Alcom-FT Technical Report Series ALCOMFT-TR-02-97

Edge-Isoperimetric Problems for Cartesian Powers of Regular Graphs^⋆

Sergei L. Bezrukov^1 and Robert Elsässer^2

1 Departament of Math. and Comp. Sci. University of Wisconsin-Superior, USA 2 Departament of Math. and Comp. Sci.

University of Paderborn, Germany

Abstract. We consider an edge-isoperimetric problem (EIP) on the cartesian powers of graphs. One of our objectives is to extend the list of graphs for whose cartesian powers the lexicographic order provides nested solutions for the EIP. We present several new classes of such graphs that include as special cases all presently known graphs with this property. Our new results are applied to derive best possible edge-isoperimetric inequalities for the cartesian powers of arbitrary regular, resp. regular bipartite, graphs with a high density.

1 Introduction

Let G = (V_G, E_G) be a graph and A, B ⊆ V_G. Denote IG(A, B) = {(u, v) ∈ EG | | u ∈ A, v ∈ B}, IG(A) = IG(A, A), IG(m) = max A⊆VG , |A|=m |IG(A)|. We will often omit the index G. Our subject is the following version of the edgeisoperimetric problem (EIP): for a fixed m, 1 ≤ m ≤ |V_G|, find a set A ⊆ V_G such that |A| = m and |I(A)| = I(m). We call such a set A optimal. This problem is known to be NP-complete in general and has many applications in various fields of knowledge, for instance see a survey [4].

We emphasize on graphs representable as cartesian products of other graphs. Given two graphs G = (V_G, E_G) and H = (V_H , E_H ), their cartesian product is defined as a graph G × H with the vertex-set V_G × V_H whose two vertices (x, y) and (u, v) are adjacent iff either x = u and (y, v) ∈ E_H , or (x, u) ∈ E_G and y = v. The graph G^n = G × G × · · · × G (n times) is called the n^{th} cartesian power of G.

The EIP for the cartesian powers of a graph G have been well studied for different graph classes. To present these results we need the definition of the

⋆ This work was partially supported by the German Research Association (DFG) within the SFB 376 “Massive Parallelität: Algorithmen, Entwurfsmethoden, Anwendungen” and by the European Union program IST-1999-14186 (ALCOM-FT) lexicographic order on a set of n-tuples with integral entries. For that we say that (x_1, . . . , x_n) is greater than (y_1, . . . , y_n) iff there exists an index i, 1 ≤ i ≤ n, such that x_j = y_j for 1 ≤ j < i and x_i > y_i. Assuming that the vertices of a graph G are totally ordered, denote by F^n(m) the collection of the first m vertices of G^n in the lexicographic order. We call such a set an initial segment. Let G be the cartesian product of n complete graphs. Then the following Theorem holds.

Theorem 1. (Harper [7] for p_1 = . . . = p_n = 2, Lindsey [8] in general) Let n ≥ 2 and p_1 ≥ p_2 ≥ · · · ≥ p_n. Then |I(F^n(m))| ≥ |I(A)| for any A ⊆ K_{p1} ×· · ·×K_{pn} , |A| = m, and any m ≥ 1.

In other words, what is more commonly said, for the products of cliques there exists a nested structure of solutions, i.e., a family of optimal subsets A_1, A_2, . . . , A_m, . . . such that |A_m| = m for any m and A_1 ⊆ A_2 ⊆ · · · ⊆ A_m ⊆ · · ·. We call an order providing the nested structure of solutions an optimal order (if such exists). Existence of a nested structure of solutions provides as an immediate consequence solutions to such important problems as cutwidth and wirelength, and often allows to construct good k-partitioning of graphs and their embedding to some other graphs [4].

The classical results presented in Theorem 1 can be extended in various directions. For instance, taking an (infinite) path instead of a clique leads to a grid. In this case the EIP also has nested structure of solutions [1, 6], although the optimal order G is not the lexicographic one. It is further shown in [4] that the order G is also optimal for the products of arbitrary trees. For the definition of this order and further details, readers are referred to [1, 4, 6]. It is also known that no optimal order exists for the powers of cycles of length 5 and larger.

