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Dynamisk Programmering

Generel algoritmisk teknik — virker for
mange (men langt fra alle) problemer

Krav: "Optimal delstruktur” — en Igsning til
oroblemet kan konstrueres ud fra optimale
gsninger til "delproblemer”

Rekursive igsning:
— Typisk eksponentiel tid
Dynamisk Programmering:

— Beregn dellgsninger systematisk
— Typisk polynomiel tid



"Colonel Motors Corporation”

station §;,  station §;, station§;, station$;, station §, , station §; ,

assembly line 2

station S,;  station §,,  station S,  station §p4 station S, ,_; station S, ,

Mal Find en hurtigste vej fra "Chassis enters” til "completed
auto” — knuderne angiver hvor lang tid de forskellige ting tager

Naive algoritme Prgv alle 2" forskellige veje — tid Q(2")
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fill] < e1 + a1
foll] <~ e2 +an1
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then fr[j]1 < folj — 1] +ay;
LIjl <2

if olj —114+ay; < filj —1l1+4, -1+ a,;

else foljl < filj — 11+t -1 + a2

hijl <1

if f1[n]+x1 < faln]l +x2
then f* = fi[n] + xi
" =
else f* = foln] +x2
[F =72

Leengden af den hurtigste
vej findes I tid O(n)



"Colonel Motors Corporation”
PRINT-STATIONS (/, 1)
1 [« I*
2 print “line 7§ “, station ” n
3 forj «n downto 2
4 doi <« [;]j]
5 print “line ” 7 “, station ” j — 1

station §,,  station §;5  station § 5 \'muunﬁ, m:onS tl on §)
A i ;. ! a0,

line 1, station 6
line 2, station 5 _
line 2, station 4 igennem de
line 1, station 3 jo_0 0 0 _0_0] bereg nede

line 2, station 2 o veerdier, og

line 1, station 1 e & U find lgsningen
fE o JEin.
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Matrix-kaede Multiplikation

MATRIX-MULTIPLY (A, B)

1 if columns[A] # rows[B]

2 then error “incompatible dimensions”

3 else fori < 1 to rows[A]

4 do for j < 1 to columns|[B]

5 do (i, j] <O

6 for k < 1 to columns[A]

7 do C[i, j] < C1i, j1+ Ali, k] - Blk, j]
8 return C |

Multiplikation af to matricer A og B af stgrrelse p, x p, 0og p, X p;
tager tid O(p, p,'P;)



Matrix-kaede Multiplikation

(A-B)-C elller A(B-C) ?

Matrix multiplikation er associativ (kan seette paranteser som man vel) men
ikke kommutative (kan ikke bytte rundt “pa raekkefglgen af matricerne)



Matrix-kaede Multiplikation

Problem: Find den bedste reekkefalge (paranteser)
for at gange n matricer sammen

A A A

n

hvor A, er en p, ; X p; matrice

NB: Der er Q(4"/n32) mulige mader for paranteserne



Matrix-kaede Multiplikation

m[1,J] = minimale antal (primitive) multiplikationer

for at beregne A; -...- A,

i<k<j

0 ifi=j,
mli, j1= { min {mli, k] + mik + 1, j1+ pipepjt i <.

RECURSIVE-MATRIX-CHAIN(p, i, )

1 ifi=

2 then return 0

3 mli, j] <

4 fork <«<itoj—1

5 do g < RECURSIVE-MATRIX-CHAIN(p, i, k)
-+ RECURSIVE-MATRIX-CHAIN(p, k + 1, j)
“+ Di—1PkPj

6 if g < mli, j]

then m[i, j] < g

8 return mli, j] T|d Q(4n/n3/2)

~J



Matrix-kaede Multiplikation

MATRIX-CHAIN-ORDER (p)

1 n <« length[p] — 1

2 fori < ltonm

3 dom[i,i] <« O

4 for!/ < 2ton > [ is the chain length.
5 dofori <« 1ton—171+1

6 do j «<—i+[/-1

7 mli, j] < o0

8 fork <—itoj—1

9 do g < mli, k] +mlk + 1, j1+ pi—1pep;
10 if g < ml[i, j]
11 then m|i, j] < ¢
12 sli, j] <k

13 return m and s Tid O(ﬂ3)



