
Dynamic Algorithms, Spring 2004: First Project

Version 2 – April 11, 2004

This project consists of 2 theoretical problems. Each problem counts 50%
in your total score for the project. To get the last 5% of these 50% you must
answer the “last 5%” subproblem. This subproblem may be harder than the
other subproblems.

You can talk with your fellow students about general strategies for solving
the problems, but the actual hand-in must be your own work.

The hand-in should be done using LaTeX or similar. Handwriting is not
acceptable. For figures, xfig combines nicely with LaTeX. After having made
a drawing in xfig, you export it in LaTeX format, and insert the resulting
code in your LaTeX file.

The evaluation of your hand-in will put weight on simple short precise an-
swers/documentation.

Deadline for hand-in: Friday April 23th at 12 noon, preferably by email.

Problem 1

Dynamic road clearance information. Consider a two-lane road, where pot-
holes, road works and accidents temporarily makes part of the road unusable.
We want dynamically to maintain information about whether it is possible
to get through the road by switching lanes now and then, or whether the
road is completely blocked. We model this situation as a 2 × n labyrinth,
with change-operations that can insert or remove a length 1 wall (in the
interior of the 2 × n grid spanning the labyrinth), and a query-operation
that determines whether there is a route from one end to the other. Here is
an example labyrinth that allows passage from one end to the other:
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In this problem you are required to describe and analyze an off-line solu-
tion, a dynamic solution based on a balanced binary tree and an asymp-
totically very efficient dynamic solution using van Emde Boas trees.

Subproblem 1.1. Describe and analyze an efficient off-line algorithm for de-
termining whether a road is blocked or passable.

Notation: For each road segment r, define a 2 × 2 matrix with 0, 1-entries

f(r) =

(

a11 a12

a21 a22

)

,

where aij = 1 if there is passage from the left end of lane i to the right end
of lane j and otherwise aij = 0.

Example: In the earlier drawing of a road segment r, the top lane is lane 1
and the bottom lane is lane 2. The associated matrix is

f(r) =

(

1 0
1 0

)

.

Subproblem 1.2. As an additional example, give a road segment r for which

f(r) =

(

0 1
0 0

)

.

Subproblem 1.3. There are 16 different 2 × 2 matrices with 0, 1 entries. De-
termine which of these that can occur, respectively cannot occur, as f(r)
for some road segment r.

Notation: The Boolean multiplication of matrices with 0, 1-entries is defined
by

(

a11 a12

a21 a22

)

·

(

b11 b12

b21 b22

)

=

(

(a11 ∧ b11) ∨ (a12 ∧ b21) (a11 ∧ b12) ∨ (a12 ∧ b22)
(a21 ∧ b11) ∨ (a22 ∧ b21) (a21 ∧ b12) ∨ (a22 ∧ b22)

)

Subproblem 1.4. Let r denote the road segment arising from concatenating
the road segments r1, r2. Argue that f(r) = f(r1) · f(r2).
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Subproblem 1.5. Argue that Boolean matrix multiplication is associative.

Subproblem 1.6. How can you tell from f(r) whether the road segment r is
passable or blocked? (Argue for your answer)

Subproblem 1.7. Describe and analyze a solution for the dynamic road block-
ing problem based on the balanced binary tree technique.

Notation: A group free monoid (M, ·, 1) is a set M with a binary operator ·
such that

• operator · is associative.

• 1 is the identity element (i.e. x · 1 = 1 · x = x for all x ∈ M), and

• If G ⊆ M and (G, ·) is a group, then |G| = 1. – When saying that
(G, ·) is a group we mean that G is closed under the · operation, G

contains an identity element e satisfying e · g = g · e = g for all g ∈ G

and every g ∈ G has an inverse h ∈ G with g · h = h · g = e.

As an example of a finite group free monoid, you may take ({0, 1, 2, 3},max, 0).
As an example of a finite monoid that is not group free you may take
({true, false}, xor, false).

Subproblem 1.8. Let S be those 2 × 2 matrices with 0, 1 entries that can
occur as f(r) for some road segment r. (You determined S in an earlier
subproblem). Argue that (S, ·, I) is a group free monoid, where I is the S → (S, ·, I)

changed in

version 2
identity matrix.

Notation: For a finite group free monoid (M, ·, 1), we may consider the
dynamic word problem, where we have to maintain the product of a string
of elements of M , while changing single elements. More specifically, we want
to implement a datatype containing a vector (x1, x2, . . . , xn) ∈ Mn, initially
(1, 1, . . . , 1) with two kinds of operation. For each i ∈ {1, . . . , n} and a ∈ M

an operation changeia that changes xi to a. A single operation product?

returning x1 · x2 · · · · · xn.

Subproblem 1.9. Describe how a dynamic algorithm for the road blocking
problem can be constructed from a data structure for the dynamic word
problem.
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Fact: By the result from [FMS] the dynamic word problem for a group free
monoid can be solved using a number of van Emde Boas trees.

Subproblem 1.10. Based on the above fact what asymptotic time complexity
can you achieve for the dynamic road blocking problem (argue for your
answer)?

Notation: The above fact is based on the Krohn-Rhodes theorem which
states that any group free monoid (M, ·, 1) will have one of the following
four forms:

• M = {1}.

• M − {1} = 〈a〉 = {a, a2, a3, . . . , ak = ak+1}.

• For all a, b ∈ M − {1}, a · b = a.