The order G and the lexicographic order were for a long time the only examples of optimal orders with respect to the EIP. However, as shown in [4], the order G is optimal for products of trees only. Therefore, two natural questions arise: (i) for what other graphs is the lexicographic order on the power optimal with respect to the edge isoperimetric problems; and (ii) what other optimal orders can one expect? In [5], we studied the cartesian powers of the Petersen graph and presented a new optimal order for them. However, it looks like this order is optimal for a rather narrow class of graphs. This, in the light of the results presented above, motivates to study further the lexicographic order.

Following this direction, Ahlswede and Cai proved in [2] that the lexicographic order is optimal for the products of complete bipartite graphs K_{p,p}. They also showed in [2] that this order yields the so-called local-global principle. That is, if the lexicographic order is optimal for G^2 then it is optimal for G^n for any n ≥ 3 (see [4] for the local-global principles for some other orders). The main difficulty in applying this powerful result is to establish the optimality of the lexicographic order for the second cartesian power of a graph. Unfortunately, no efficient methods have been developed and the known approaches are very specific. In our paper we present new ideas in this direction and apply them for three new graph families. These new graphs include, in particular, all presently known graphs such that the lexicographic order is optimal on their cartesian powers.

The paper is organized as follows. In Section 2 we introduce new graph classes H_{p,i} and B_{p,i} and present some basic definitions and lemmas which are used in the sequel. A motivation for studying these graph classes is provided by Lemma 1, which establishes best-possible isoperimetric inequalities for powers of arbitrary regular, resp. regular bipartite, graphs. In Section 3 we prove the optimality of the lexicographic order for the cartesian powers of H_{p,i}. The approach used in this proof also works well for the powers of complete bipartite graphs and complete t-partite graphs and generalize the result of Ahlswede and Cai [2] concerning the complete bipartite graphs. Concluding remarks and open questions in Section 5 complete the paper.

2 Definitions and auxiliary lemmas

Here we introduce three new families of graphs, for whose cartesian powers the lexicographic order is optimal. The graph H_{p,i}, can be constructed from K_{2p} by partitioning its vertex set into two parts V^′ and V^{′′} with |V^′| = |V^{′′}| = p and removing i disjoint perfect matchings between these sets. More exactly, VH_{p,i} = V^′ ∪ V^{′′}, V^′ = {0, 1, . . . , p − 1}, V^{′′} = {p, p + 1, . . . , 2p − 1}, EH_{p,i} = {(u, v) | | u, v ∈ V^′, or u, v ∈ V^{′′}} ∪ {(u, v) | | u ∈ V^′, v ∈ V^{′′}, u + v ≠ (2p − j) mod 2p, j = 1, . . . , i}. An example of H_{3,1} is shown in Fig. 1(a). The vertices belonging to V^′ and V^{′′} are put into ovals. Note that various ways of deleting i perfect matchings from K_{2p} may lead to non-isomorphic graphs. However, we do not worry much about that, because the function I(m) for all these graphs is the same, as it follows from the proof of Lemma 3. This function is mostly important for our approach rather than the structural properties of the underlying graphs. Another graph we study in our paper, B_{p,i}, is the one obtained from K_{2p,2p} for an even p by removing i disjoint perfect matchings (cf. Fig. 1(b) and the conclusion for a precise definition). The lexicographic order is also optimal for B^n_{p,i} for any n ≥ 2 and i ≤^p_4 . This can be proved by following the lines of the proof of Theorem 2 in the next section. The interest to these graphs is provided by the following lemma, whose proof is presented at the end of this section after establishing some auxiliary results.

Lemma 1.

a. Let G be a regular graph with |V_G| = V_{Hp,i} and deg(G) = deg(H_{p,i}), that admits an optimal order in the EIP. Then I_Hn_{p,i} (m) ≥ I_Gn (m) for any n ≥ 1 and m = 1, . . . , (2p)^n.

b. Let G be a regular bipartite graph with both independent sets of size p (p even) and deg(G) = deg(B_{p,i}), that admits an optimal order in the EIP. Then I_Bn_{p,i} (m) ≥ I_Gn (m) for any n ≥ 1 and m = 1, . . . , (2p)^n.

b. 0

6

2 7

4 3

5

1 a. 0

2

1 4

3

5

x y

V2 V4

V1 V3 c.

