Alcom-FT Technical Report Series ALCOMFT-TR-01-140

Parallel Processing Letters,

c_{World Scientific Publishing Company}

FAULTY RANDOM GEOMETRIC NETWORKS^∗

JOSEP DIAZ, JORDI PETIT and MARIA SERNA Departament de Llenguatges i Sistemes Informàtics, Universitat Politècnica de Catalunya Campus Nord C6. Jordi Girona 1–3, 08034 Barcelona, Catalonia diaz,jpetit,mjserna@lsi.upc.es

Received (received date) Revised (revised date) Communicated by (Name of Editor)

ABSTRACT In this paper we analyze the computational power of random geometric networks in the presence of random (edge or node) faults considering several important network parameters. We first analyze how to emulate an original random geometric network G on a faulty network F . Our results state that, under the presence of some natural assumptions, random geometric networks can tolerate a constant node failure probability with a constant slowdown. In the case of constant edge failure probability the slowdown is an arbitrarily small constant times the logarithm of the graph order. Then we consider several network measures, stated as linear layout problems (Bisection, Minimum Linear Arrangement and Minimum Cut Width). Our results show that random geometric networks can tolerate a constant edge (or node) failure probability while maintaining the order of magnitude of the measures considered here. Finally we show that, with high probability, random geometric networks with (edge or node) faults do have a Hamiltonian cycle, provided the failure probability is constant. Such capability enables performing distributed computations based on end-to-end communication protocols.

1. Introduction

The use of distributed computing in wireless networks is a computation model that is gaining increasing importance in computer science and telecommunication. In this setting, the processors, scattered geographically, communicate through transmitters, effectively forming a broadcast network. The following setting arises in applications of broadcast networks: A set of stations are located in some geographical area. These stations can compute, send and receive messages in synchronous steps. All the transmitters have the same power, but their effective broadcast range is limited to some specified distance r, that is, two stations can only communicate if their distance is at most r. Unit disk graphs provide a convenient way to model this setting: A graph is a unit disk graph if each node can be mapped to a point in the plane in such a way that two nodes are adjacent if and only if their distance is at most some specified bound r. Several researchers have shown that some important problems on broadcast networks are, in fact, classic problems restricted to unit disk

∗This research was partially supported by the IST Programme of the EU under contract number IST-1999-14186 (ALCOM-FT) and by the Spanish CICYT project TIC1999-0754-C03 (MALLBA).

1

graphs [7]. However, as pointed in [8], unit disk graphs assume that no interference from weather, mountains or other obstacles affects the communication between two stations. Also, it does not take into account the possibility that individual stations go down because of problems with power supply, mechanical damages, sabotage, etc. On the other hand, failures could model a surcharge of the processors or links.

The advent of mobile computing and of cellular phones introduces an uncertainty with respect to the positions of the stations. Assuming that the stations are homogeneously distributed in the plane is a simplified way to cope with that changing environment. Random geometric graphs come at hand to model such a situation: A random geometric graph is a unit disk graph whose nodes are points uniformly distributed in the unit square. Although random geometric graphs are popular objects in empirical studies, the available theoretical knowledge on random geometric graphs is more limited (see [10] for a survey and [11] for recent results on layout measures).

In this paper we analyze the computational power and several network parameters of a random geometric network in the presence of random faults. We analyze both edge failures and node failures keeping in mind that, as said, edge failures can be interpreted as the inability to communicate between two stations because of the presence of some unexpected obstacle and node failures can be interpreted as stations that become inoperative.

We start by analyzing the emulation problem [14], that is, how to emulate an original random geometric network G on a faulty network F produced by random removal of edges (or nodes) of G. In the case of random graphs in the classical G_{n,p} model, the emulation problem presents a similar behavior, in the sense that a random network can be emulated with constant slowdown [16,12]. Our results state that, under the presence of some natural assumptions, random geometric networks with n nodes can tolerate a constant node failure probability with a constant slowdown. In the case of constant edge failure probability the slowdown is δ log n, where δ is an arbitrarily small positive constant.

