have |Cx| > (p/2)n except
with probability 1 — 6/8. In this case, it follows from the ERM Theorem (Theorem 1) that with probability
1—6/8, hg, has

erp, (hg,) = erp, (hp,) + O(/(d+1n(1/6))/(pn)).

Next, we show properties of hg_. Since we assume 7 < 1/c¢; for a big enough constant ¢, we must have
(1—p) > 1—8r > 3/4. Since n is assumed sufficiently large, this implies that with probability at least
1—4/8, we have |[C—| > n/2. Conditioned on this, by the properties in Lemma 1, we have with probability
at least 1 — ¢/8 that

N N 7(d+1In(1/6
erp_(hg_) =erp_(hp_)+ O ( (n(/))> .
The returned hypothesis hg thus satisfies
erp(hs) = perp,(hg,)+ (1 —p)erp_(hg_).

If p < ¢, In(1/8)/n (and by assumption that 7 > ¢, In”(n/d)(d + In(1/8))/n), this gives
erp(hs) < p+(1—p)erp_(he_)

= p+(1—p)erp(h%)+0<

n

7(d+ 1n(1/5))>

= (1p)erp(h;))+o< T(d+1nn(1/5))>

_ erD(h{))JrO( T(d+1n(1/5))>'

If p > ¢, In(1/8)/n, we have from Lemma 1 that p < 87 and thus

erp(hs) = perp,(hp,) +(1—p)erp_(hp_) +p o( d+1ﬂ<1/5>> < <d+ln<1/6>>>

+0
— perp (h%)+(1—p)erp_(h;3)+o< <d+ln1/5> ( d+1n1/6>>>

n

_ erp(h;))+o< T(d+1n(1/5))>.

This completes the proof of Theorem 3. What remains is thus to establish Lemma 1, which is the focus of
the next subsection.

2.2 Progress on termination (proof of Lemma 1)

In this section, we prove Lemma 1. Intuitively, termination of the for-loop results in the properties claimed
in Lemma 1 provided that the estimates based on performance on the T*’s are sufficiently accurate. To
formalize this, we define a number of natural failure events relating to the accuracy of these.



Failure events. We define a number of bad events that we argue rarely occur. Let D! ‘be the random
variable giving the distribution of a sample (x,y) ~ D conditioned on Vj < i : hf(x) = hi(x). Note that
this random variable is determined from B!,...,B*!. The samples T? are then i.i.d. from D?. We define
two failure events relating to how well T? represents D*:

1. Let E; o be the event that Algorithm 2 reaches iteration ¢, none of the events Ej; o, £j 1 occurred for ¢ < j
and there is a hypothesis h € H with |erp: (k) — ergi (k)| > (1/32)a(n/t,d, §, min{erpi (h), erpi(h)}).

2. Let E;; be the event that Algorithm 2 reaches iteration ¢, none of the events Ej; o, E;1 occurred for
i < j and there is a pair of hypotheses hi, hy with |Prp:[hi(x) # ha(x)] — Proi[h1(x) # ha(x)]| >
(1/32)a(n/t,d, §, min{Prpi[h1(x) # ha(x)], Propi[h1(x) # ha(x)]}).

We will show that these events are unlikely:
Lemma 2. For all i, we have Pr[E; o] < §/(4t) and Pr[E; 1] < §/(4t).

We also show that when none of the events occur, the hypotheses and execution of Algorithm 2 satisfies
the following:

Observation 1. Assume none of the events E; o and Ej1 occur for j < i and that Algorithm 2 does not
terminate before iteration i. Then if v; = erpi(hyi) < Zy, it holds that erpi(hyy) < 2Z;. If v > Zy, then
each of the following hold:

® S erpi (hﬁl) + erDi(hBi)/ln(l/erDi (h*DZ)) S 2eI'Di (h*D’)

Every hypothesis h in H' satisfies erp, (h) < erpi(h}y:) + (1/8) erpi (h}y: )/ In(1/ erpi (hy,)).

Every hypothesis h € H with erp,(h) < erpi (b)) + (1/8)a(n/t, d, 6,erpi (hyy.)) is in H'.

Every pair of hypotheses hy, ha with Proi[h1(x) # ha(x)] > ~v:/In(1/7;) satisfy Prpi[hi(x) # ha(x)] >
(1/2) erpi(h}y:)/ In(1/ erpi (hfy:)).

Every pair of hypotheses hy, hao with Prpi[hi(x) # ha(x)] < vi/In(1/7;) satisfies Prpi[h1(x) # ha(x)] <
derpi(hfy:)/In(1/erpi(hf:)).

The proof of Lemma 2 mostly uses standard concentration results for classes with bounded VC-dimension
and has thus been deferred to Appendix A.1. Similarly, the proof of Observation 1 merely uses the definition
of a and Z; and has thus been deferred to Appendix A.2.

More interestingly, we show that if none of the events E; ; occur, then the for-loop makes progress towards
reducing erpi (hfy;) in each iteration:

Lemma 3. For any integer 1 < i <t + 1, assume none of the events E;o and E; 1 occurred for j < i and
that Algorithm 2 did not terminate with r < i—1. Then erpi(h}y,) < erp(hd)(1—1/(32In(1/ erp(h}))))*
and Prp[3j <i:hj(x) # hj(x)] < 8 (erp(h}) — erpi (k).

We prove Lemma 3 in the next subsection and for now focus on completing the proof of Lemma 1 from
Lemma 2, Observation 1 and Lemma 3. We have restated it here for convenience:

Restatement of Lemma 1. [t holds with probability at least 1 — §/2 over B ~ D™, that upon termination
of the for-loop, we have Prp[Ji : hi(x) # hi(x)] < 87 and:

e For any m > n/2, it holds with probability at least 1 — /8 over a set C— ~ D™ that erp_(hg_) =
erp_(hj_) +O(y/7(d +In(1/5))/n).

