Alcom-FT Technical Report Series ALCOMFT-TR-03-145

On Spectral Bounds for the k-Partitioning of Graphs^∗

R. Elsässer, T. Lücking and B. Monien

University of Paderborn Fürstenallee 11 33102 Paderborn, Germany {elsa,luck,bm}@uni-paderborn.de

Abstract

When executing processes on parallel computer systems they encounter as a major bottleneck inter-processor communication. One way to address this problem is to minimize the communication between processes that are mapped to different processors. This translates to the k-partitioning problem of the corresponding process graph, where k is the number of processors. The classical spectral lower bound of |V | 2k ∑_k i=1 λ_i for the k-section width of a graph is well-known. We show new relations between the structure and the eigenvalues of a graph and present a new method to get tighter lower bounds on the k-section width. This method makes use of the level structure defined by the k-section. We define a global expansion property and prove that for graphs with the same k-section width the spectral lower bound increases with this global expansion. We also present examples of graphs for which our new bounds are tight up to a constant factor.

1 Introduction

The partitioning of a graph into several balanced parts has a wide range of applications, especially in the field of parallel computation. Large numerical simulations like e.g. crashsimulations are commonly executed on parallel processor systems using the FEM approach. For the parallel computation, the mesh is partitioned into k subdomains with k being the number of processors. In order not to affect the speed of computations, the assignment of the nodes should be as uniform as possible, and the data exchange between the processors should be minimized. Since the data dependencies are defined by adjacencies in the mesh,

∗Partly supported by the DFG-Sonderforschungsbereich 376 Massive Parallelität: Algorithmen, Entwurfsmethoden, Anwendungen, and by the IST Programme of the EU under contract number IST-1999- 14186 (ALCOM-FT). An extended abstract of these results has been presented at SPAA 2001.

the parallel algorithms only require communications on the edges between two vertices of different subdomains. Hence, the goal is to find a balanced k-partitioning of a given graph G with a minimal number of cut edges separating the sets from each other. This minimal number of cut edges of a balanced optimal k-partition is called the k-section width of the graph.

It is easy to find optimal k-sections only for “trivial” graphs as e.g. cycles, paths and complete graphs. The calculation of the k-section width for arbitrary graphs is NPcomplete. This is already true for the bi-section problem [13], and it remains NP-complete by considering only d-regular graphs [6]. However, finding the k-section width is very difficult even for graphs for which computing the bi-section width is easy, as for hypercubes or grids [1, 3].

Many papers in the literature deal with the design of partition algorithms [10, 14] and the analysis of their optimality [7, 15], or with the complexity of partition problems. Different methods of calculating partitions of a graph have been proposed in the past by scientists from different fields like mathematics, computer science or engineering. There are also many software libraries available which include the most efficient graph partitioning approaches. For the evaluation of the quality of partition algorithms it is helpful to know good lower bounds for the k-section width.

There are only few approaches that are known for determining lower bounds on the k-section width of a graph. Leighton [18] proposes a lower bound of the bi-section width by calculating a routing scheme between all pairs of vertices such that the congestion is minimized. This technique can also be extended to the k-section width. Rendl and Wolkowicz get lower bounds using a different approach. They define the k-section problem as a semidefinite program and get the well known lower bound (1) stated below [12]. Furthermore they apply projection techniques from continuous optimization [16] to prove better lower bounds [20].

Lower bounds on the k-section width can also be derived from algebraic graph theory by relating the k-section problem to an eigenvalue problem. The well known lower bound on the k-section width ∇_k(G) of a graph G = (V, E) with n = |V | and the first k smallest eigenvalues λ_1(G), . . . , λ_k(G) of the Laplacian is (see section 2) ∇_k(G) ≥ k∑ i=1 λ_i(G) · n 2k . (1)

In [4] Bolla considers the spectra of hypergraphs and derives spectral bounds on the k-partitioning of them. In [5] Bolla and Tusnády also use spectral techniques to handle combinatorial problems concerning minimal k-cuts of weighted graphs. However, they do not require balanced partitioning sets.

In [2] the authors study relations between the second smallest eigenvalue and the bisection width of graphs. They determine the case when the classical lower bound of the bi-section width of a graph is tight and derive new bounds in other cases. However, we need new ideas and further techniques to handle the relation between the structure of the k-section and the spectrum of a graph.

We show in the present paper that in (1) equality holds for a restricted number of graphs. In general, there is a large gap between this lower bound and the k-section width. For example, the first three smallest nonzero eigenvalues of a √ n × √ n torus are λ_2 = λ_3 = λ_4 = 2 − 2 cos(^{2π√}_n ) ≈ 4π^2/n. Obviously, the 4-section width is 4 √ n. However, the lower bound of inequality (1) does only result in a value of^3_2 π^2. According to Spielman and Teng, λ_2 = O(^1_n ) holds for bounded-degree planar graphs and two-dimensional meshes. Furthermore, λ_2 = O(^1_{n2/d} ) for well-shaped d-dimensional meshes [21]. So there is a quadratic gap between the classical lower bound and the real value of the sum of the first k eigenvalues for a small k. Deriving new lower bounds which use √∑_k i=1 λ_i instead of ∑_k i=1 λ_i for graphs with a grid-like structure, we close this quadratic gap up to a constant factor for this type of graphs.