0 1 2 3 4 5 0 1 2

3 4 5

Fig. 1. Representations of H3,1 (a), B4,2 (b), and H^2_{3,1} (c)

This provides best-possible isoperimetric inequalities for powers of regular, resp. regular bipartite, graphs. The class of regular graphs is important, because in the light of (1) the isoperimetric problem for regular graphs is equivalent to the problem of minimization of |θ(A)|, where θ(A) = I(A, A) and A = V_G \ A. The function θ(A) appears in most applications of the edge-isoperimetric inequalities [4]. For a non-regular graph G a solution to the EIP on G provides a lower bound for this function following from the identity I(A) ∪ I(A) ∪ θ(A) = E_G. Moreover, we conjecture that the regularity of G is important for the lexicographic order to be optimal for G^n (cf. the conclusion).

The third graph class we consider here is given by the complete t-partite graphs K_{p,p,...,p}. It can be also shown that the lexicographic order is optimal for its cartesian powers too. This extends a result of [2] for complete bipartite graphs. We also develop a new method for solving the EIP for the product of two graphs. This method works well for all graphs mentioned above.

We will need the following two auxiliary propositions for the sequel.

Lemma 2. Let G = (V_G, E_G) be a regular graph and A ⊆ V_G. Then A is an optimal set iff A = V_G \ A is optimal.

Proof. Let deg(v) = k for any v ∈ V_G. Then 2|I(A)| + |I(A, A)| = k|A| (1) 2|I(A)| + |I(A, A)| = k|A| = k(|VG| − |A|) The above equations imply 2|I(A)| = k(|V_G| − 2|A|) + 2|I(A)|. Thus, |I(A)| and |I(A)| differ on an additive constant for any A ⊆ V_G. Hence, if one of these sets is optimal, then the other one is optimal too. ⊓⊔

Denote V = V_{Hp,i} for brevity and let F(m) = {0, 1, . . . , m − 1} for m = 0, 1, . . . , 2p. Lemma 3. |I(F(m))| ≥ |I(A)| for any A ⊆ V with |A| = m.

Proof. The assertion is obvious if m ≤ p, because H_{p,i} contains K_p, whose vertices are numbered first. Now if m > p then the assertion follows from Lemma 2. ⊓⊔ Let n ≥ 2 and A ⊆ V^n. For 1 ≤ i ≤ n and x = (x_1, . . . , x_n) ∈ V^n denote Ai(x) = {y | | (x_1, . . . , x_{i−1}, y, x_{i+1}, . . . , x_n) ∈ A}. The set A ⊆ V^n is called compressed if A_i(x) = {0, 1, . . . , |A_i(x)|} for any i = 1, . . . , n and any x ∈ A. Standard arguments (see [2, 4]) provide that if a graph G admits an optimal order, then for any m ≥ 1 there exist compressed optimal sets in V_Gn . This observation is a key point for the proof of Lemma 1.

Proof of Lemma 1.

For a graph G from the statement and j = 1, . . . , |V_G|, let us denote ΔG(j) = IG(j) − IG(j − 1) with ΔG(0) = 0. Taking into account that G admits an optimal order, denote the vertices of G by 0, 1, . . . , 2p − 1 according to their positions in this order. This provides V_G = V .

We prove the first proposition of the lemma by induction on n. For n = 1 we can use the same arguments as in the proof of Lemma 3. Note that I_G(m) = ∑_{m−1} j=0 Δ_G(j) for any graph G that admits an optimal order. Now for n ≥ 2 let A ⊆ V_Gn with |A| = m be an optimal compressed set.