Matrix-kaede Multiplikation

matrix  dimension

Al 30 x 35
Ag 35 x 15
Aj 15%x35
Ay 5x10
As 10 x 20

Ag  20x25



Matrix-kaede Multiplikation

PRINT-OPTIMAL-PARENS (s, 7, J)
ifi = j
then print “A”;
else print “(”
PRINT-OPTIMAL-PARENS (s, 7, s[Z, j])
PRINT-OPTIMAL-PARENS (s, s[i, j1+ 1, /)
print )"

N B W N =

Tid O(n)
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"Memoized”

Matrix-keede Multiplikation

MEMOIZED-MATRIX-CHAIN(p)

n < length[p]
fori < lton

-1

do for j < i ton

Go

mli, j] < o0

return LOOKUP-CHAIN(p, 1, n)

LOOKUP-CHAIN(p, i, )

1
2
3
4
5
6

oo =~

if mli, j] < o0

then return m[i, j]

ifi =
then m[i, j]

<~ 0

else fork < itoj—1

do ¢ < LOOKUP-CHAIN(p, i, k)

return m[i, j]

+ LOOKUP-CHAIN(p, k + 1, j) + pi_1PeD;

if g <mli, j]
then mli, j] < ¢

Tid O(n?)
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iff,j >Oandxg = ¥i>

ifi=00rj=0,
max{c[i, j — 1], cli —~ 1,1 ifi,j>0andx #y;.

cli—1,7—1]+1

0
cli, j1 =



Laengste Faelles Delsekvens
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Laengste Faelles Delsekvens

LCS-LENGTH(X,Y)
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m < length[X].
n <« lengthlY ]
fori < 1tom

do c[i,0] « O

for j < Oton

do c[0, j] < O

fori < 1tom

dofor j < 1ton
do if x; = y;

return ¢ and b

thencli, jl < cli—1,j—1]14+1
b[i’ j] + ‘i‘\ﬂ‘
else ifc[i — 1, j] =>c[i, ] — 1]
then cli, j] < c[i — 1, j]
bli, j1 < “1”
else c[i, j] < c[i,j — 1]
bli, j] « “<”

N =B — [ — [ —>




Laengste Feelles Delsekvens

PRINT-LCS (b, X, i, J) ;oo 3 e
1 ifi=0o0r;j=0 AT
2 then return 1

3 D[, j]="\" > N

4 then PRINT-LCS (b, X,i — 1, — 1) 3 0 !

5 print x; s B o[> g 5l b

6 elseif b[i, j] = “1” S O \% %\;

7  then PRINT-LCS(b, X,i — 1, j) S

8 else PRINT-LCS(b, X, i, j — 1) R



Optimale Binagere Sggetreeer

Forventet sggetid 2.80

Forventet sggetid 2.75

] 0 1 2 3 4 5

P 015 010 005 010 020
g; | 005 010 005 005 0.05 0.10




Optimale Binaere Sggetraeer

n n J J
b+ gi=1 w(f,f)=ZPs+qu

i=1 i=0 l=i I=i—1

E[searchcostin T] = Z(depthT (ki) + 1) p; + Z(depth;- (d;))+ 1) g
i=1 =0

1+ ) depthy (ki) - pi + ) depthr(dy) - g,
i=0

i=}

o QI—I ifj =1 - ]- 3
eli, J1= 9\ min {eli,r — 11 +elr +1,j1+w@, )} ifi=j.

I=r=<j




Optimale Binagere Sggetreeer

OPTIMAL-BST(p, g, n) - P
] f[_jrz' <_ Iton—l—l eli, jl1 = {mm{e[zr 1+elr+1,/1+w@ Y fi<j.

2 do E[i,i —1] < ;i1

3 owl i — 1] < g

4 forl < lton

3 dofori <« lton—1+41

6 doj <« i+1—1

7 eli, j] < o0

8 wli, j] < wli, j — 11+ p; + g
9 forr «<—itoj

10 ' dot < eli,r — 1] +elr + 1, j1+ wli, j]
11 | ift < efi, j]

12 | theneli, j] < ¢

13 - rootli, j] < r

14 return e and root Tid O(n3)



Konstruktion af Optimalt Trae



Dynamisk Programmering

 Generel algoritmisk teknik

* Krav: "Optimal delstruktur” — en lgsning til
oroblemet kan konstrueres ud fra optimale
gsninger til "delproblemer”

« Eksempler
— "Colonel Motors Corporation”
— Matrix-kaede multiplikation
— Leaengste feelles delsekvens
— Optimale sggetraeer