We continue by considering several relevant network measures that can be stated as linear layout problems [11]. Given a graph with n vertices, a layout on the graph is a bijection between the vertex set and the set of naturals from 1 to n. Graph layout problems seek for a layout that minimizes a measure associated with each problem. The particular measures that we consider include Bisection, Minimum Linear Arrangement and Minimum Cutwidth, which play an important role in the evaluation of computer networks [1,14,13]. The definition of these problems is given in Section 2. Our results show that random geometric networks can tolerate a constant edge (or node) failure probability maintaining the order of magnitude of the measures considered here.

Finally, we consider Hamiltonian cycles in faulty random geometric networks. Specifically, we prove that, with high probability, random geometric networks with faulty nodes or faulty edges do have a Hamiltonian cycle. This is important, because with such capability it is possible to build a path to perform distributed computations based on end-to-end communication protocols, which allow distributed algorithms to treat an unreliable network as a reliable channel [17].

2. Preliminaries

Let G be a graph and let F be a subgraph of G; G represents a fault-free network and F represents the resulting network after the occurrence of (edge or node) faults in G. In this paper we differentiate between edge faults and node faults: graphs with faulty edges are the result of removing edges from an original graph; graphs with faulty nodes are the result of removing nodes from an original graph together with the edges incident to the removed nodes. In graph theoretical terms, a graph with faulty nodes refers to a node induced subgraph of an original graph and a graph with faulty edges refers to a subgraph of an original graph.

Let G = (V, E) be a graph and let f ∈ (0, 1) denote its node failure probability. Let V^′ be a subset of V where for all v ∈ V , Pr [v ∈ V^′] = 1 − f, independently for all nodes in V . Then, we say that the subgraph of G induced by V^′ is a graph with random faulty nodes. Given G and f, we denote this probability space as FN (G, f). Analogously, let G = (V, E) be a graph and let f ∈ (0, 1) denote its edge failure probability. Let E^′ be a subset of E where for all e ∈ E, Pr [e ∈ E^′] = 1 − f, independently for all edges in E. Then, we say that the subgraph of G induced by E^′ is a graph with random faulty edges. Given G and f, we denote this probability space as FE(G, f).

The emulation of a fault-free network G on a faulty network F consists in performing the computations performed by the nodes of G in the nodes of F and ensuring that the direct communication across edges of G is simulated across paths in F . The slowdown of the emulation of G in F is defined as the length of time it takes to the faulty network F to emulate one step (communication and computation) of the original network G. The formal parameters to measure the quality of an emulation are: the dilation (the length of the largest associated path), the congestion (the maximal number of paths that share an edge of F ) and the load (the maximum number of nodes of G that are mapped to a node of F ). In what follows, we denote by d(ϕ), c(ϕ) and l(ϕ) the dilation, congestion and load of an embedding ϕ. It is well known that an emulation with dilation d, congestion c and load l has slowdown O(d + c + l).

Given as input an undirected graph G = (V, E) with n = |V |, a layout φ on G is a one-to-one function φ : V → {1, . . . , n}. Given a layout φ on G, let us define the sets L(i, φ, G) = {u ∈ V (G) : φ(u) ≤ i} and R(i, φ, G) = {u ∈ V (G) : φ(u) > i}. Any layout induces a length assignment to the edges of the graph and a series of edge-cuts placed between consecutive positions. Their definitions are: λ(uv, φ, G) = |φ(u) − φ(v)| where uv ∈ E(G), and θ(i, φ, G) = |{uv ∈ E(G) : u ∈ L(i, φ, G) ∧ v ∈ R(i, φ, G)}|, where i ∈ N. Given a graph G = (V, E) with n = |V |, the problems we consider are the following:

• Minimum Linear Arrangement (MinLA): find minla(G) = min_φ la(φ, G) where la(φ, G) = ∑ uv∈E λ(uv, φ, G) = ∑_n i=1 θ(i, φ, G). • Minimum Cutwidth (Cutwidth): find mincw(G) = min_φ cw(φ, G) where cw(φ, G) = max^n_{i=1} θ(i, φ, G).

• Edge Bisection (Bisection): find mineb(G) = min_φ eb(φ, G) where eb(φ, G) = θ(⌊n/2⌋ , φ, G). The three problems are known to be NP-complete in general (see [11] for more details on the complexity of these problems).