Then A can be viewed as a subset of V^n. Note (see e.g. [2] for (2)) that for any compressed set A ⊆ V_Gn = V^n one has |IGn (A)| = ∑ (x1 ,...,xn)∈A n∑ i=1 ΔG(xi) (2)

= p−1∑ j=0 ∑ (j,x2,...,xn)∈A n∑ i=2 ΔG(xi) + ∑ (x1,...,xn)∈A ΔG(x1). (3)

Similar formulas are also valid for compressed subsets B ⊆ V_Hn_{p,i} = V^n. Note that A and B are the subsets of the same vertex set. Set B = A. Now for any fixed j in (3) the induction hypothesis implies ∑ (j,x2,...,xn)∈A n∑ i=2 ΔG(xi) ≤ ∑ (j,x2,...,xn)∈B n∑ i=2 ΔH_{p,i} (xi). (4) Furthermore, for a fixed x ∈ V and a compressed set A = B (with A_1(x) = B_1(x)) Lemma 3 implies ∑ x1∈A1(x) ΔG(x1) = IG(|A1(x)|) ≤ IH_{p,i} (|B1(x)|) = ∑ x1∈B1(x) ΔH_{p,i} (x1) (5)

Summing up (4) for j = 0, . . . , p − 1 and (5) for x_2, . . . , x_n such that x = (x_1, x_2, . . . , x_n) ∈ A and using (3) one gets IGn (m) = |IGn (A)| ≤ |I_Hn_{p,i} (B)| ≤ max_{B⊆V n, |B|=m} |I_Hn_{p,i} (B)| = I_Hn_{p,i} (m), and the induction goes through.

The second proposition can be proved similarly by taking into account that an analog of Lemma 3 is valid for the graph B_{p,i}. ⊓⊔ By using a similar argument the following result can be proved, that can be considered as a best-possible edge-isoperimetric inequality for the cartesian powers of general graphs.

Corollary 1. Let G be a graph with |V_G| = p that admits nested solutions in the EIP. Then I_Kn_p ≥ I_Gn (m) for any n ≥ 1 and m = 1, . . . , p^n.

3 EIP for the cartesian powers of H_{p,i}

One of the main results of the paper is formulated in the following theorem.

Theorem 2. If p ≥ 3 and 1 ≤ i ≤ p − i then |I(F^2(|A|))| ≥ |I(A)| for any A ⊆ V × V . Proof. Let A ⊆ V × V be an optimal compressed set non-isomorphic to F^2(|A|) (if such exists). Denote V1 = {(x, y) | | 0 ≤ x < p, 0 ≤ y < p}, V2 = {(x, y) | | 0 ≤ x < p, p ≤ y < 2p}, V3 = {(x, y) | | p ≤ x < 2p, 0 ≤ y < p}, V4 = {(x, y) | | p ≤ x < 2p, p ≤ y < 2p}, and let A_i = A ∩ V_i, i = 1, 2, 3, 4. Obviously, for any i the subgraph induced by the vertex set V_i is isomorphic to K_p × K_p. These sets are shown in Fig. 1(c) for the graph H^2_{3,1}. The graphs induced by vertices located in one row (or in one column) in this figure are isomorphic to H_{p,i}. We will often use the fact that any vertex of V_2 (and V_3) is connected with p − i vertices of V_1 and versa. In Fig. 1(c) such connections are shown for the vertex (2, 2) ∈ V_1.

Case 1. Assume A ⊆ V_1 ∪ V_2. Since A is compressed, then |A_1| ≥ |A_2|. Thus, due to Theorem 1 we can assume that A_1 and A_2 are initial segments of V_1 and V_2 respectively (see Fig. 2). Let |A_1| = k_1p + δ_1 and |A_2| = k_2p + δ_2 for some integer k_1, k_2, δ_1, δ_2 with 0 ≤ k_1, k_2 ≤ p − 1 and 0 ≤ δ_1, δ_2 < p. If |A_1| = p^2, we assume k_1 = p − 1 and δ_1 = p. Now |A_1| ≥ |A_2| implies k_1 ≥ k_2. Moreover, if k_1 = k_2 then δ_1 = p or δ_2 = 0 due to the compression, hence A = F^2(|A|). So we can assume k_1 > k_2. Case 1a. Assume k_1 − k_2 is even (and positive). First consider the case δ_1 + δ_2 ≤ p. We transform A into B = F^2(|A|) in two steps. First, we construct a set C by moving (k_2, y) ∈ A_2 for p ≤ y < p + δ_2 to (k_1, y + δ_1 − p) ∈ V_1 \ A_1. It is easily shown that |I(C)| − |I(A)| = δ2(δ1 + k1 − k2) − δ2(p − i). (6)

V2

V1

V2

V1

V2

V1

V2

V1 A1

A2

A1

A2

D1

D2

B1

B2 δ2

δ1 k^2

k^1 =⇒ =⇒ =⇒

Fig. 2. Compression of A in case 1 and transformation for δ1 + δ2 > p in case 1a.