To determine a new upper bound for ∑_k i=1 λ_i we make use of the level structure of a k-section in which every level consists of all vertices which have the same distance to the cut. This leads to a generalized lower bound of (1) depending on the growth of the sizes of these levels in each section. Let g : IN → IN be a function. We will introduce the class of Level Structured graphs LS(g, ∇, k) which have a k-section with a cut size of ∇ and a level structure such that there are not more than ∇g(j) edges between vertices of distance j to the cut and vertices of distance j + 1 to the cut. We get improved relations between the k-section width and ∑_k i=1 λ_i for the graph class LS(g, ∇, k). These new relations differ from the classical bound (1) by a constant factor if the sum ∑_∞ j=2 1 g(j−1) is bounded. In

the other cases we prove that for^n_∇ → ∞ there exists a constant δ with

∇ ≥ δ (_k ∑ i=1 λ_i )_β n(1 − o(1)), (2)

where β is in the range^1_2 ≤ β < 1. We also show that there are graphs for which the new bounds are tight up to a constant factor. These new bounds may also be used the other way around to get an upper bound of ∑_k i=1 λ_i for any k-section with a cut size ∇ and a growth function g.

In general, the level structure of an optimal k-section is not known, but there are notable exceptions. If G is a graph of maximum degree d, then G ∈ LS(g, ∇, k) with g(j) = (d − 1)^j. Thus, for^n_∇ → ∞, we obtain a lower bound of ∇ ≥ k(d − 2) + 2 k(d − 2) · ∑_k i=1 λ_i(G)n 2k (1 − o(1)).

We expect that there exist further classes of graphs for which we can directly derive better lower bounds on the k-section width using the results of this work.

The contents of the paper are the following. Section 2 presents the basic relation of ∑_k i=1 λ_i and the k-section width of graphs. In Section 3 we show a new relation between ∑_k i=1 λ_i and the cut size ∇ of a k-section and demonstrate in section 4 that there are graphs for which the new bounds are tight up to a constant factor.

2 Theoretical Background

A k-partition of an undirected unweighted graph G = (V, E) with |V | = n and k|n is a partition of V = V_1 ⊎ V_2 ⊎ . . . ⊎ V_k such that |V_i| = |V_j | for any i, j ∈ {1, . . . , k}. Here ⊎ denotes the union of two disjoint sets. The number of edges connecting vertices from different partitioning sets V_i and V_j , i, j ∈ {1, . . . , k}, i ≠ j is called the cut size of the k-partition. In the following we are interested in the minimum cut size among all partitions.

For a graph G, the n × n Laplacian matrix L(G) = {l_{v,w}} is defined as

l_{v,w} = deg(v), if v = w −1, if v ≠ w and {v, w} ∈ E 0, otherwise

It is known that all the eigenvalues of L(G) are nonnegative. We denote them by λ_1, . . . , λ_n with 0 = λ_1 ≤ λ_2 ≤ ... ≤ λ_n. They have the pairwise perpendicular eigenvectors y_1, y_2, ...y_n. The eigenvector with the eigenvalue 0 is y_1 =^{1√}_n (1, 1, 1, ...1), and its multiplicity is equal to 1 since we consider connected graphs only (see e.g. [19]). Let x = (x_1, x_2, ..., x_n) be a nonzero vector. It follows from the Courant-Fisher Theorem [23] that

λ_i(G) = max dim(U)=n−i+1 { min_{x∈U} { x^tLx ‖x‖^2 }} (3)

= max dim(U)=n−i+1 min_{x∈U} ∑ {u,v}∈E (x_u − x_v )^2 ∑ v∈V x_v^2 .

The well-known lower bound (1) on the k-section width was stated by Donath and Hoffman [11] using a modification of the famous Hoffman-Wielandt theorem [17].

A powerful tool for determining new lower bounds for the size of the optimal kpartitioning is the following Courant-Fischer-like inequality for the sum of the first k eigenvalues which generalizes the well-known upper bound of λ_2 over the Rayleigh-coefficient. This theorem can be derived immediately from the so-called Representation Theorem of [4]. We present a new proof using the result of [17].

Theorem 1 Let G = (V, E) be a graph and n, k two integers with |V | = n and k|n. Let λ_1, λ_2, . . . , λ_k be the k smallest eigenvalues of L(G). Then it holds k∑ i=1 λ_i ≤ min_{x1,...,xk} {_k ∑ i=1 ∑ (q,r)∈E (xi,q − xi,r) 2 ∑ q∈V x^2_{i,q} | | | | x_i⊥x_j for any 1 ≤ i, j ≤ k, i ≠ j } (4) where x_{i,q} denotes the q^{th} entry of the vector x_i.

Proof: Let N be a matrix with the elements N_{i,j} = x_{⌊j/k⌋+1,i}. So, the first n/k columns contain the vector x_1, the next n/k columns contain the vector x_2,. . . , the last n/k columns contain the vector x_k. We consider now the trace of the matrix LNN^T . First we compute L · N

(LN)_{1,1} = · · · = (LN)_{1,n/k} = x_{1,1}deg_1 − ∑ (1,j)∈E x_{1,j}, where deg_1 denotes the degree of the vertex 1 ∈ V . Moreover (LN)_{1,r} = x_{⌊r/k⌋+1,1} · deg_1 − ∑ (1,j)∈E x_{⌊r/k⌋+1,j} for all 1 ≤ r ≤ n. It also holds that (LN)_{q,r} = x_{⌊r/k⌋+1,q} · deg_q − ∑ (q,j)∈E x_{⌊r/k⌋+1,j} , with q, r ∈ {1, . . . , n}. Again, deg_q denotes the degree of the vertex q ∈ V . Multiplying (LN) with N^T we obtain

(LNN^T )_{q,q} = n k x^2_{1,q}deg_q − ∑ (q,j)∈E x_{1,j} x_{1,q} + x^2_{,q}deg_q

− ∑ (q,j)∈E x_{2,j} x_{2,q} + · · · + x^2_{k,q}deg_q − ∑ (q,j)∈E x_{k,j}x_{k,q} .