Proof of Lemma 1. From Lemma 2 and a union bound, we conclude that with probability at least 1 — §/2,
none of the events E; ; occur. We show that conditioned on this, the properties claimed in Lemma 1 hold.
So fix an outcome B of B where the events did not occur. This also fixes hi, hi, T¢ H’, D;, D— and
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D to some hi, RS, Tt Hi, D' D_ and D. Let r denote the value of the variable r in Algorithm 2 upon
termination.

First, recall that upon termination, we have D— ~ D"t Since none of the events E; ; occurred for
any i < t, we have from Lemma 3 (with i = r + 1) that Prp[3j < r : B](x) # h}(x)] < 8(erp(h%) —
erpr+1(hky,11)) < 87. This establishes the first claim in Lemma 1.

For the second claim, we split the proof in several cases depending on how the for-loop in Algorithm 2
terminates on B. The main observations, which we will expand upon below, are: 1. if we terminate in step
11, then erp_(h}_) = O(Z;) = O(y/7(d+1n(1/5))/n), 2. if we terminate by completing all iterations of
the for-loop, then erp_(h}_) < 7/In(1/7). Both of these are sufficient to show that the ERM Theorem
(Theorem 1) on C is good enough. Finally, if we terminate in step 14, we carefully exploit that all near-
optimal hypotheses agree on most samples. This allows for a better guarantee on ERM than invoking the
ERM Theorem.

The easiest cases are termination in step 11 and completion of the for-loop, so we argue for those first.

Termination in Step 11. Since we terminate in step 11, we must have ~,11 < Z;. By Observation 1,
this implies erp_(h},_) = erpri1(hf,41) < 2Z;.

Since 7 € [1/2,27], we have t = O(In(1/7)Inln(1/7)) and since we assume 7 > d/n, we have Z; =
O(In(n/d)Inln(n/d) In*(n/d)(d + In(1/8))/n). By the ERM Theorem (Theorem 1) and since we assume
n sufficiently large, we have that for any m > n/2, it holds with probability at least 1 — §/8 over a set
C_ ~ D™ that erp_(h&_) < 4Z;. Since we assume 7 > ¢, In”(n/d)(d + In(1/5))/n for large enough c,, we
have \/7(d +In(1/6))/n > 4Z; and thus erp_(hg_) < \/7(d +1n(1/8))/n with probability at least 1 — §/8
over C—.

Termination by completion. Since none of the events E; ; occurred and we terminate upon completing
the for-loop, we have r < t and we get from Lemma 3 (with ¢ = ¢t + 1 = r + 1) that erp_(h}y_) =
erpri1 (hpipa) < 7(1—1/(32In(1/7)))". This is at most 7exp(—t/(321In(1/7))). Since 7 > 7/2 we have
t > 32In(1/7)Inln(1/7) for ¢, large enough. Thus erp_(h},_) < 7/In(1/7). The ERM Theorem (Theorem 1)
now implies that with probability at least 1 — §/8 over a set C— ~ D with m > n/2, we have

erp_(hg_) =erp_(hp_)+ O

\/ erp_ (hp_)(dIn(55 ) + n(1/9)) . din(n/d) +In(1/d)

For erp_(h},_) < 7/In(1/7), we have erp_(h},_)In(1/erp_(h}_)) = O(7) and thus since we assume 7 >
¢, n”(n/d)(d + In(1/5)), we conclude

erp_(hg_) =erp_(hp_) + O ( 7'(d—|—1nn(1/5))> _

Termination in Step 14. Assume we terminate in step 14 of some iteration i and let r < i — 1. Then
by definition of Algorithm 2, there is no pair hy,he € H' with Prpi[hi(x) # hao(x)] > vi/In(1/7;) with
vi = erpi(hg,).

Now define H* C H as the set of all hypotheses h € H with erp: (h) < erp: (h},:)+(1/8)a(n/t,d,d,erpi(h},:)).
By Observation 1, all pairs hy, ho € H' are in H' and thus have Pry, [hy(x) # h2(x)] < 7i/In(1/7;). From
Observation 1, this further implies that Prp:[h(x) # ha(x)] < 4derpi(h},)/ In(1/ erpi(h,,)).

Consider now a set C— ~ D™ for an m > n/2 and recall D— ~ D; when we terminate in iteration i of
the for-loop. By the ERM Theorem (Theorem 1) and for the constant ¢, in the definition of « large enough,
we have that with probability at least 1 — 6/24, all hypotheses h € H \ H® have erc_(h) > erp_(h}_) +
(1/16)a(n/t,d, 0, erpi (h:)).
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Finally, for the hypotheses in H’, we have by definition that any h € H® has Prp_[h(x) # h}_(x)] <
derp_(hy_)/In(1/erp_(h}_)). We now invoke the following improved version of the ERM Theorem for
hypothesis sets with such properties:

Lemma 4. Let D be a distribution over X and H C X — {—1,1} a hypothesis set of VC-dimension d.
Assume there is a hypothesis hg € H such that for all h € H, we have Prp[h(x) # ho(x)] < p. Then for any
0 < 0 < 1, it holds with probability 1 — 0 over a set S of n i.i.d. samples from D that

,fgg'em(h) — erp(B)] = [ers(ho) — erp(ho)] + O (\/p(1n(1/p)dn+ In(1/9)) , dln(n/d)n+ 1n(1/6)> |

Applying Lemma 4 on H' with p = 4erp_(h}_)/In(1/erp_(h}_)) and hg = h},_ gives with probability
at least 1 — /24 over C= that

sup lerc_(h) —erp_(h)| =
heHti

lerc_ (Rp_) = erp_(Kp_)| + O (yferp_(hp_)(d +In(1/8))/n + (dIn(n/d) + In(1/3))/n) .

At the same time, for the fixed hypothesis h7,_, we have with probability at least 1 — ¢/24 (by Chernoff)
that

Jera_ (Wp_) = erp_(Wp_)| = O (\fern_(hp_) n(1/8)/n +1n(1/6) /n) .