Denote C_i = C ∩ V_i, D_i = D ∩ V_i and B_i = B ∩ V_i, for i = 1, 2, 3, 4. Now we move (x, y) ∈ C_1 with^{k1 +k2}_2 ≤ x < k_1, 0 ≤ y < p to (x − (k_1 − k_2)/2, y + p) ∈ V_2 \ C_2 and (x, y) ∈ C_1 with x = k_1, 0 ≤ y < δ_1 + δ_2 to ((k_1 + k_1)/2, y) ∈ V_1 \ C_1. For the resulting set D one has |I(D)| − |I(C)| = p(k1 − k2) 2 ( p − i − k1 − k2 2 ) − (δ1 + δ2) k1 − k2 2 . (7)

Note that B_2 = D_2 and |B_1| = |D_1|. Since the subgraphs induced by V_1 and V_2 are isomorphic to K_2 × K_2, then |I(D)| = |I(B)|. Therefore, from (6) and (7) for Δ = |I(B)| − |I(A)| one gets Δ = p(k1 − k2) 2 ( p − i − k1 − k2 2 ) + δ2 ( δ1 + k1 − k2 2 ) − δ1 k1 − k2 2 − δ2(p − i). (8) Since i ≤ p − i, then p/2 ≥ i. Furthermore, k_2 ≥ 0 and k_1 ≤ p − 1 imply k_1 − k_2 ≤ p − 1. These inequalities imply p − i ≥ p/2 > (p − 1)/2 ≥ (k_1 − k_2)/2. Therefore, p − i − (k_1 − k_2)/2 ≥ 1, and from (8) it follows Δ ≥ (p − δ1)(k1 − k2) 2 − δ2 + δ1δ2. (9)

Since p ≥ δ_1 and δ_2δ_1 ≥ δ_2 for δ_1 ≠ 0, then Δ ≥ 0. If δ_1 = 0, then taking into account k_1 − k_2 ≥ 2 and (9), we get Δ ≥ p(k1 − k2) 2 − δ2 ≥ p − δ2 > 0. Now consider the case δ_1 + δ_2 > p. Then δ_2 > 0. We transform A into B = F^2(|A|) in three steps. First construct the set C by moving p − δ_1 vertices of the form (k_2, y) ∈ A_2 for δ_1 + δ_2 ≤ y < δ_2 + p to (k_1, y − δ_2) ∈ V_1 \ A_1. One has |I(C)| − |I(A)| = (p − δ1)(δ1 + k1 − k2 − (δ1 + δ2 − p) − (p − i)). (10) Next, we move the vertices (k_2, y) ∈ C_2 for p ≤ y < δ_1 +δ_2 to ((k_1 +k_2)/2, y).

For the resulting set D one has |I(D)| = |I(C)|. Finally, we move (x, y) ∈ D_1 with^{k1 +k2}_2 < x ≤ k_1 and 0 ≤ y < p to (x + 1 − (k_1 − k_2)/2, y + p) ∈ V_2 \ D_2. The resulting set is B. One has |I(B)| − |I(D)| = p(k1 − k2) 2 ( p − i − k1 − k2 2 − 1 ) + (δ1 + δ2 − p) k1 − k2 2 . (11)

It follows from (10) and (11) that for Δ = |I(B)| − |I(A)| one has Δ = p(k1 − k2) 2 ( p − i − k1 − k2 2 ) − δ1 k1 − k2 2 +(p − δ1)(δ1 − δ2 + (p − δ1) − (p − i)) + δ2 k1 − k2 2 = p(k1 − k2) 2 ( p − i − k1 − k2 2 ) − δ1 k1 − k2 2 +(p − δ1)(i − δ2) + δ2 k1 − k2 2 . (12)

Similarly as above, p − 1 − (k_1 − k_2)/2 ≥ 1. Now if i ≥ δ_2, then p(k1 − k2) 2 ( p − i − k1 − k2 2 ) − δ1 k1 − k2 2 ≥ (p − δ1)(k1 − k2) 2 ≥ 0, (13)

which implies Δ > 0.