A graph is a unit disk graph if each node can can be mapped to a point in the plane in such a way that two nodes are adjacent if and only if their distance is at most some specified bound r.^† Equivalently, a unit disk graph can be defined as the intersection graph of a set of disks with radius r [7].

Observe that we have to fix which kind of norm is used to measure distances in the plane. Under the l_p norm (p ≥ 1), the distance ‖x − y‖_p between two points x = (x_1, y_1) and y = (x_2, y_2) is (|x_1 −x_2|^p +|y_1 −y_2|^p)^{1/p}. Under the l_∞ norm, their distance is max{|x_1 − x_2|, |y_1 − y_2|}. For sake of simplicity, we use the l_∞ norm all through this paper. However, all our results are valid for any other l_p norm.

In [9] it is proven that the Cutwidth problem remains NP-complete even when restricted to unit disk graphs.

Let r be a positive number and let V be any set of points in the unit square ([0, 1]^2). A geometric graph G = (V ; r) with node set V and radius r is the graph G = (V, E) where E = {{u, v} | u, v ∈ V ∧ 0 < ‖u − v‖ ≤ r}. By definition, a geometric graph is a unit disk graph.

Let (r_i)_{i≥1} be a sequence of positive numbers. For any natural n, the class of random geometric graphs with n nodes and radius r_n, denoted by G(n, r_n), is a probability space over the set of all geometric graphs G = (V_n; r_n) where V_n is a set of n independently and uniformly distributed random points in [0, 1]^2. Notice that a geometric graph with faulty nodes is also a geometric graph, while a geometric graph with faulty edges is not.

In the remainder of this paper we restrict our attention to the particular case where the radius is of the form

r_n = √ a_n n where r_n = o(1) and a_n = Ω(log n).

So, from now on the term random geometric graph shall refer to this selection of radius. In fact, we will say that a_n = b_n log n for some function b_n that satisfies b_n → ∞ and b_n = o(n/ log n). It is important to remark that through this choice, the construction of sparse but connected graphs is guaranteed: Defining the connectivity distance ρ_n = ρ_n(X_n) as the smallest radius r such that the graph G(X_n, r) is connected, it is known [2] that ρ_n √ n/log n converges to^1_2 almost surely; that is,

†Most definitions in the literature state that r = 1, but r can be any arbitrary unit as an appropriate scaling fixes that.

with probability 1 the sequence (X_i)_{i≥1} yields a sequence (ρ_n)_{n≥1} with this limit behavior.

Recall that a sequence of events E_n occurs with high probability if Pr [E_n] → 1. Also recall that a Hamiltonian cycle in a graph is a cycle that visits all nodes once.

3. Preliminaries

In this section we deal with the emulation properties of independent random node faults on random geometric networks.

Definition 1 Let G = (V, E) be a geometric graph with n points and radius r_n. Dissect the unit square into 4 ⌈1/r_n⌉^2 boxes of size 1/(2 ⌈1/r_n⌉)×1/(2 ⌈1/r_n⌉) placed packed in [0, 1]^2 starting at (0, 0). By construction, all the boxes exactly fit in the unit square, and any two points of V in neighboring boxes (including diagonals) will be connected by an edge in G because 1/(2 ⌈1/r_n⌉) ≤ r_n/2. Given ϵ ∈ (0, 1), let us say that G is ϵ-homogeneous if every box of this dissection contains at least (1 − ϵ)^1_4 a_n points and at most (1 + ϵ)^1_4 a_n points.

The following lemma states that, with high probability, random geometric graphs drawn from G(n, r_n) are homogeneous.

Lemma 1 For any constant ϵ ∈ (0, 1), Pr [G(n, r_n) is ϵ-homogenous] → 1. Proof. For any n large enough, let G = G_n be a random geometric graph drawn from G(n, r_n). Choose a box in the dissection and let Y be the random variable counting the number of points of G in this box. As the points in G are i.u.d.,

E [Y ] = n 4 ⌈1/r_n⌉^2 ∼ nr^2_n 4 =^1_4 a_n.