It follows that ERM on C— will return a hypothesis h¢_ from H? and that hypothesis has

ero_(hg_) = erp_(hp_) + O (ferp_ (Wp_)(d +1n(1/8))/n + (dIn(n/d) +1n(1/5))/n) . (1)

Finally, from Lemma 3, we have Prp[Jj <r: ) (x) # hi(x)] < 87. Since 7 < 1/c, for large enough ¢;, this
implies Prp[Vj < 7 : hi(x) = hj(x)] > 1/2 and thus it must be the case that erp_(h}_) < 27. Inserting this
in (1) and using the assumption 7 > ¢, In®(n/d)(d + In(1/48))/n yields

erc_(hg_) = erp_(hp_) + O (V/r(d+n(1/8))/n)

This completes the proof of Lemma 1 subject to proving Lemma 2, Observation 1, Lemma 3 and Lemma 4.
As mentioned earlier, we prove Lemma 2 and Observation 1 in Appendix A.1 and Appendix A.2. We prove
Lemma 3 in Section 2.3 and Lemma 4 in Section 2.4. O

2.3 Progress in For-Loop (proof of Lemma 3)

In this section, we prove Lemma 3 stating that each iteration of the for-loop reduces erp:(h,;) while only
increasing Prp[3j < i : h)(x) # hj(x)] slightly. We have restated Lemma 3 here for convenience:

Restatement of Lemma 3. For any integer 1 < i < t + 1, assume none of the events Ej;o and E;;
occurred for j < i and that Algorithm 2 did not terminate with r < i — 1. Then erpi(hfy;) < erp(hp)(1 —

1/(32In(1/ erp(h%))))* " and Prp[3j < i:hi(x) # hi(x)] < 8 (erp(h}) — erpi(hiy:)).

The main idea behind the proof is to consider the pair of hypotheses hil_1 and hg_l. These two hypotheses
have a near-optimal error under D*~! and yet disagree on the classification of many points. Since one of
them is incorrect when they disagree, this intuitively implies that they have to err significantly less when
they agree. Observing that D? is the distribution D conditioned on h’(x) = h}(x) for all j < 4, this implies
that erp:(h};) is smaller than erpi-1(hjy;_,) and thus we have made progress. We formalize this intuition
in the following proof.
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Proof of Lemma 3. We prove the lemma by induction in i. In the base case i = 1, we have D! = D and
erpi(h},:) = erp(h}) = 7 and the claim clearly holds.

For the inductive step, consider any fixed outcome B!, ..., B! of B',...,B?~! for which the algorithm
did not terminate with » < i — 1 and where none of the events F; o, F; 1 occurred for j < ¢. This also fixes
an outcome hi, 3, T7, #7 of bl h), T7, H/ for j < i and an outcome D’ of D for j < i.

Since the algorithm did not terminate with r < ¢ — 1, in iteration i — 1, there was a pair hi,hy € H*™!
with Prpio1[hi(x) # ha(x)] > vi_1/In(1/7;_1) and we have hi™' = hy and hi ' = hy for some such pair.
Furthermore, the events Ej o, E;1 did not occur for any j < 4. Thus by Observation 1, both h; and hs
satisfy erpi-1(h;) < erpi-1(hfi1)+ (1/8) erpi-1(hyi_1)/In(1/ erpi-1(hii_1)) < 2erpi-1(hj_.). Also, from
Observation 1, we have

Pr [ () # ha(0)] > (1/2) evpes (i) In(1/ exps s ()
We now have
erpi () < expi(h1) = (1/2)(exp: (h) + exp (ha) (2)
as h1 and hs agree under D*. We see that
2erpit (o) + (1/4) erpis (Byis)/ In(1/ erpis (pies)) = erpe(hy) + erpi (ha).

Using that precisely one of hy and hy errs when they disagree, and that the distribution D*~! conditioned
on hy(x) = ha(x) is the distribution D* we get

erpi—1 (hl) + erpi—1 (hg)
= Dl?fl [h1(x) = ha(x)](erpi(h1) + erpi(hg)) + Dli)fl [h1(x) # ha(x)].

Hence

erpi(h1) + erpi(hz)

= ’Dl?fl[hl(x) - h2(X)]_1 <2 erDiil(h%iil) + i . ln(lejz;plz(ib%};gz)_J) - Dl?fl[hl <X) ?é hQ(X)])
< Pr [hi(x) = ho(x)] 7! (2 erpi(Wpit) = Pr [ha(x) # ho(x) /2) .

At the same time, we have, for Prpi-1[hi(x) # ho(x)] < 1/2, that Prpi-i[hi(x) = ho(x)]7? < 1+
2Prpi-1[h1(x) # ha(x)].

To see that Prpi—1[h1(x) # ha(x)] < 1/2, we first get from the induction hypothesis that Prp[dj <i—1:
hi1(x) # ha(x)] < 87. Hence for 7 < 1/¢, for large enough ¢,, we have Prp[Vj < i—1: hy(x) = ha(x)] > 1/2.
This further implies erpi-1(hf,—1) < 27. But then Prpi-1[hi(x) # ha(x)] < erpi-1(hy) + erpi-1(hy) <
derpi-1(hf;—) < 87 < 1/2 as claimed.