Note that p − δ_1 < δ_2. Thus, if i < δ_2 and (k_1 − k_2)/2 > δ_2 − i, then (12) and (13) imply Δ > p(k1 − k2) 2 ( p − i − k1 − k2 2 ) − δ1 k1 − k2 2 − δ2(δ2 − i) + δ2 k1 − k2 2 ≥ p(k1 − k2) 2 ( p − i − k1 − k2 2 ) − δ1 k1 − k2 2 ≥ 0. Now if i < δ_2 and δ_2 − i ≥ (k_1 − k_2)/2, then (12) implies Δ = p(k1 − k2) 2 ( p − i − k1 − k2 2 ) + δ1 ( δ2 − i − k1 − k2 2 ) − p(δ2 − i) + δ2 k1 − k2 2 = [ p(k1 − k2) 2 ( p − i − k1 − k2 2 ) − δ2 ( p − i − k1 − k2 2 )]

+δ1 ( δ2 − i − k1 − k2 2 ) + (p − δ2)i. (14)

Since p > δ_2 and k_1 − k_2 ≥ 2, then the last term of (14) and the term in brackets are positive. Therefore, Δ > 0.

Case 1b. In this case we assume that k_1 − k_2 − 1 is even. The proof of this case is similar to case 1a. and it is omitted because of space limitations.

Case 2. Assume A ⊆ V_1 ∪ V_2 ∪ V_3 and A_2 ≠ ∅ and A_3 ≠ ∅. Without loss of generality we can assume that A_2 is an initial segment (in “columns” of V_2) and so is A_3 (in “rows” of V_3) (cf. Fig. 3). Indeed, after such a transformation the number of inner edges in A_2 and A_3 cannot decrease by Theorem 1 and the number of edges between A_1 and A_2 (also between A_1 and A_3) remains the same. Let |A_2| = k_2p + δ_2 and |A_3| = k_3p + δ_3 with 0 ≤ δ_2, δ_3 < p. We can assume k_2 ≥ k_3. Now we consider an (p − k_2) × (p − k_3) rectangle V_5 ⊆ V_1 with

V2 V4

V1 V3 A1

A2

A3

V2 V4

V1 V3 A1

A2

A3 A5 V5 δ2

δ^3 k^2

k3 δ5 k5 =⇒

Fig. 3. Compression of A in case 2

V_5 = {(x, y) ∈ V_1 | | k_2 ≤ x < p, k_3 ≤ y < p} and replace A_5 = A ∩ V_5 with the initial segment in V_5 of the same size. This initial segment is shown by the dark gray area in Fig. 3. By Theorem 1 (applied for V_5), the resulting set will be optimal too. This is true because the number of inner edges within A_5 will not decrease, and the number of edges between A_5 and V_1 \ V_5 remains the same. Let |A_5| = (p − k_3)k_5 + δ_5 with 0 ≤ δ_5 < p − k_3.

Without loss of generality we can assume δ_2 = 0. Indeed, otherwise if δ_3 > p−δ_2 then we move (x, k_3) ∈ A_3 for δ_2+δ_3 ≤ x < p+δ_3 to (k_2, x−δ_2+p) ∈ V_2\A_2. For the resulting set C one has |I(C)| − |I(A)| = (p − δ2)(δ2 − ((δ2 + δ3 − p) + k2 − k3)) > 0. If 0 < δ_3 ≤ p − δ_2 then we move (x, k_3) ∈ A_3 for p ≤ x < p + δ_3 to (k_2, x + δ_2) ∈ V_2 \ A_2. For the resulting set C one has |I(C)| − |I(A)| = δ3(δ2 + k2 − k3) > 0.

If δ_3 = 0 then A_3 ≠ ∅ implies k_3 > 0. We move (x, k_3−1) ∈ A_3 for p+δ_2 ≤ x < 2p to (k_2, x) ∈ V_2 \ A_2. For the resulting set C one has |I(C)| − |I(A)| = (p − δ2)(k2 − k3 + 1) > 0. In all cases we get a contradiction with the optimality of A.