Then T r(LNN^T ) = n k k∑ i=1 ∑ (q,r)∈E (x_{i,q} − x_{i,r})^2. On the other hand the spectrum of NN^T is the same as the spectrum of N^T N. Using the fact that x_i and x_j are perpendicular for each pair of i, j, 1 ≤ i, j ≤ k with i ≠ j we obtain that the eigenvalues of NN^T are n − k times 0 and each^n_k ∑ q∈V x^2_{i,q} once, where i ∈ {1, . . . , k}. Then we have k∑ i=1 ∑ (q,r)∈E (x_{i,q} − x_{i,r})^2 ≥ λ_1 ∑ q∈V x^2_{1,q} + · · · + λ_k ∑ q∈V x^2_{k,q} where ∑ q∈V x^2_{1,q} ≥ ∑ q∈V x^2_{,q} ≥ · · · ≥ ∑ q∈V x^2_{k,q}. We obtain the theorem by normalizing the vectors x_1, x_2, . . . , x_k. □

From Theorem 1 we obtain the classical lower bound for the size of the optimal kpartitioning in the following way. Let V = V_1 ⊎ V_2 ⊎ . . . ⊎ V_k be the optimal k-partitioning of G. We consider the vectors x_1, x_2, . . . , x_k with the entries x_{i,j} = 1 whenever the vertex j ∈ V_i, and x_{i,j} = 0 otherwise. Using inequality (4) we obtain the inequality (1).

In the following theorem we determine the case when the classical lower bound is tight.

Theorem 2 Let G = (V, E) be a graph, and let V = V_1 ⊎ V_2 ⊎ . . . ⊎ V_k be an optimal k-partitioning of G with a cut size ∇, where |V | = n and k|n. Let λ_1, λ_2, . . . , λ_k be the first k smallest eigenvalues of L(G) and let x_1, x_2, . . . , x_k be the corresponding eigenvectors. We represent with x_{i,j} the j^{th} entry of x_i for any 1 ≤ i ≤ k and 1 ≤ j ≤ n. Then the statement

a. ∇ =^n_{2k} ∑_k i=1 λ_i implies that b. if q, r ∈ V_i for an i ∈ {1, . . . , k} then x_{j,q} = x_{j,r} for any j ∈ {1, . . . , k}; and c. for any i, j ∈ {1, . . . , k}, i ≠ j and any two vertices q, r ∈ V_i the number of adjacent vertices to q in V_j equals the number of adjacent vertices to r in V_j.

Proof: We prove that statement (a) implies (b) and (b) implies (c).

(a) → (b): The Courant-Fischer Theorem [23] implies that by adding an additional edge to a graph G there exists no eigenvalue λ_i, i ∈ {1, . . . , |V |}, of L(G) which decreases (see equation (3)). For simplicity we assume that all eigenvalues are simple. Let ∇ =^n_{2k} ∑_k i=1 λ_i and let V = V_1 ⊎ V_2 ⊎ . . . ⊎ V_k be an optimal k-partition of G.

Assume there exists i, j ∈ {1, . . . , k} and two vertices q, r ∈ V_i such that x_{j,q} ≠ x_{j,r}. (Note that x_j is the eigenvector of L(G) with the eigenvalue λ_j .) We can assume w.l.o.g. that x_j is the eigenvector corresponding to the smallest eigenvalue with this property, so x_{1,q} = x_{1,r}, x_{2,q} = x_{2,r}, . . . , x_{j−1,q} = x_{j−1,r}. If there is no edge between q and r, then equation (3) implies that if we add the edge (q, r) to the graph G then x_1, x_2, . . . , x_{j−1} remain eigenvectors corresponding to the first j − 1 eigenvalues of G with this new edge added to it, and λ_j increases without increasing the optimal cut of the k-partition. Thus we have a contradiction to inequality (1). If there is an edge between q and r then we consider the cartesian product G × K_n of G with the complete graph K_n. We denote with w_1, . . . , w_n the vertices of K_n. Then the vertex (v, w_m) of G × K_n is adjacent to (v^′, w_m′ ) iff (v, v^′) ∈ E and w_m = w_m′ or v = v^′. The eigenvalues of G × K_n have the form λ_i + μ_j where μ_j are the eigenvalues of K_n [8]. Therefore the first k eigenvalues of G × K_n still remain λ_1, λ_2, . . . , λ_k and the classical lower bound will still be tight. Let y_j be the eigenvector of G × K_n with the eigenvalue λ_j , j ∈ {1, . . . , k}. Furthermore y_{j,l,m} represents the entry of y_j for the vertex (l, w_m) of G×K_n. Then it also holds that y_{j,l,m} = x_{j,l} for any w_m ∈ {1, . . . , |V |} and arbitrary j, l. Now, since we assumed that x_{j,q} ≠ x_{j,r} it follows that y_{j,q,m} ≠ y_{j,r,m}′ for any w_m, w_m′ ∈ {1, . . . , |V |}. By adding the edge ((q, w_m), (r, w_m′ )) to the graph G × K_n we increase λ_j and this leads to a contradiction to inequality (1). Similar arguments apply if there exist multiple eigenvalues.