Again, for erpi-1(hf_,) < 27 < 2/c; for large enough ¢, > 0, we finally conclude

erpi(hn) + erp (ha)
< (142 Pr [ (x) £ ha(x) (2 erpis (1) = Pr [ (x) # h2<x>1/z>
< 2erpis (i) — Prlh(x) # ha(x))/4

It follows from the above and (2) that

erpi () < (1/2)(erp: (ha) + erpi (he)) < erpit (hipir) = Pr [hy(x) # ha(x)]/8. (3)
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This is at most
erpics (1) = Pr[i(x) # ha()]/8

<erpi-1(hpi-1) — (1/16) erpi-1 (hpi—1)/ In(1/ erpi-1(hpi-1))
< (1-1/(16In(1/erpi-1(hpi-1)))) erpi-1(hpi-1).
We now have two cases. If we already have erpi-1(hji_;) < 72, then for 7 < 1/c¢, (and using t =

O(In(1/7)InIn(1/7))), we conclude erpi (h%,) < 7(1-1/(321In(1/7)))"~* as claimed. If instead erpi-1 (h%,_,) >
72, we have

(1= 1/(161n(1/ erpes (W) < (1 - 1/(32In(1/7))
It finally follows from the induction hypothesis that

erpi(h:) < 7(1—1/(32In(1/7)))"*
From (3), it also follows that:
Pr(3j <i:h(x) # b (x)] = Pr(3j <i—1: hi(x) # h}(x)]
= Pr{hi(x) # hj(x) | Vj < i hj(x) = h(x)| Prl¥j <i: hj(x) = h}(x)]
< Prih (x) # hy(x) | V) < it h(x) = hj(x)]
= Pr [pi(x) # h3(x)]
< 8 (erpii (hpit) — erp: (hp:))

From the induction hypothesis, we conclude

T

Pr(3j < i (%) # ()

= Pr(3j < i — 1 A (x) # W ()] + (r{3] < i+ h{(x) # Wh(x)] — Pr[3) < — 1: B (x) # h(x)))
< 8(erp(hd) — erpi-1(hlyi 1)) + 8 (erpioi (Al 1) — erpi (b))
=38 (erp(h%) — €I'pi (h%l)) .

The claim follows. 0

2.4 Tighter ERM for near-identical hypotheses (proof of Lemma 4)

In this section, we prove that Empirical Risk Minimization performs better than the general ERM Theorem
(Theorem 1) when the input distribution satisfies that all hypotheses in a set H rarely disagree. We have
restated Lemma 4 here for convenience:

Restatement of Lemma 4. Let D be a distribution over X and H C X — {—1,1} a hypothesis set of VC-
dimension d. Assume there is a hypothesis hg € H such that for all h € H, we have Prp[h(x) # ho(x)] < p.
Then for any 0 < d < 1, it holds with probability 1 — § over a set S of n i.i.d. samples from D that

sup |erg(h) — erp(h)]
heH

= lerg(ho) — erp(ho)| + O <\/p(ln(1/p)d +1n(1/8))/n+ (dIn(n/d) + ln(l/é))/n) )

Proof of Lemma 4. We assume that D is a distribution over X x {—1, 1} for which the label y is uniquely
determined from x, i.e. one of Prply = 1 | x = z] and Prply = —1 | x = 2] is O for all x € X. This
can be assumed wlog. by replacing each x € X with two point x_; and x; and letting the probability
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density function p of D satisfy p((z_1,—1)) = p(z)Prply = -1 | x = z],p((z-1,1)) = 0 and p((z1,1)) =
p(z) Prply =1 | x = z],p((x1, —1)) = 0. Finally, for each h € H we let h(z_1) = h(x1) = h(z). This leaves
the VC-dimension of H and erp(h) for any h unchanged. Let ¢ : X — {—1,1} denote the concept giving the
label of each z € X.

Now consider the hypothesis set H— C X — {—1,1} containing for each h € H the hypothesis h— taking
the value 1 on x € X with h(x) # ho(z) A h(z) = ¢(x) and the value —1 otherwise. Also consider the set
M containing for each h € H the hypothesis h taking the value 1 on = with h(z) # ho(z) A h(z) # c(x),
and —1 otherwise. The VC-dimension of H—_ and H are both at most O(d). Furthermore, every h in H_
and Hx satisfy Prp[h(x) = 1] < p. Consider now the distribution D’ obtained by sampling (x,y) ~ D
and replacing y by —1. Then erp/(h) = Prp[h(x) = 1] for any h € H= and h € Hx. The ERM Theorem
(Theorem 1) on H— and Hx with distribution D’ implies that with probability 1 — ¢ over S ~ D", it holds
that

sup P;r[h(x) =1]— I;r[h(x) = 1]‘ <c¢p- (\/p(dln(l/p) +1In(1/6))/n+ (dIn(n/d) + ln(l/é))/n)
heH_UH.

for a constant ¢y > 0. Letting S(- | hg # h) denote the uniform distribution over samples (z,y) € S with
ho(x) # h(x), and D(- | ho # h),S(- | ho = h),D(- | ho = h) defined symmetrically, we thus have for any
heH,

lers (h) — erp(h))

= P;r[ho # hlers(non)(h) + Psr[ho = h]ers(.|ho=n)(h) — I;r[ho # hlerp(|nyzn)(h) — PDr[ho = h| erD(.|h0:h)(h)’
— [Prfiz = 1] + Prlho = K] exs( ny=ny(h) = Prlhz = 1] = Prlho = 4] erD(.‘hOZh)(h)‘

= |Brlhz = 1]+ (ers(ho) — Brlho # h] ers(.jnyzn) (ho)) — Prlhz = 1] — (erp(ho) — Pr[ho # ] erD(~|ho¢h>(h))‘

— [rfz = 1] + (ers (ho) = Prliz = 1)) = Pr[z = 1] = (erp (o) — Prlr= = 1])‘

IN

lers(ho) — erp(ho)| +

< fers (o) — erp(ho)| + 2¢o - (/p((1/p)d+ (1/3))/n + (dIn(n/d) + In(1/5))/n) .

Prlhy = 1] — Prfhy = 1]’ +

Prfhe = 1] - Prliz = 1]‘

The claim follows. O

3 Lower Bound for Proper Agnostic Learning

In this section, we prove a lower bound for proper agnostic PAC learning, stated formally in Theorem 2. So
let C' > 0 be a sufficiently large constant, let d be a target VC-dimension, n a number of samples and let 7
satisfy CdlIn(n/d)/n < 7 < 1/C. Note that the assumption on 7 also implies n > C?dIn(n/d).

We define the input domain X to be the discrete domain X = {z1,...,z,} for a u > d to be determined.
The hypothesis set H contains all hypotheses h that predict —1 on precisely d of the points in X'. The target
concept ¢ : X — {—1,1} to learn has ¢(z) =1 for all x € X.