• M = V ∪ T , where V 6= M , T 6= M , V and T are submonoids of M ,
and T −{1} is a left ideal of M , that is, a · b ∈ T −{1} for each a ∈ M ,
b ∈ T − {1}.

The Krohn-Rhodes theorem supplies an inductive structure on a group free
monoid. Assume one extends the dynamic word problem to include a more
general query rangeij? that returns the product of xi · · · · · xj. In [FMS] it
is shown how one can solve this extended dynamic word problem using the
inductive structure. The first case is trivial. In the second and third case
a single van Emde Boas tree is needed and in the fourth case, one needs
a van Emde Boas tree combined with solutions for the extended dynamic
word problems for each of the submonoids V and T .

Last 5%: How many van Emde Boas trees will be needed in a solution
to the dynamic road blocking problem when using the above solution to
the dynamic word problem for group free monoids? (Argue for your an-
swer) Does that tell you anything about whether the solution based on van
Emde Boas trees is likely to be superior/competitive/inferior to the solu-
tion based on a balanced binary tree for sizes of n that may be encountered
in practice?
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Problem 2

In this problem you are required to design and analyse some dynamic graph
algorithms based on the sparsification technique. Given an off-line algorithm
of time complexity f(m) where m is the number of edges in the graph,
the technique of sparsification will sometimes allow the construction of a
dynamic algorithm taking time close to f(n), where n is the number of
nodes in the graph.

The idea behind the sparsification technique is the following. One maintains
a balanced binary tree T , where each leaf corresponds to an edge in the
current graph G. This leads naturally to each internal node α of the binary
tree being in correspondence with a subgraph G(α) of G.

Each internal node α maintains a sparse data structure holding some prop-
erties of the subgraph G(α). The term sparse means in the present context
that the data structure at node α should have size O(n) even if there are
close to n2 edges in G(α).

The challenge is to maintain the data structures while inserting/deleting
edges and making rotations to rebalance the tree. This should be done
using only simple off-line algorithms. Also the data structure at the tree
root must support the relevant queries.

In this problem you are required to design and analyse dynamic algorithms
for connectivity and minimum weight spanning forest in undirected graphs.
These dynamic algorithms must be based on using sparsification combined
with simple off-line algorithms.

Below is defined some notation and set up some subproblems that may be
of help.

Preliminaries: Before solving this problem you may want to refresh depth
first search, union-find (aka data structures for disjoint sets or Partitions
with union find operations), and minimum spanning trees (forests) as de-
scribed by a classical text book such as Cormen, Leiserson, Rivest and Stein,
Introduction to Algorithms, or by the dADS textbook Goodrich and Tamas-
sia, Algorithm design - Foundations, Analysis and Internet Examples.

Notation: The dynamic connectivity problem consists in maintaining a data
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structure supporting the following operations.

• init(n). G becomes the (empty) graph with n vertices {1, . . . , n} and
no edges.

• insert(v, w). Add edge (v, w) to G.

• delete(v, w). Remove edge (v, w) from G.

• connected(v, w)? Report whether v and w are in the same connected
component in G.

Notation: Consider the following proposed data structure for solving the
dynamic connectivity problem.

• We maintain a balanced binary tree T , where each leaf has associated
an edge e of G in a one to one relation. This leads naturally to asso-
ciating a subgraph G(α) of the current graph G to each internal node
α of T in that G(α) contains precisely the edges associated with the
leaves in the subtree rooted at α.

Each internal node α of T will maintain a spanning forest of the asso-
ciated graph G(α).

• We maintain a map c from the vertices of G into N such that c(v) gives
a unique identification number for the connected component contain-
ing v.

Subproblem 2.1. Assuming the current graph G has n = 8 nodes and contains
the 7 edges E = {(1, 2), (1, 5), (1, 8), (2, 5), (2, 8), (4, 6), (5, 8)}. Explain what
the data structure might look like in that case, i.e. draw a binary tree and
specify what information is present at each node, and give a map c. (note
that the details of the data structure are not unique).

Subproblem 2.2. Assume that solutions to the following subproblems are
known:

• If an internal node α in the tree T has children β and γ and if spanning
forests F (β) and F (γ) are known for G(β) and G(γ), respectively, then
it is possible to compute a spanning forest F (α) for G(α) in time O(n).
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• Given a spanning forest for G it is possible to compute a map c as
defined above in time O(n).

Argue that the operations insert and delete can be done in time O(n log n)
while maintaining the data structure including making rotations to keep the
binary tree balanced (explain how you keep the tree balanced), and argue
that the operation connected(u, v)? can be done in time O(1).

Subproblem 2.3. Describe how you can solve the 2 subproblems for which
solutions were assumed in the previous subproblem.

Notation: The dynamic minimum spanning forest problem consists in main-
taining a data structure supporting the following operations.

• init(n). G becomes the (empty) graph with n vertices {1, . . . , n} and
no edges.

• insert(v, w, l). Add edge (v, w) of weight l to G.

• delete(v, w). Remove edge (v, w) from G.

• msf? Return the list of edges in a minimum weight spanning forest
for G.

Subproblem 2.4. Analogously, to your solution for the dynamic connectivity
problem, explain in detail how you can solve the dynamic minimum spanning
forest problem using sparsification in time O(n log2 n) per operation.

Last 5%: Can you improve your solution for the dynamic minimum span-
ning forest problem to obtain time O(n log n) per operation?
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