Using Chernoff’s bounds [15], we obtain Pr [ Y ≥ (1 + ϵ)^1_4 a_n ] ≤ Pr [ Y ≥ (1 +^1_2 ϵ)E [Y ] ] ≤ exp ( − (_1 2 ϵ )_2 E [Y ] /3 ) ≤ exp ( −^1_{13} ϵ^{2 1}_4 a_n ) = n^{−ϵ2bn/52} and Pr [ Y ≤ (1 − ϵ)^1_4 a_n ] ≤ Pr [ Y ≤ (1 −^1_2 ϵ)E [Y ] ] ≤ exp ( − (_1 2 ϵ )_2 E [Y ] /2 ) ≤ exp ( −^1_9 ϵ^{2 1}_4 a_n ) = n^{−ϵ2bn/36} ≤ n^{−ϵ2bn/52}. The number of boxes is certainly smaller than n, so by Boole’s inequality, the probability that for some box the number of points in the box is less than (1 − ϵ)^1_4 a_n or bigger than (1 + ϵ)^1_4 a_n, is bounded by 2n^{1−bnϵ2 /52}. As b_n → ∞, the complementary event tends to 1 as n tends to infinity. □.

Definition 2 For any constants ϵ ∈ (0, 1) and f ∈ (0, 1), let G be a ϵ-homogeneous geometric graph with n points and radius r_n. Let F be a node induced subgraph of G. Again, dissect the unit square into 4 ⌈1/r_n⌉^2 boxes of size 1/(2 ⌈1/r_n⌉) × 1/(2 ⌈1/r_n⌉). Let us say that F is (ϵ, f)-friendly if every box of this dissection contains at least (1 − ϵ)^2(1 − f)^1_4 a_n points of F and at most (1 + ϵ)^2(1 − f)^1_4 a_n points of F .

The following lemma states that for all homogeneous geometric graph G, with high probability, node induced subgraphs of G drawn from FN (G, f) are friendly. Lemma 2 For any constants ϵ ∈ (0, 1) and f ∈ (0, 1) and for all n, let G_n be a ϵ-homogeneous geometric graph with n nodes and radius r_n. Then,

lim_{n→∞} Pr [FN (G_n, f) is (ϵ, f)-friendly] = 1.

Proof. For any n, let F_n be drawn from FN (G_n, f). Choose a box in the dissection; let y_n be the number of points of G_n in this box and let Z_n be the random variable counting the number of points of F_n in this box. As G_n is ϵ-homogeneous, we have that (1 − ϵ)^1_4 a_n ≤ y_n ≤ (1 + ϵ)^1_4 a_n. On the other hand, as Z_n is a sum of y_n Bernoulli variables with parameter 1 − f,

(1 − ϵ)^1_4 a_n(1 − f) ≤ E [Z_n] = y_n(1 − f) ≤ (1 + ϵ)^1_4 a_n(1 − f).

Using Chernoff’s bounds as in the proof of Lemma 1 we can show concentration around this expectation. Also, using Boole’s inequality as in the proof of Lemma 1, we can bound the probability over all the boxes and prove it tends to 1 as n tends to infinity. □.

We introduce now the so-called locality-preserving emulation that we will use to emulate a geometric graph G on a node induced subgraph of G. Definition 3 Let G be a geometric graph with n points and radius r_n and let F be a node induced subgraph of G. We define a locality-preserving emulation ψ of G on F by the following algorithm:

(i) Dissect the unit square into η_n = 4 ⌈1/r_n⌉^2 boxes of size 1/(2 ⌈1/r_n⌉) × 1/(2 ⌈1/r_n⌉). (ii) For all i = 1, . . . , η_n, let α_i and β_i denote the number of points of G and F respectively in box i.

(iii) If β_i = 0 for some i, abort.