Consider now an arbitrary proper learning algorithm A for H and c¢. Recall that a proper learning
algorithm always returns a hypothesis h € H. Our goal is to show that there is a distribution D over X such
that the hypothesis hg returned by A on a sample S ~ D™ often satisfies

erp(hg) =7+ Q(v/7In(1/7)d/n)

while there is a hypothesis h € H with erp(h) = 7.
For proving this, we consider multiple distributions over X', one for each h € H. For a hypothesis h € H,
the distribution Dy returns a uniform point among those z; with h(z;) = —1 with probability (1 — a)d/u
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and it returns a uniform point among the remaining with probability 1 — (1 — a)d/u. Here 0 < o < 1 is a
parameter to be determined. Observe that since a > 0, we have that h achieves the smallest error under Dy,
among all h € H. Furthermore

erp, (h) = (1 - a)d/u. (4)

We will later fix « and u such that 7 = (1 — a)d/u, i.e. erp, (h) = 7.

To prove a lower bound on the error of A, we now draw a random h € H (unknown to .A) and measure
the performance of A under the distribution Dy,. For this, we consider the following failure event of 4. We
say that A fails on a sample S from Dy, if it returns a hypothesis hg € H such that |{i € [u] : hs(z;) =
h(z;) = —1}| < d/2. We first observe

Observation 2. If A fails on a sample S from D} for an h € H, then
erp, (hs) > 7+ ad/(2u).

Proof. Since the target concept c is the all-1 concept, we have that erp, (hs) = Pryoplhs(xz) = —1]. Every

i for which h(xz;) = —1 has Pry.plz = ;] = (1 — a)/u and every i with h(z;) = 1 has Pryoplz = 2] =
(1— (1/7( a))d/u)/(u —d/u) > 1/u. It follows that erp, (hs) > (d/2)/u+ (d/2)(1 —a)/u = d/u—(d/2)a/u =
T+ ad/(2u). O

The second part of the proof shows that A fails with constant probability over a random choice of h and
sample S ~ Dy.

Lemma 5. There is a universal constant C' > 2, such that for any proper learning algorithm A, if a <
min{\/uln(u/d)/(nC"),1/C"} and u satisfies dC' < uw < n/C’, then it holds with probability at least 1/16
over a random h from H and a random sample S ~ D that A fails on S.

Before giving the proof of Lemma 5, let us derive our lower bound. Recall that 7 satisfies CdIn(n/d)/n <
7 < 1/C for a sufficiently large constant C' > 0. Using (4) and 7 = erp, (h), we let

u=(1-a)d/r.

Also, fix @ = min{y/uIn(u/d)/(nC"),1/C"} where C" is the constant from Lemma 5. For C' large enough, we
have u = (1—a)d/T > C(l—a)d > C(1—-1/C")d > dC’. Similarly, we have u = (1 — a)d/7 < (1—a)n/C <
n/C < n/C’. Thus v and « satisfy the constraints in Lemma 5. It follows that for any proper learning
algorithm A and a random h from #, A fails with probability at least 1/16 on a sample S ~ Dj. From
Observation 2, we get that in this case, erp, (hg) > 7 + ad/(2u). By our choice of parameters, we have

ad/(2u) = min{\/In(u/d)d?/(4C'nu),d/(2C"u)}
Since u = (1 —a)d/T € [(1 —1/C")d/7,d/T] C [d/(2T),d/T], this is at least
min{+/7In(1/(27))d/(4C'n), 7/(2C")}.

For 7 > C'dIn(n/d)/n and C large enough, the former term is the minimum and we conclude:

rdIn(1 /T)>

n

erp, (hs) =7+ <

This concludes the proof of Theorem 2. What remains is thus to establish Lemma 5:

Proof of Lemma 5. Tt is not hard to see (naive Bayes) that the optimal strategy for any A minimizing the
probability of failure (over h and S) when given a sample S, is to output the hypothesis hg returning —1 on
the d points among x1, ..., z, from which fewest samples were seen. We thus upper bound the probability
that this set contains more than d/2 samples z; with h(z;) = —1.
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For this, fix an arbitrary outcome h of h, let U, C {x1,...,2,} denote the set of x; with h(z;) = —1.
We have |Uy| = d. For any x; € Uy, let n; give the number of copies of z; in the sample S ~ Dj*. We have
E[n;] = (1 — a)n/u. Since n; is a sum of independent indicator random variables, its variance is at most
its expectation. It follows from Chebyshev’s inequality that Pr[|ln; — E[n;]| > 8y/E[n;]] < 1/64. Markov’s
inequality implies that with probability at least 15/16, there are no more than d/4 indices i € U}, for which
n; < (1 —a)n/u—38y/(1—a)n/u.

We next show that there is a good chance that at least d/2 of the points x; with z; ¢ U, have n; <
(I1—a)n/u—8+/(1 — a)n/u. For this, we require u > 2d. Then for any x; ¢ Up, we have Pr,..p, [z = z;] = q/u
for ¢ € [1,1 + a]. We now invoke the following anti-concentration result:

Lemma 6. Consider throwing n balls independently into u bins, such that the i’th bin is hit with probability
pi. Let S be a subset of m bins such that each bin in S has p; = p for some 12/n < p < 1/2. Then for every
integer k < m/C for a sufficiently large constant C > 0, it holds with probability at least 1/8 that there are
at least k bins in S containing less than max{pn — \/pnln(m/k)/6,pn/2} balls each.

We prove the lemma in Appendix A.3.

By Lemma 6 (setting p = q/u, m = v —d > u/2, k = d/2), with probability at least 1/8 provided
Cd <wu < n/C for a large enough constant C' > 0, there are at least d/2 points x; with h(z;) = 1 such that
we see no more than

gn/u —min{+/(qn/u) In(u/d)/6,qn/(2u)} < (1 + a)n/u — min{+/(n/u) In(u/d)/6,n/(2u)}

copies of x;.