(b) → (c): Assume that x_{i,q} = x_{i,r} if q, r ∈ V_j for any i, j ∈ {1, . . . , k}. Let x^j_i be the entry of the eigenvector x_i for each vertex v ∈ V_j (so, x_{i,q} = x_{i,r} = x^j_i ). Consider the system of linear equations

X · z_j = b^j (5)

where X = (x^s_i ), b^j = (λ_ix^j_i ), and z_j = (z_{j,s}), 1 ≤ j, s ≤ k (z_j is the vector of indeterminants). Let e_j = (e_{j,s})_{1≤s≤k} where e_{j,s} is the number of vertices in V_s adjacent to the vertex v ∈ V_j if s ≠ j, and e_{j,j} = − ∑ 1≤s≤k,s≠j ej,s otherwise. Obviously ej is a

solution of (5). Since x_1, . . . , x_k are pairwise perpendicular, X has full rank and thus e_j is unique. But the system of linear equations (5) also holds for all u ∈ V_j, u ≠ v, and so (c) follows. □

Now, the question arises: Does (c) imply (a)? The answer is no. Consider for example the hypercube Q(m) with m ≥ 4, and let k = 4. The first three nonzero eigenvalues of Q(m) are λ_2 = λ_3 = λ_4 = 2. The minimal cut of the 4-partition is 2^m and condition (c) of Theorem 2 is fulfilled. However, the lower bound of the inequality (1) is 2^{m 3}_4 . Examples of graphs for which the bound in (1) is tight are the complete graph or the complete bipartite graph. However, if (c) of theorem 2 holds, then there exist some eigenvalues λ_{i1} , . . . , λ_{ik} (not necessarily the first k smallest) of G such that ∇ =^n_{2k} ∑_k j=1 λ_{ij} .

3 New Spectral Bounds using the Structure of Graphs

In Theorem 2 we showed that, if the lower bound in inequality (1) is tight, then any vertex of G must be incident to a cut edge. Now, we consider the case where this condition is not satisfied, and show that for such graphs the lower bound can be improved significantly. This new result holds for arbitrary structures of the k-section and does not depend on the number and the positions of the cut-edges.

In the following, we consider the level structure of a k-section. Each level of vertices consists of the vertices which have the same distance to the cut.

Definition 1 (Level Structure) Let V = V_1 ⊎ V_2 ⊎ . . . ⊎ V_k be a k-section of a graph G = (V, E) with n = |V | and assume that k|n. Define the subsets V^j_i of V_i, i ∈ {1, . . . , k} as follows. Let V^1_i be the set of all vertices in V_i which are incident to a cut edge. Let V^j_i be the set of all vertices in V_i with distance j − 1 to V^1_i . Furthermore, denote with E^j_i , j ≥ 1, i ∈ {1, . . . , k}, the edge sets which connect vertices between sets V^j_i and V^{j+1}_i .

Let g : IN → IN be a function. We denote with LS(g, ∇, k) the class of graphs which have a k-section with a cut size ∇ and a level structure such that |E^j_i | ≤ ∇g(j) for all j ≥ 1 and i ∈ {1, . . . , k}. In a certain sense the level structure can be viewed as k cones where the cone ends are connected by some edges. The function g represents their widths. For graphs with large width of the cone, information can flow more easily to the distant vertices and therefore we can view this as a global expansion property. In the following we show that for a fixed k-section width the spectral lower bound increases with the width of the cone.

In Lemma 1 we bound ∑_k i=1 λ_i from above by some expression depending only on the growth function g(j). This result will be used in Theorem 3 below.

Lemma 1 Let G ∈ LS(g, ∇, k) and let l ∈ IN be a number such that n > k∇ ∑_{l−1} j=1 g(j−1). Then_k ∑ i=1 λ_i ≤ min 1=a_1≤a_2≤···≤a_l 2∇a^2_1 + k∇ ∑_{l−1} j=1 g(j)(a_j − a_{j+1})^2 ∇ ∑_{l−1} j=1 a^2_j g(j − 1) + a^2_l (_n k − ∇ ∑_{l−1} j=1 g(j − 1) ).

Proof: We define some vectors x_1, . . . , x_k which are pairwise perpendicular, so x_i⊥x_j for any 1 ≤ i, j ≤ k, i ≠ j. We choose the vectors x_i with entries x_{i,v} for v ∈ V defined by x_{i,v} = { a_j , if v ∈ V^j_i 0, otherwise (6) with 1 = a_1 ≤ a_2 ≤ · · · ≤ a_l. The upper bound of (4) from Theorem 1 now only depends on the a_j ’s. Denote by A(x_i) := ∑ {u,v}∈E (xi,u − xi,v ) 2 the numerators in (4).

Let Q_{i,m} be the number of edges separating V_i from V_m for m ∈ {1, . . . , k}. One has

A(x_i) = k∑ m=1 Q_{i,m}a^2_1 + l−1∑ j=1 |E^j_i |(a_j − a_{j+1})^2 (7)

≤ k∑ m=1 Q_{i,m}a^2_1 + ∇ l−1∑ j=1 g(j)(a_j − a_{j+1})^2,

where Q_{i,i} = 0. To estimate the denominators B(x_i) := ∑ v∈V x^2_{i,v} of the inequality (4) from theorem 1, assume |V^j_i | < |E^{j−1}_i | for some j, 1 ≤ j < l. Let x̃_i be the corresponding vector for the level structure obtained by moving a vertex from V^l_i to V^j_i . One has B(x̃_i) − B(x_i) = a^2_j − a^2_l < 0. Therefore, B(x_i) will not increase after this transformation. Since |V^j_i | ≤ |E^{j−1}_i |, the minimum of B(x_i) (for a fixed part V_i) is attained if |V^j_i | = |E^{j−1}_i | ≤ ∇g(j − 1) for 1 ≤ j < l. By summing^{A(xi)}_{B(xi )} over all i ∈ {1, . . . , k} we obtain k∑ i=1 λ_i ≤ k∑ i=1 A(x_i) B(x_i) ≤ 2∇a^2_1 + k∇ ∑_{l−1} j=1 g(j)(a_j − a_{j+1})^2 ∇ ∑_{l−1} j=1 a^2_j g(j − 1) + a^2_l (_n k − ∇ ∑_{l−1} j=1 g(j − 1) ).