Case 2a. Assume k_5 > 0. If k_5 > k_3 or k_5 = k_3 and δ_3 = 0, then |A| ≤ 2p^2. We move (x, y) ∈ A_3 to (y + k_2, x) ∈ V_2 \ A_2. This results in a set C ⊆ V_1 ∪ V_2 with |I(C)| ≥ |I(A)|, and we apply the arguments of case 1 to further transform C to F^2(|A|).

If 1 ≤ k_5 < k_3 or 1 ≤ k_5 = k_3 and δ_3 > 0, then we move (x, y) ∈ A_3 for p ≤ x < 2p and 0 ≤ y < k_5 to (y + k_2, x) ∈ V_2 \ A_2. For the resulting set C one has |I(C)| − |I(A)| = k5p(k2 − (k3 − k5)) − δ3k5 ≥ k5(p − δ3) ≥ 0. Moreover, |C_3| < |A_3|, and C satisfies the assumptions of case 2. Applying similar arguments to C we obtain a set D either with D_3 = ∅ or with k_5 = 0. In the first case we apply to D the arguments of case 1 and transform it to F^2(|A|).

Case 2b. Assume k_5 = 0 and k_3 > 0. We show that in this case A is not optimal. We start with interchanging (x, 0) ∈ A_3 for p + δ_3 ≤ x < 2p and (x, k_3) ∈ V_3 \A_3. This transformation does not affect the number of inner edges in a set. First assume k_2 < p−1. If δ_5 > 0 we move (k_2, y) ∈ A_1 for k_3 < y ≤ k_3 +δ_5

V2 V4

V1 V3

V2 V4

V1 V3 B1

B2

B3 C1

C2

C3 k^2

k3 P

Q

δ5 δ5

=⇒

Fig. 4. Transformation of A into B and C in case 2b

to (k_2 + 1, y). The resulting set B has the same number of inner edges. If δ_5 = 0 we set B = A. The set B is shown in the left part of Fig. 4. Denote P = {(x, k3 − ϵ) ∈ A | | k_2 ≤ x < 2p},

Q = {(k2, y) ∉ A | | k_3 − ϵ ≤ y < 2p + k_3 − k_2 − ϵ}

where ϵ = 0 if δ_3 > 0 and ϵ = 1 if δ_3 = 0. Now |P | = |Q| = 2p − k_2 and we replace P with Q (cf. Fig 4). We show that for the obtained set C one has |I(C)| > |I(B)|. Indeed, if δ_3 > 0 then for Δ = |I(C)| − |I(B)| one has Δ = [|I(Q)| + |I(Q, A)|] − [|I(P )| + |I(P, A \ P )|] = [( p 2 ) − ( k3 2 ) + (2p − k2)k2 + ( p + k3 − k2 2 ) + (p + k3 − k2)(p − i) ]

− [ (p − k2)(k3 + k2) + ( p − k2 2 ) + p(p − i) + ( p 2 ) + k3δ3 + (p − δ3)(k3 − 1) ]

= pk2 + (k3 − k2)(p − i) − pk3 − p + δ3 = i(k2 − k3) + (p − δ3) > 0. Similarly, if δ_3 = 0 then Δ = i(k_2 − k_3 + 1) > 0.

Now assume k_2 = p − 1. In this case we construct the set C by replacing P with the set R = {(p − 1, y) ∉ A | | k_3 + δ_5 − ϵ < y < p + k_3 + δ_5 − ϵ} with ϵ defined above. For Δ = |I(C)| − |I(B)| one has Δ = [|I(R)| + |I(R, A)|] − [|I(P )| + |I(P, A \ P )|] = ( p − δ5 − k3 − 1 2 ) + ( k3 + 1 + δ5 2 )

+p(p − 1) + (p − δ5 − k3 − 1)(k3 + 1 + δ5) + (k3 + 1 + δ5)(p − i) − [( p 2 ) + k3δ3 + (p − δ3)(k3 − 1) + p(p − i) ]

= 2(p − δ5 − k3 − 1)(k3 + 1 + δ5 + i/2) + (p − δ3) + pδ5 ≥ p − δ3 > 0.

In all cases we get a contradiction with the optimality of A.