We aim to choose « such that min{\/(n/u) In(u/d)/6,n/(2u)} > 2an/u+8+/n/u, since then the number
of copies we see of these z; is no more than (1 — a)n/u — 8/n/u.

For this, we first constrain u to satisfy Cd < u < n/C for a big enough constant C' > 0 so that

8v/n/u < max{+/(n/u)In(u/d)/12,n/(4u)}.
The constraint on « is now satisfied when

2an/u < min{y/(n/u) In(u/d)/12,n/(4u)}

which is

o < min{y/uln(u/d)/(242n),1/8}.

We conclude that for such o and w, with probability at least 1/8 —1/16 = 1/16 over S and h, we have that
A fails on S. 0

4 Conclusion and Open Problems

In this work, we established that ERM, and all other proper learning algorithms, are sub-optimal for agnostic
PAC learning when treating 7 = erp(h}) as a parameter. We then complemented the lower bound with a
new improper learning algorithm that achieves an optimal sample complexity except for very small values of
7. However, a number of intriguing questions remain. First, can we develop an algorithm that is optimal for
the full range of 77 In particular, our new algorithm implies that it suffices to consider the near-realizable
case of 7 = O(In”(n/d)d/n). Secondly, we know that variants of majority voting (bagging, etc.) are optimal
for realizable PAC learning. The analysis tools used when proving their optimality breaks down for the
agnostic setting. Can we somehow analyse them in a different way and prove that e.g. bagging is optimal
both in the agnostic and realizable setting? If not, can we prove a lower bound for concrete algorithms, such
as bagging or Hanneke’s majority voter, proving that they are sub-optimal in the agnostic case? Thirdly, it
could be the case that there is a higher lower bound for all learning algorithms when 7 = d/n. Can we prove
this? Another interesting question is whether we can design an optimal agnostic learning algorithm that
automatically adapts to 67 In more detail, our new algorithm requires knowledge of the failure probability
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0 and thus works only for a fixed user defined §. ERM on the other hand automatically works for all values
of § simultaneously. Next, our algorithm is not necessarily efficient in terms of running time. In particular,
even if ERM over H is efficient, it is unclear how to determine if there are two hypotheses hi, ho that
are both near-optimal and yet disagree in the classification of many samples. Can we design an efficient
learning algorithm with sample complexity similar to our new algorithm? Finally, the authors find the idea
of recursively training near-optimal, but highly disagreeing classifiers, to be promising. Are there other
applications of this idea in learning theory?
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A Appendix

A.1 Failures are rare (proof of Lemma 2)
In this section, we show that the failure events E; o and E; ; are unlikely. Formally, we prove:
Restatement of Lemma 2. For all i, we have Pr[E; o] < §/(4t) and Pr[E; 1] < 6/(4t).

Proof of Lemma 2. We consider each type of event in turn. Since both of the events only occur when none of
the events Ej; o, /5,1 occurred for any j < 4, we bound the probability of E; o and Ej; ; under this assumption.
So fix an outcome B, ..., B! of B,...,B"! such that none of the events occurred for j < i. This also
fixes an outcome A7, h3 of hj, hj for j < i and D* of D*. Note that B* is independent of the events Fj o, E; 1
for j < i and thus B still consists of n/t ii.d. samples from D.

Observe that by Lemma 3, Prp[3j < i : h](x) # hi(x)] < 87. Since 7 < 1/¢, for large enough ¢, > 0, this
further implies that Prp[Vj < i : b (x) = hi(x)] > 1 — 87 > 1/2. We further have [B| = n/t > ¢, In(t/5) by
assumptions n > ¢, In*®(n/d)(d + In(1/9)), t = O(In(1/7) Inln(1/7)) = O(In(n/d) Inln(n/d)), 7 € [1/2,27]
and 7 > d/n. It follows that |T?| > n/(2t) except with probability 6/(8t). We thus bound the probabilities
under the assumption that T consists of m > n/(2t) i.i.d. samples from D*.

Event E;. By the ERM Theorem (Theorem 1) on T?, we have with probability 1 — §/(8¢) that for all
heHt

e ()  erpe(R)] = O ( \/terp,-(h)(dln(n/d)+1n(t/5)) . t(dm(n/d)ﬂn(t/(s))) )

n n

The In(t/6) = In(t) + In(1/6) term may be replaced by In(1/9) as In(t) is dominated by the d1n(n/d) term.
Thus for the constant ¢, in the definition of « large enough, this implies

|erqi (h) — erpi(h)| < (1/32)a(n/t,d, s, min{erp: (h), eryi(h)}).

To see that we may insert min{erpi(h), erpi(h)} instead of erpi(h), we consider two cases. First, if erp: (h) >
Veat(dIn(n/d) + In(t/d)) for a sufficiently large constant c, in the definition of «, we have from (5) that
erpi(h) > (1/2)erpi(h) and thus |erpi(h) — erpi(h)| < (1/32)a(n/t,d, §, min{erp:(h),eryi(h)}). If on the
other hand erpi(h) < \/cat(dIn(n/d) 4+ 1n(t/d)) then we still have (1/32)a(n/t,d,d,0) > |eryi(h) — erpi(h)|
by (5) and large enough constant c,,.

Event E;;. Consider the set of hypotheses H' = H @ H consisting of all hypotheses that may be written
as gn, hy(€) = h1(x) - ho(z) where - denotes multiplication and hi,hy € H. Then Prplgn, n,(x) = 1] =
Prplhi(x) # he(x)] for any distribution D. Furthermore, the VC-dimension of H' is O(d).