□ Lemma 1 shows that the level structure of the k-section gives an upper bound on ∑_k i=1 λ_i. In fact, the proof of the lemma shows that the worst case occurs if |V^j_i | = ∇ · g(j − 1) holds for any level j. We will use Lemma 1 in the following theorem to derive new relations between ∑_k i=1 λ_i and the cut size ∇ of a k-section. These relations depend on the growth of the function g.

Theorem 3 Let G ∈ LS(g, ∇, k). Then there exists a function γ : IR^+ → IR with γ(x) → 0 for x → ∞ such that

• If A := 1 +^2_k ∑_∞ j=2 1 g(j−1) and ∑_∞ j=2 j−1 g(j−1) < ∞, then ∇ ≥ A ∑_k i=1 λ_in 2k (1 − γ( n ∇ )). • Let LambertW (x) be the inverse function of x · e^x. If g(j) = (j + 1), then ∇ ≥ LambertW ( 4k ∑_k i=1 λ_i ) · ∑_k i=1 λ_in 2k^2

(1 − γ( n ∇ )), • If g(j) = (j + 1)^α and 0 ≤ α < 1, then there exists a constant δ(α), such that ∇ ≥ δ(α)( k∑ i=1 λ_i)^{α+12} n(1 − γ( n ∇ )).

Proof: Let l ∈ IN be defined by k∇ ∑_{l−1} j=1 g(j − 1) < n ≤ k∇ ∑_l j=1 g(j − 1). This, in particular, implies^n_∇ → ∞ as l → ∞. We apply lemma 1 with a_j = 1 +^2_k ∑_j m=2 1 g(m−1) . Since 2a^2_1 + k ∑_{l−1} j=1 g(j)(a_j − a_{j+1})^2 = 2 +^4_k ∑_{l−1} j=1 1 g(j) = 2al we obtain k∑ i=1 λ_i ≤ 2∇a_l ∇^{l−1} ∑ j=1 a^2_j g(j − 1) + a^2_l ( n k − ∇^{l−1} ∑ j=1 g(j − 1) ) ≤ 2a_l l−1∑ j=1 a^2_j g(j − 1)

. (8)

In the following we use some functions γ_1, γ_2, γ_3 and γ_4 with the property described in the theorem for the function γ.

• A := 1 +^2_k ∑_∞ j=2 1 g(j−1) < ∞: Set rj := A − aj , 1 ≤ j ≤ l, with rj > 0. The first

inequality of (8) implies k∑ i=1 λ_i ≤ 2∇(A − r_l) ∇^{l−1} ∑ j=1 (A − r_j )^2g(j − 1) + (A − r_l)^2 ( n k − ∇^{l−1} ∑ j=1 g(j − 1) )

≤ 2∇(A − r_l) ∇A^{2 l−1} ∑ j=1 (1 −^{2rj}_A )g(j − 1) + A^2(1 −^{2rl}_A ) ( n k − ∇^{l−1} ∑ j=1 g(j − 1) )

We know that lim_{l→∞}^{2rl}_A = 0. Now we have to give an upper bound for lim_{l→∞} ∑_{l−1} j=1 2r_j A g(j − 1). Using the Chebishev inequalities we obtain l−1∑ j=1 2r_j A g(j − 1) ≤ ∑_{l−1} j=1 2r_j · ∑_{l−1} j=1 g(j − 1) A · l .

Now, ∑_{l−1} j=1 2r_j A =^2_A ∑_{l−1} j=1 j−1 g(j−1) and therefore there exists a γ1 such that ∑_{l−1} j=1 2r_j A g(j − 1) ≤ γ_1(l) ∑_{l−1} j=1 g(j − 1). Then we have k∑ i=1 λ_i = 2∇(A − r_l) ∇A^2(1 − γ_1(l))^{l−1} ∑ j=1 g(j − 1) + A^2(1 − γ_2(l)) ( n k − ∇^{l−1} ∑ j=1 g(j − 1) ).

Then it follows:_k ∑ i=1 λ_i ≤ 2k∇ A · n(1 − γ(l)) . • g(j) = (j + 1): Note that ln(n + 1) =

∫_{n+1} 1 1 x dx ≤ ∑_n j=1 1 j ≤ 1 + ∫_n 1 1 x dx = 1 + ln(n). Therefore, the second inequality in (8) with g(j) = j + 1 provides k∑ i=1 λ_i ≤ 2a_l l−1∑ j=1 j · a^2_j ≤ 4 k ln(l)(1 + γ_1(l))

1 +^{l−1} ∑ j=2 j(^2_k ln(j + 1) +^{k−2}_k )^2 ≤ 4 k ln(l)(1 + γ_1(l)) 1 + l−1∫ 1 (^4_{k2} x ln^2(x + 1)(1 + γ_2(^n_∇ )))dx ≤ 2k l^2 ln(l)(1 − γ_3(^n_∇ )) . It follows from n ≤ k∇ ∑_l j=1 j = k∇^{l2}_2 (1 + γ_3(^n_∇ )) that l ≥ √_{2n} k∇ (1 + γ_3(^n_∇ )).

This leads to ∑_k i=1 λ_i ≤^{k2∇} n ln(

√_{2n/k∇)} (1 + γ_3(^n_∇ )). Solving this equation in ∇ we get the theorem.

• g(j) = (j + 1)^α with 0 ≤ α < 1: Since ∑_l j=1 j^β =^{lβ+1}_{β+1} (1 + γ_1(l)) for β > −1, it holds 2∑ i=1 λ_i ≤ 2a_l l−1∑ j=1 j^αa^2_j ≤ 4 k ·^{l1−α}_{1−α} l−1∑ j=1 j^{α 4}_{k2} (^{j1−α}_{1−α} )^2(1 − γ_1(^n_∇ )) = k(1 − α)l^{1−α} l−1∑ j=1 j^{2−α}(1 − γ_1(^n_∇ )) ≤ k(1 − α)(3 − α) l^2(1 − γ_2(^n_∇ )) .