Case 2c. We assume that k_5 = 0, k_3 = 0 and δ_3 > 0. Similar arguments to the case 2b. can be used to show contradiction to the optimality in this case. We omit the proof because of space limitations.

Case 3. Assume V_1 ⊂ A. Then A = V \ A ⊆ V_2 ∪ V_3 ∪ V_4, and we can apply the arguments of case 1 and case 2 to A and transform it to F^2(|A|). Since, by Lemma 3, both A and A are optimal sets then the proof is completed. ⊓⊔ Due to the local-global principle for the lexicographic order [2], we have the following result:

Corollary 2. If 1 ≤ i ≤ p − i, then |I(F^n(|A|))| ≥ |I(A)| for any A ⊂ V^n and n ≥ 1. The next theorem shows that the assumption concerning i is important for the existence of an optimal order.

Theorem 3. There exist no optimal order for H_{p,i} × H_{p,i} if p ≥ 3 and p − i < i < p − 1.

We omit the proof of this Theorem due to space limitations. Note, that Theorem 3 is not true for i = p−1. In this case H_{p,i} (resp. H^2_{p,i}) is isomorphic to K_p ×K_2 (resp. K_p ×K_p ×K_2 ×K_2) and the existence of an optimal order follows from Theorem 1. Furthermore, Theorem 3 is also not true for i = p. In this case H_{p,i} (resp. H^2_{p,i}) is non-connected and is isomorphic to two disjoint copies of K_p (resp. to four disjoint copies of K_p × K_p). In this case the lexicographic order is also optimal as it follows from [3].

4 Concluding remarks

Results similar to Theorems 2 and 3 can be obtained for the graph B_{p,i} = (V_{Bp,i} , E_{Bp,i} ), where V_{Bp,i} = V^′ ∪ V^{′′}, V^′ = {0, 2, . . . , 2p − 2}, V^{′′} = {1, 3, . . . , 2p − 1}, E_{Bp,i} = {(u, v) | u ∈ V^′, v ∈ V^{′′}, u + v ≠ (2p − j) mod 2p, j = 1, . . . , i}. It is easily shown that for any m the set {0, 1, . . . , m − 1} is a solution to the EIP on B_{p,i}. With this numbering the lexicographic order on V = V_{Bp,i} × V_{Bp,i} is well-defined.

Theorem 4. Let i ≤ p/2 − i and let p ≥ 4 be even. Then |I(F^2(|A|))| ≥ |I(A)| for any A ⊆ V × V .

The local-global principle [2] implies that a similar result holds for any cartesian power of B_{p,i}. We also have some preliminary results concerning the EIP for the cartesian powers of K_{p,...,p} (t parts) with up to two t-factors deleted. In these cases the lexicographic order is also optimal.

References

1. Ahlswede R., Bezrukov S.L., Edge Isoperimetric Theorems for Integer Point Arrays, Appl. Math. Lett. 8 (1995), No. 2, 75–80.

2. Ahlswede R., Cai N., General Edge-isoperimetric Inequalities, Part II: a Local- Global Principle for Lexicographic Solution, Europ. J. Combin. 18 (1997), 479–489.

3. Bezrukov S.L., Encoding of analog signals for discrete binary channel, in: Proc.

Int. Conf. Algebraic and Combinatorial Coding Theory, Varna 1988, 12–16. 4. Bezrukov S.L., Edge Isoperimetric Problems on Graphs, in: Graph Theory and Combinatorial Biology, Bolyai Soc. Math. Stud. 7, L. Lovasz, A. Gyarfas, G.O.H. Katona, A. Recski, L. Szekely eds., Budapest 1999, 157–197.

5. Bezrukov S.L., Das S., Elsässer R., An Edge-Isoperimetric Problem for Powers of the Petersen Graph, Annals of Combinatorics, 4 (2000), 153–169.

6. Bollobás B., Leader I., Edge-isoperimetric Inequalities in the Grid, Combinatorica 11 (1991), 299–314.

7. Harper L.H., Optimal Assignment of Numbers to Vertices, J. Sos. Ind. Appl. Math.

12 (1964), 131–135.

8. Lindsey II J.H., Assignment of Numbers to Vertices, Amer. Math. Monthly 7 (1964), 508–516.