(iv) For all u ∈ V (G) in box i, let ψ(u) = v where v is a node chosen between all nodes of V (F ) contained in box i in such way that |{w ∈ V (G) : ψ(w) = v}| ≤ ⌈α_i/β_i⌉. (v) For all {u, v} ∈ E(G), let ψ({u, v}) = ⟨{ψ(u), ψ(v)}⟩. Observe that Step 5 maps each edge of G on a path of only one edge in F . This edge exists in the subgraph, because if {u, v} ∈ E(G), u and v belong to neighboring or identical boxes and as ψ(u) belongs to the same box than u and ψ(v) belongs to the same box than v, it is the case that ψ(u) and ψ(v) also belong to neighboring or identical boxes, and thus are connected by an edge in E(F ).

The following lemma states that, with high probability, our locality-preserving emulation is able to emulate a homogeneous graph G on a friendly node induced subgraph of G with constant dilation, congestion and load.

Lemma 3 For any constants ϵ ∈ (0, 1) and f ∈ (0, 1) and for all n, let G_n be a ϵhomogeneous geometric graph with n points and radius r_n; let F_n be a (ϵ, f)-friendly node induced subgraph of G_n and let ψ_n be a locality-preserving emulation of G_n on F_n. Then, there exist constants c_0 and l_0 such that,

lim_{n→∞} Pr [d(ψ_n) = 1 ∧ c(ψ_n) ≤ c_0 ∧ l(ψ_n) ≤ l_0] = 1.

Proof. Let n be any natural. By the definition of the locality-preserving emulation ψ, all edges in G_n are mapped in ψ_n to a path consisting of one edge in F_n; thus the dilation of the locality-preserving emulation is d(ψ_n) = 1. Moreover, every node u ∈ V (F ) has load at most 1+⌈α_i/β_i⌉, which is at most 2+(1+ϵ)(1−ϵ)^{−2}(1−f)^{−1} because G_n is ϵ-homogeneous and F_n is (ϵ, f)-friendly. Thus, l(ψ_n) ≤ 2+(1+ϵ)(1− ϵ)^{−2}(1 − f)^{−1} = l_0, which is constant, since ϵ and f are constants too. Finally, let {u, v} be any edge in G_n; as G_n is a geometric graph, u and v must be in neighboring or identical boxes, and so ψ_n(u) and ψ_n(v) also must be in neighboring or identical boxes. Therefore, the congestion of {u, v} must be at most the product of the loads of u and v and thus c(ψ_n) ≤ l^2_0 = c_0. □.

The combination of the previous lemmas implies our main result for random geometric networks with node faults:

Theorem 1 With high probability, random geometric networks, with n nodes and radius r_n = √ a_n/n, with r_n → 0 and a_n = b_n log n for any function b_n → ∞ and b_n = o(n/ log n), can be emulated with constant slowdown in the presence of random node faults, provided the failure probability is constant.

4. Emulations of random geometric networks with faulty nodes

In this section we deal with the emulation properties of independent random edge faults on random geometric networks.

Definition 4 Let G = (V, E) be a geometric graph with n points and radius r_n. Dissect the unit square into 9 ⌈1/r_n⌉^2 boxes of size w_n × w_n with w_n = 1/(3 ⌈1/r_n⌉) placed packed in [0, 1]^2 starting at (0, 0). By construction, all the boxes exactly fit in the unit square, and any two points of V in boxes whose centers are within distance 2w_n will be connected by an edge in G because 3w_n ≤ r_n. Given ϵ ∈ (0, 1), let us say that G is ϵ-spreading if every box of this dissection contains at least (1 − ϵ)^1_9 a_n points and at most (1 + ϵ)^1_9 a_n points.

An analogous proof to the one of Lemma 1 shows that, with high probability, random geometric graphs drawn from G(n, r_n) are spreading: Lemma 4 For any constant ϵ ∈ (0, 1), Pr [G(n, r_n) is ϵ-spreading] → 1. Definition 5 For any constants ϵ ∈ (0, 1) and f ∈ (0, 1), let G be a ϵ-spreading geometric graph with n points and radius r_n. Let F be an edge induced subgraph of G. Let us say that F is (ϵ, f)-kindly if every node has degree at least (1 − ϵ)^2(1 − f)^{25}_9 a_n in F .

The following lemma states that, for all spreading geometric graph G, with high probability, edge induced subgraphs of G drawn from FE(G, f) are kindly.