It follows by the ERM Theorem (Theorem 1) and the constant ¢, in the definition of « large enough, that
with probability at least 1 — 0/(8t), any pair hq, he satisfy | Prpi[hi(x) # ha(x)] — Proi[hi(x) # ha(x)]] <
(1/32)a(n/t, d, 5, min{Prpi[hq(x) # ha(x)], Prpi[h1(x) # ha(x)]}). Here we may insert the min by the same
arguments as above. O

A.2 Properties when no failures (proof of Observation 1)

In this section, we show that when the events E; o and E;; do not occur, the hypotheses in H* and H behave
nicely. Concretely, we prove Observation 1, which we have restated here:

Restatement of Observation 1. Assume none of the events E;o and E;; occur for j < i and that
Algorithm 2 does not terminate before iteration i. Then if v; = erpi(hk,) < Z; it holds that erpi (hfy:) < 2Z;.
If v; > Z, then each of the following hold:

o v; < erpi(hfy:) +erpi(hfy)/In(1/ erpi (b)) < 2erpi (hfy).
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Every hypothesis h in H' satisfies erp, (h) < erpi(h}y,) + (1/8) erpi (hfy,)/In(1/ erpi (hf:))-

Every hypothesis h € H with erp, (k) < erpi (hy:) + (1/8)a(n/t, d, 6, erpi (hyy.)) is in H'.

Every pair of hypotheses hy, ho with Propi[hy(x) # ha(x)] > v/ In(1/v;) satisfy Prpilhi(x) # ha(x)] >
(1/2) erpi(h}y:)/ In(1/ erpi (hfy:))-

Every pair of hypotheses hy, ha with Propi[hy(x) # ha(x)] < vi/In(1/7;) satisfy Prpi[h1(x) # ha(x)] <
derpi(hfy:)/In(1/ erpi (hfy:))-

Before proving Observation 1, we state and prove an auxiliary result regarding o and Z;:

Observation 3. For x > Z;/2, we have

2¢Cq x
= ez In(lfz)

Proof of Observation 3. Notice that for any x > Z;/2, we have In(1/z) < In(n/d) and thus for = > Z;/2:

a(n/tdsa) < ca'(\/tx(dln(l/x)+ln(1/5))+t(dln(n/d)+ln(1/5))>

a(n/t,d,é, z) <

n

nln(l/z)

T

tzIn®(1/z)(dIn(1/z) +1n(1/6)) N tin(l/x)(d1In(n/d) +1n(1/0))
nln®(1/
(
(

{ >
. (\/txln (n/d)(dIn n/d)+1n(1/5))+tln(n/d)(dln(n/d)+ln(1/§))>
“ nin?(1/z)

<
- x nin(1/x)
< co-
N \ czln (1/z) czln (1/z) )
2¢c,
<

NG <1/x>

Let us also restate the failure events F; o and E; ; here for convenience:

1. Let E; o be the event that Algorithm 2 reaches iteration ¢, none of the events Ej o, Ej 1 occurred for ¢ < j
and there is a hypothesis h € H with |erpi(h) — erpi(h)| > (1/32)a(n/t, d,d, min{erpi(h), erpi(h)}).

2. Let E;; be the event that Algorithm 2 reaches iteration ¢, none of the events Ej o, E;1 occurred for
i < j and there is a pair of hypotheses hi, ho with |Prp:[hi(x) # ho(x)] — Prpi[hi(x) # ho(x)]| >
(1/32)a(n/t,d, §, min{Prpi[h1(x) # ha(x)], Prpi[h1(x) # ha(x)]}).

We are ready to prove Observation 1.

Proof of Observation 1. Since we only claim something when the events E; o and E; ; did not occur for j <1
and that Algorithm 2 did not terminate before iteration i, we assume this. So fix such an outcome B',..., B’
of B!,...,B% This also fixes an outcome h}, h3,T7, DI H’ of hi, hj, T/, DI H for j < i.

Assume first that erp: (h}:) > 2Z;. We wish to show v; > Z;. To see this, note that by definition of
E; o, we have erpi(hy,) > 2Z; — (1/32)a(n/t,d, 6,2Z;). By Observation 3, for large enough cz, this is at
least 2Z, — Z;/2 > Z,. This proves the part of Observation 1 stating that if v; = erq:i(h%;) < Z; then
er'pi (h*Di) S 2Zt

For the remainder of the proof, assume v; > Z;. We start by proving bounds on erp: (h,).

Since the event Fj; ¢ did not occur, we have
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o erpi(hy:) > v > Zp and thus erp:i(hy:) > Zy — a(n/t,d,d,erpi(h}:)). We claim this inequality
implies erp:(h%,:) > Z;/2. To see this, assume for contradiction that erpi(h},;) < Z;/2, then since «
is increasing in its last argument, we have by Observation 3 that erp:(h},:) + a(n/t,d,d, erpi(h},;)) <
Z:/2 + a(n/t,d, 6, Z;/2). For cz large enough, the right hand side is less than Z;, which contradicts
the inequality erpi(hy,;) > Z; — a(n/t, d,d,erpi (h,:)).

In summary, we have
erpi(hpi) > Z¢/2. (6)
Next, we upper bound ~;.

e Since FE; ¢ did not occur, we have
i = erqi (W) < erqi(hp:) < erpi(hy:) + (1/32)a(n/t, d, 6, erpi(hhi)).
By Observation 3 for large enough ¢z and using (6), this implies
71 < erpi () + expi (i) (1 exp () < 2erp ().
This establishes the first bullet in Observation 1.

e To establish the second bullet of Observation 1, note that by definition of H!, every hypothesis A in
H' satisfies err,(h) < v + a(n/t,d,d,7;) and since v; < 2erpi(h%;) (by the previous bullet) and
a(n/t,d,d,2z) < 2a(n/t,d,d,xz) we have err,(h) < v + 2a(n/t,d,d,erpi(h},)). Also using that
vi < erpi(hh) + (1/32)a(n/t,d, 6, erpi(hy,)) gives erq,(h) < erpi(hy:) + 3a(n/t,d,d,erpi(hf;:)) <
6 erpi (hy:). Finally, since E; o did not occur, we have erp, (h) < err, (h) + (1/32)a(n/t,d, §,err, (h)) <
err, (h)+(1/32)a(n/t,d,d,6 erpi(h}:)) < erpi(hp:) +(1/5)a(n/t, d,d,erpi (h},:)). By (6), it follows by
Observation 3 that a(n/t, d,0,erpi(hy,;)) < \Q/Ci erpi(h}:)/In(1/ erpi(h%,;)). For cz large enough, we
thus have erp, (h) < erpi(h%,;) + (1/8) erpi(hf,:)/In(1/ erpi(hf:)). This establishes the second bullet
of Observation 1.