From n ≤ k∇ ∑_l j=1 j^α = k∇^{lα+1}_{α+1} (1 + γ_3(^n_∇ )) it follows that l ≥ (^{n(α+1)}_{k∇(1+γ3(} n_{∇ ))} )^{1α+1} .

This leads to_k ∑ i=1 λ_i ≤ k(1 − α)(3 − α) (^{n(α+1)}_{k∇} )^{2α+1} (1 − γ_4(^n_∇ ))

, i. e.

∇ ≥ (1 + α) · (∑_k i=1 λ_i ) α+1_2 n k(k(1 − α)(3 − α))^{α+1}2

(1 − γ( n ∇ )). □ As an important application of Theorem 3 we obtain the following corollary:

Corollary 1 Let G be a graph of maximum degree d. Then G ∈ LS(g, ∇_k(G), k) with g(j) = (d − 1)^j. Then we have ∇_k(G) ≥ k(d − 2) + 2 k(d − 2) · ∑_k i=1 λ_in 2k (1 − o(1)), as l → ∞. Proof: Theorem 3 implies ∇_k(G) ≥ A ∑_k i=1 λ_in 2k (1 − o(1)) = ( 1 + 2 k (_∞ ∑ j=1 1 (d − 1)^j )) ∑_k i=1 λ_in 2k (1 − o(1))

= k(d − 2) + 2 k(d − 2) · ∑_k i=1 λ_in 2k (1 − o(1)), as l → ∞. □ 4 Graph Classes

Now we present examples for which the results of the previous section are asymptotically tight. Firstly, we introduce a new class of edge-weighted graphs. They belong to the class LS(g, ∇, k) with g(j) = (j +1)^α. Secondly, we analyze the k-rooted trees as a more realistic example.

The Laplacian of a graph can also be generalized for edge weighted graphs, where the off-diagonal entries contain the negative values of the corresponding edge weight. The results of the previous sections and, especially, Theorem 3 can also easily be generalized to edge weighted graphs.

Definition 2 Denote with B^α_{l,k}, α ≥ 0 and l ≥ 1, the edge-weighted graph obtained as follows. B^α_{l,k} consists of k isomorphic subgraphs. Each of these subgraphs consists of l levels of vertices with j^α vertices in level j, 1 ≤ j ≤ l. Edges connect every pair of vertices in consecutive levels. Each edge between vertices in levels j and j + 1 is weighted by^1_{jα} . Moreover, the vertex on level 1 of each subgraph is connected to the vertices on level 1 of all other subgraphs by an edge of weight^2_k .

Figure 1: The structure of the graph B^2_{3,4}. The values indicate the weight of the edges.

Figure 2: The structure of the graph T_{3,4,4}.

The graphs B^α_{l,k} belong to the class LS(g, k − 1, k) with g(j) = (j + 1)^α. An example with α = 2, l = 3 and k = 4 is presented in Figure 1. In the following we compute the eigenvalues of such a graph.

Theorem 4 Denoting by λ_i(B^α_{l,k}), 1 ≤ i ≤ k, the first k eigenvalues of the Laplacian of B^α_{l,k} there exist some constants c_1(α) and c_2(α) such that

λ_i(B^α_{l,k}) = 2k n(1+2 ∑_∞ j=2 1 g(j−1) ) (1 + o(1)) if α > 1

c_1(α)^1_{n ln(n)} (1 + o(1)) if α = 1

c_2(α)

(_1 n ) 2_{α+1} (1 + o(1)) if 0 ≤ α < 1.

Proof: To compute the eigenvalues λ_i(B^α_{l,k}) we use the following observation. The eigenvalues of a square matrix of the form A C C . . . C C A C . . . C . . . . . . . . . . . C C C . . . C C C C . . . A (9)

are the eigenvalues of the matrix A + k−1∑ j=1 (^k √ 1)^{(i−1)·j} · C = { A + (k − 1) · C if i = 1 A − C otherwise

where^k √ 1 = cos(^{2π}_k )+I ·sin(^{2π}_k ) (see [9]). Here A and C are square matrices. Then it follows that the eigenvalues of A − C appear k − 1 times as eigenvalues of the original matrix.

Now, the Laplacian of B^α_{l,k} has the form of the matrix in (9) where A represents one subgraph of B^α_{l,k} and C represents a single edge which separates one subgraph from another in B^α_{l,k}. So C_{1,1} = −^2_k , and all other entries of C are 0; furthermore A contains the Laplacian of a subgraph of B^α_{l,k} where we add the value^{2(k−1)}_k to A_{1,1}. Now the first k smallest eigenvalues of B^α_{l,k} are as follows: 0 appears once, and the smallest eigenvalue of A − C appears k − 1 times. But the smallest eigenvalue of the matrix A − C is the second smallest eigenvalue of the Laplacian of the graph B^α_{l,2} which has been already computed (see theorem 4 and 5 in [2]). Hence, the theorem follows. □

The example of the graph B^α_{l,k} shows that the bounds calculated in Theorem 3 are tight up to a constant factor.

Let us analyze a √ n× √ n torus which belongs to the class LS(g, 4· √ n, 4) with g(x) = 1 which has to be partitioned into four parts. Figure 3 illustrates the optimal 4-section of an 8 × 8-torus. The sum of the first three nonzero eigenvalues is about^{12π2}_n and the upper bound computed by Theorem 3 is^{12·(16)2}_n . They differ only by a constant factor.

Figure 3: The optimal 4-section of an 8 × 8-torus.