Lemma 5 For any constants ϵ ∈ (0, 1) and f ∈ (0, 1) and for all n, let G_n be an ϵ-spreading geometric graph with n nodes and radius r_n. Then,

lim_{n→∞} Pr [FE(G_n, f) is (ϵ, f)-kindly] = 1.

Proof. Let n be any natural, let G denote G_n and let u be a node in G. As G is ϵ-spreading, each box contains at least (1 − ϵ)^1_9 a_n points. As u is connected to all other nodes in boxes whose centers are at distance 0, 1 or 2 from the center of the box that contains u (there are 25 such boxes), we have that deg_G(u) ≥ (1 − ϵ)^{25}_9 a_n. Let F = F_n be an edge faulty random geometric graph of G drawn from FE(G, f). As each edge of G fails independently with probability f, we have that E [deg_F (u)] ≥ (1 − ϵ)(1 − f)^{25}_9 a_n. Using Chernoff’s bounds we get

Pr [deg_F (u) < (1 − ϵ)E [deg_F (u)]] ≤ exp(−ϵ^2E [deg_F (u)] /2) ≤ n^{−(1−f )(1−ϵ)ϵ2bn·25/18}. So, applying Boole’s inequality, the probability that some node in F has degree less than (1 − ϵ)^2(1 − f)^{25}_9 a_n is at most n^{1−(1−f )(1−ϵ)ϵ2bn·25/18}, which tends to zero as n tends to infinity because b_n → ∞. □.

We introduce now the so-called randomized one-hop emulation that we will use to emulate a geometric graph G on an edge induced subgraph of G. Definition 6 Let G be a geometric graph with n points and radius r_n and let F be an edge induced subgraph of G. We define a randomized one-hop emulation Ψ of G on F by the following randomized algorithm:

(i) Dissect the unit square into 9 ⌈1/r_n⌉^2 boxes of size 1/(3 ⌈1/r_n⌉)×1/(3 ⌈1/r_n⌉). (ii) For all u ∈ V (G), let Ψ(u) = u. (iii) For all {u, v} ∈ E(F ), let Ψ({u, v}) = ⟨{u, v}⟩. (iv) For all {u, v} ∈ E(G) \ E(F ), let Ψ({u, v}) = ⟨{u, w}, {w, v}⟩ where w is chosen at random among all nodes t ∈ V (G) in the same box where u belongs such that {u, t} ∈ E(F ) and {t, v} ∈ E(F ). If not possible, abort.

Lemma 6 For any constants ϵ ∈ (0, 1) and f ∈ (0, 1) and for all n, let G_n be a ϵ-spreading geometric graph with n points and radius r_n; let F_n be an (ϵ, f)-kindly edge induced subgraph of G_n and let Ψ_n be a randomized one-hop emulation of G_n on F_n. Then, for any constant δ > 0,

lim_{n→∞} Pr [l(Ψ_n) = 1 ∧ d(Ψ_n) ≤ 2 ∧ c(Ψ_n) ≤ δ log n] = 1.

Proof. Using probabilistic standard techniques it is straightforward to prove that, with high probability, the one-hop emulation does not abort. So, we can assume that the randomized algorithm does not abort.

Let n be any natural. By the definition of our randomized one-hop emulation, all nodes in G_n are mapped to themselves; thus the load of Ψ_n is l(Ψ_n) = 1. Moreover, every edge in G_n is mapped to at most two edges; thus the dilation of

Ψ_n is d(Ψ_n) ≤ 2. For the congestion, let {u, v} ∈ E(F_n), let B_u denote the box where u belongs to and let c(Ψ_n, u, v) denote the congestion of the edge {u, v} in the emulation Ψ_n (i.e., the number of edges in G_n mapped to {u, v}). Write u ∼ v to mean {u, v} ∈ E(F ). Then, by linearity of expectation,

μ = E [c(Ψ_n, u, v)]

≤ 1 + ∑ w∈B_u Pr [w ≁ v] Pr [w ∼ u] Pr [Ψ_n({w, v}) = ⟨{w, u}, {u, v}⟩]

≤ 1 + (1 + ϵ)^1_9 a_n · f · (1 − f) · 1 (1 − ϵ)^2(1 − f)^{25}_9 a_n

≤ 1 + f(1 + ϵ) (1 − ϵ)^2 = C_{ϵ,f} . So, it holds that 1 ≤ μ ≤ C_{ϵ,f} .