e For the third bullet, let h be a hypothesis with erpi(h) < erp: (h}:)+(1/8)a(n/t,d,, erpi(h,;)). Since
E; ¢ did not occur, we have eri(h) < erpi(h)+(1/32)a(n/t,d, d,erpi(h)). By Observation 3 and (6), we
have (1/8)a(n/t,d,0,erpi(h}:)) < erpi(h},;) for cz large enough. Thus we have erp: (h) < 2erpi (hl,,).
This gives erpi(h) < erpi(h) + (1/16)a(n/t,d,d,erpi(h},:)) < erpi(hk,:) 4+ (3/8)a(n/t,d,d, erpi (hy:)).
Finally, since E;o did no occur, we have v; > erp:(h}:) — (1/32)a(n/t,d,0,erpi(h}:)), implying
erpi(h) < v + (1/2)a(n/t,d, 0, erDL( 5i)). We also have v; > (1/2)erpi(h};) by the first bullet.
Hence we conclude ergi(h) < v; + a(n/t,d,d,~;), which puts h in H".

e For the fourth bullet, consider a pair of hypotheses hi, ho with Prri[hq(x) # hao(x)] > i/ In(1/7:).
Since E; ; did not occur, we have

Prihi(x) # ha(x)] 2 Prlh1 (x) # ha(x)] - (1/32)a(n/t, d, 6, Prlhi(x) # h2(x))).

Since «;/In(1/v;) > Z:/In(1/Z;) and the expression z — (1/32)a(n/t,d,d,z) is increasing in = for
x> Zy/In(1/Z;) and cz large enough, we conclude

Prihi(x) # ha(x)] 2 7/ In(1/%) = a(n/t,d, 8,7/ n(1/7)) 2 7/ In(1/7) — a(n/t, d, 8, 7).

Since v; > Zt, it follows from Observation 3 that this is at least (3/4),
Finally, since v; > erpi(h},:) — a(n/t,d,d,erpi(h};)). We have erp: (hj
this is at least erpi (h},;)(1—In(1/erpi (h}:))). We conclude Prpi[hy(z

(1/2) erpi(hf:)/ In(1/ erpi(hi,,)).

n(1/;) for ¢z large enough.
Zy/2 so by Observation 3,

i/ 1
i) >
# ha(2)] = (3/4)7i/ n(1/7) =

Di
)
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e For the fifth bullet, consider a pair hy,hy with Prp:[hi(x) # ho(x)] > 4erpi(h},:)/In(1/ erpi (h5y:)).
From the first bullet, this implies Prpi[hq(x) # ha(x)] > 27v;/In(2/v;). Since E;; did not occur, this
implies

Prlh1 (x) # ha(x)]

Y

27/ n(2/7:) — (1/32)a(n/t,d, 6, 2v;/ n(2/7:))
> 2vi/In(2/7) — (1/16)a(n/t, d, 6, 7).

By definition of a and Z; (using «; > Z;), this is more than ~;/In(1/v;) and hence not both of h; and
hs are in H*.

O

A.3 Points with few copies (proof of Lemma 6)

In this section, we give the proof of the following lemma

Restatement of Lemma 6. Consider throwing n balls independently into u bins, such that the i’th bin is hit
with probability p;. Let S be a subset of m bins such that each bin in S has p; = p for some 12/n <p < 1/2.
Then for every integer k < m/C for a sufficiently large constant C > 0, it holds with probability at least 1/8
that there are at least k bins in S containing less than max{pn — \/pnln(m/k)/6,pn/2} balls each.

Our proof of Lemma 6 follows previous work by Grenlund, Kamma and Larsen [13]. Let S be a subset
of m bins out of u bins such that each bin in S is hit with probability 12/n < p < 1/2. Now fix a bin b € S
and let Xy,...,X,, be indicator random variables, where X is 1 if the j’th ball is in b and 0 otherwise. We
now invoke the following lemma

Lemma 7 (Klein and Young [18]). Let Xy,...,X,, be independent indicator random variables with success
probability p < 1/2. For every /3/(np) < § < 1/2,

Pr [Z X, <(1- 6)np] > exp(—9npd?).

K2

Using the requirement m > Ck for a sufficiently large constant C' > 0, we have by Lemma 7 with
d = min{+/In(m/k)/(np)/6,1/2}, that Pr[) ", X; < np—min{\/npln(m/k)/6,np/2}] > exp(—In(m/k)/4) =
(k/m)"/* = (m/k)*/* - (k/m) > C3*(k/m) > 2(k/m). Note that In(m/k) > In(C) and thus § > /3/(np)
when C' is large enough. We also remark that 1/2 > 1/3/(np) since we assume p > 12/n.

Now define indicator random variables Y, for each bin in .S, taking the value 1 if the number of balls
in the bin is no more than np — min{+/npln(m/k)/6,np/2} = max{np — \/npln(m/k)/6,np/2}. By the
argument above (and symmetry of the Y,’s), we have E[Y;] = ¢ for some ¢ > 2(k/m). At the same time,
we have E[(}°, Y;)?] = >, > SE[Y;Y;]. Since the random variables Y; are negatively correlated, we have
E[Y;Y,] < E[Y,]JE[Y;] = ¢* for i # j. For i = j, we have E[Y?] = E[Y;] = ¢. Hence E[}_,Y;] = mgq
and E[(3, Y,)?] < mg+ m(m — 1)¢* < mq+ m?¢*. By Paley-Zygmund, we conclude Pr[}",Y; > mq/2] >
(1/4)(mq)?/(mgq + m2q?). Since mq > 2k > 1, this is at least 1/8. Since mgq/2 > k, the conclusion follows.
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