As another example we define the k-rooted tree as follows (see Figure 2).

Definition 3 The k-rooted tree T_{d,l,k} consists of k complete (d−1)-ary subtrees, and every vertex of these subtrees at distance 1, 2, . . . , l − 2 from the root has degree d. The vertices which are at distance l − 1 from the root have degree 1. The roots of the trees are pairwise connected with each other, and therefore the degree of these roots equals (k − 1) + (d − 1).

Now we compute the smallest k eigenvalues of such a k-rooted tree and show that the spectral lower bound provided by Theorem 3 differs from the k-section width only by a small constant factor. Denote with λ_1, λ_2, . . . , λ_k the smallest k eigenvalues of the Laplacian of the k-rooted tree T_{d,l,k}. Furthermore, let A(T_{d,l,k}) be the adjacency matrix of a weighted k-rooted tree in which each leaf has a loop of weight d − 1 and each root has a loop of weight 2 − k. Denoting with μ_i the eigenvalues of A(T_{d,l,k}) it follows that λ_i = d − μ_{n−i+1}.

Therefore it is sufficient to concentrate on the computation of the eigenvalues of A(T_{d,l,k}). Using the techniques of theorem 4 we get μ_n = d. Furthermore we obtain that μ_{n−1} = . . . = μ_{n−k+1} is the largest eigenvalue of the adjacency matrix of a weighted d − 1-ary tree with height l − 1 and with a loop of weight 1 − k at the root and a loop of weight d − 1 at the leaves. As shown in [22], the largest eigenvalue of such a matrix equals the largest eigenvalue of the adjacency matrix of a weighted path of length l with a loop of weight 1 − k at one end and a loop of weight d − 1 at the other end. The edges between two consecutive vertices have weight √ d − 1. Denote with Q(X) the characteristic polynomial of the adjacency matrix corresponding to such a weighted path. Then

Q(X) = (X + (k − 1))P_{l−1}(X) − (d − 1)P_{l−2}(X),

where P_i(X) is the characteristic polynomial of the adjacency matrix corresponding to the weighted path of length i described above without the loop of weight 1 − k at the one end. As described in [22] it can be easily checked that if we set X = 2 √ d − 1 cosh(ϕ), then

P_l(X) = XP_{l−1}(X) − (d − 1)P_{l−2}(X) = (d − 1)^{l/2} sinh((l + 1)ϕ) − √ d − 1 sinh(lϕ) sinh(ϕ)

. (10)

Now we are ready to state the following theorem.

Theorem 5 For large l the first k − 1 nonzero eigenvalues of the Laplacian of the graph T_{d,l,k} satisfy λ_i = ( k(d − 2)^2 d + k − 2 − o(1) ) 1 (d − 1)^l . Proof: Using equation (10) we obtain

Q(X) = XP_{l−1}(X) − (d − 1)P_{l−2}(X) + (k − 1)P_{l−1}(X) = P_l(X) + (k − 1)P_{l−1}(X) = (d − 1)^{l/2} sinh(ϕ) (√ d − 1 · sinh((l + 1)ϕ) − (d − 1) sinh(lϕ)

+ (k − 1) sinh(lϕ) − (k − 1) √ d − 1 · sinh((l − 1)ϕ) )

= (d − 1)^{l/2} sinh(ϕ) (√ d − 1(sinh(lϕ) cosh(ϕ) + sinh(ϕ) cosh(lϕ))

− (d − k) sinh(lϕ) − (k − 1) √ d − 1(sinh(lϕ) cosh(ϕ) − sinh(ϕ) cosh(lϕ)) )

= (d − 1)^{l/2} cosh(lϕ)

sinh(ϕ) (√ d − 1(tanh(lϕ) cosh(ϕ) + sinh(ϕ))

− (d − k) tanh(lϕ) − (k − 1) √ d − 1(tanh(lϕ) cosh(ϕ) − sinh(ϕ)) )

= (d − 1)^{l/2} cosh(lϕ)

sinh(ϕ) (√ d − 1(2 − k) tanh(lϕ) cosh(ϕ)

− (d − k) tanh(lϕ) + √ d − 1 · k · sinh(ϕ) ) .

Let Q^′(X) be defined by Q(X) = (d − 1)^{l/2} cosh(lϕ)

sinh(ϕ) Q^′(X). Obviously Q(X) = 0 iff Q^′(X) = 0. Theorem 3 implies that 2 √ d − 1 cosh(ϕ) = d − O(^1_{(d−1)l} ). Since lim_{x→∞} tanh x = 1 − (2 + o(1))e^{−2x}, we get

tanh(lϕ) = 1 − (2 + o(1))(d − 1 + o(1))^{−l} = 1 − 2(d − 1)^{−l} − o(1)(d − 1)^l. (11)

Using equation (11) and the fact that sinh(ϕ) = √ cosh^2(ϕ) − 1, Q^′(X) = 0 yields √ d − 1 · k √ cosh^2(ϕ) − 1 = 2 (√ d − 1(2 − k) d 2 √ d − 1 − (d − k) ) (d − 1)^{−l} +(d − k) − √ d − 1(2 − k) cosh(ϕ) − o(1)(d − 1)^{−l}.

Squaring both sides leads to (d − 1)k^2(cosh^2(ϕ) − 1) = ((d − k) − √ d − 1(2 − k) cosh(ϕ))^2 +2((d − k) − √ d − 1(2 − k) cosh(ϕ)) ·(((2 − k)d/2) − (d − k)) · 2(d − 1)^{−l} − o(1)(d − 1)^{−l}. Hence

0 = 4(d − 1)(k − 1) cosh^2(ϕ) −2 √ d − 1(k − 2)((d − k) − k(d − 2)(d − 1)^{−l}) cosh(ϕ) −(d(d − 2k + k^2) − 2(d − k)k(d − 2)(d − 1)^{−l}) − o(1)(d − 1)^{−l}.

Calculating cosh(ϕ) we get

cosh(ϕ) = d 2 √ d − 1 − k(d − 2)^2 2 √ d − 1(d + k − 2) · 1 (d − 1)^l

+ o(1) 1 (d − 1)^l . Taking into account, that λ_i = d − 2 √ d − 1 · cosh(ϕ) for any 2 ≤ i ≤ k, we obtain the theorem. □ Note that T_{d,l,k} belongs to the graph class LS(g, k − 1, k) with g(j) = (d − 1)^j. Let n = k^{(d−1)l −1}_{d−2} denote the number of vertices of T_{d,l,k}. Using Theorem 3 we obtain that k∑ i=2 λ_i ≤ (k − 1)k (d − 2)k^2 (k(d − 2) + 2)n(1 + o(1)) . There is a factor of^{kd−2k+k2}_{kd−2k+2} in which the upper bound differs from the sum of the first k eigenvalues of T_{d,l,k}. This factor grows with an increasing number of partitions. However, if d is much larger than k, then this factor is nearly 1. The example T_{d,l,k} also shows that if the growth of the function g defined in the previous section is smaller than the number of different partitions, then the gap between the new bound and the k-section width becomes larger.

5 Conclusion

Let us now summarize the results of the paper. We derived new relations between structural and spectral properties of graphs. For graphs with a certain structure these new relations allow us to find better spectral lower bounds on the k-section width. If the growth function g(j) increases strongly, we can improve the old spectral lower bound by a constant factor. Otherwise the lower bound depends on ( ∑_k i=1 λ_i)^β ,^1_2 ≤ β < 1 instead of ∑_k i=1 λ_i. Furthermore we gave a theoretical analysis for which classes of graphs the new bounds are tight.

References

[1] S. Bezrukov. On k-partitioning the n-cube. In 26th International Workshop, WG 1996, LNCS 1197, pages 44–55, 1996.

[2] S. Bezrukov, R. Elsässer, B. Monien, R. Preis, and J.-P. Tillich. New spectral lower bounds on the bisection width of graphs. In 26th International Workshop, WG 2000, LNCS 1928, pages 23–34, 2000.

[3] S. Bezrukov and B. Rovan. On partitioning grids into equal parts. Computers and Artif. Intell., 16:153–165, 1997.

[4] M. Bolla. Spectra, euclidean representations and clusterings of hypergraphs. Discrete Mathematics, 117:19–40, 1993.

[5] M. Bolla and G. Tusnády. Spectra and optimal partitions of weighted graphs. Discrete Mathematics, 128:1–20, 1994.

[6] T. Bui, S. Chaudhuri, F. Leighton, and M. Sisper. Graph bisection algorithms with good average case behaviour. Combinatorica, 7(2):171–191, 1987.

[7] F. Chung and S.-T. Yao. A near optimal algorithm for edge separators. In Proc. of the 26th ACM Symp. Theory of Computing, pages 1–8, 1994.

[8] D. Cvetkovic, M. Doob, and H. Sachs. Spectra of Graphs. Johann Ambrosius Barth, 3rd edition, 1995.

[9] P. Davis. Circulant matrices. John and Sons Inc., 1979.

[10] R. Diekmann, R. Lüling, B. Monien, and C. Spräner. Combining helpful sets and parallel simulated annealing for the graph-partitioning problem. Int. J. Parallel Algorithms and Applications, 8:61–84, 1996.

[11] W. Donath and A. Hoffman. Lower bounds for the partitioning of graphs. IBM J.

Res. Develop., 17:420–425, 1973.

[12] J. Falkner, F. Rendl, and H. Wolkowicz. A computational study of graph partitioning.

Mathematical Programming, 66:211–239, 1994.

[13] M. Garey, D. Johnson, and L. Stockmeyer. Some simplified NP-complete graph problems. Theoretical Computer Science, 1:237–267, 1976.

[14] J. Gilbert, G. Miller, and S.-H. Teng. Geometric mesh partitioning: Implementation and experiments. In Proc. IPPS 1995, pages 418–427, 1995.

[15] S. Guattery and G. Miller. On the performance of spectral graph partitioning methods.

In Proc. of the Sixth Annual ACM-SIAM Symposium on Discrete Algorithms, pages 233–242. ACM-SIAM, 1995.

[16] S. Hadley, F. Rendl, and H. Wolkowicz. A new lower bound via projection for the quadratic assignment problem. Mathematics of Operations Research, 17:727–739, 1992.

[17] A. Hoffman and H. Wielandt. The variation of the spectrum of a normal matrix. Duke Math. J., 20:37–39, 1953.

[18] F. Leighton. Introduction to Parallel Algorithms and Architectures: Arrays, Trees, Hypercubes. Morgan Kaufmann Publishers, 1992.

[19] A. Pothen, H. Simon, and K. Liu. Partitioning sparse matrices with eigenvectors of graphs. SIAM J. on Matrix Analysis and Applications, 11(3):430–452, 1990.

[20] F. Rendl and H. Wolkowicz. A projection technique for partitioning the nodes of a graph. Annals of Operations Research, 58:155–179, 1995.

[21] D. A. Spielman and S.-H. Teng. Spectral partitioning works: Planar graphs and finite element meshes. In Proc. of the 37th Conf. on Foundations of Computer Science, pages 96–105, 1996.

[22] J.-P. Tillich. The eigenvalues of the double-rooted tree. Manuscript, 1999.

[23] J. H. Wilkinson. The Algebraic Eigenvalue Problem. Oxford University Press, 1965.