Recall the general Chernoff’s bounds: Let X_1, . . . , X_n be independent random variables corresponding to Bernoulli experiments, each variable with probability p_i of success and probability q_i = 1 − p_i of failure. Let X = ∑_n i=1 X_i be a random variable with expected value μ = ∑_n i=1 p_i. Then, for any d > 0,

Pr [X > (1 + d)μ] ≤ ( e^d (1 + d)^{1+d} )_μ . Assuming n large enough and taking d =^{δ log n}_μ − 1, in our case we have

Pr [c(Ψ_n, u, v) > δ log n] ≤ e^{δ log n−μμ} (_{δ log n} μ )^{δ log n}_μ μ ≤ ( eμ δ log n

)_{δ log n}

As the number of edges in F_n is obviously less than n^2, using Boole’s inequality we have that the probability that some edge in F_n has congestion greater than log n is bounded above by n^2 (eμ/δ log n)^{(δ log n)}, which tends to zero as n tends to infinity because (δ log n)^{δ log n} grows faster than any polynomial. □.

Notice that the previous lemma can be straightened to allow any function δ(n) such that δ(n) log log n → ∞.

The combination of the previous lemmas implies our main result for random geometric networks with edge faults:

Theorem 2 With high probability, random geometric networks, with n nodes and radius r_n, with r_n → 0 and a_n/ log n → ∞, can be emulated with slowdown δ log n, for arbitrary constant δ > 0, in the presence of random edge faults, provided the failure probability is constant.

In the case of edge faults we have to deal with a randomized emulation, therefore the slowdown is a bit wider than in the case of node faults. We suspect that a deterministic algorithm could achieve a constant congestion.

5. Layout problems on faulty random geometric graphs

In this section we deal with the Bisection, Cutwidth and MinLA layout problems. We will develop the case of random geometric graphs with edge faults and finish by pointing out the results for the vertex failure case.

To obtain a lower bound, we first need an isoperimetric inequality: Lemma 7 ([9]) For any integer m ≥ 3, let (A, B) be a partition of the {1, . . . , m}^2 2-dimensional lattice with vertical, horizontal and diagonal connections. Let ∂_{A,B} be the number of elements of A × B that are neighbor pairs, including diagonal neighbors. Then, ∂_{A,B} ≥ 3 min {√ |A|, √ |B| } . The following definition captures the property that edges of a geometric graph are appropriately distributed in the unit square.

Definition 7 For any constants ϵ ∈ (0, 1) and f ∈ (0, 1), let G = (V, E) be an ϵ-homogeneous geometric graph with n points and radius r_n. Let F = (V, E^′) be an edge induced subgraph of G. Dissect the unit square into 4 ⌈1/r_n⌉^2 boxes of size 1/(2 ⌈1/r_n⌉) × 1/(2 ⌈1/r_n⌉). Let us say that F is (ϵ, f)-mixing if for every two disjoint vertex sets A and B such that A is inside a box B_A (of this dissection) and B is inside a box B_B , and either B_A = B_B or B_A is a neighbor of B_B , then

cut(A, B) ≥ (1 − ϵ)^3(1 − f)(^1_4 a_n)^2, where cut(A, B) = |{(u, v) ∈ E^′ : u ∈ A and v ∈ B}|. In a similar way as in Lemma 2 we get the following result:

Lemma 8 For any constants ϵ ∈ (0, 1) and f ∈ (0, 1) and for all n, let G_n be an ϵ-homogeneous geometric graph with n nodes and radius r_n. Then

lim_{n→∞} Pr [FE(G_n, f) is (ϵ, f)-mixing] = 1.

The following lemma is the basis of our lower bounds for (ϵ, f)-mixing geometric graphs with edge faults.

Lemma 9 For any constants ϵ ∈ (0,^1_5 ) and f ∈ (0, 1), let G be a ϵ-homogeneous geometric graph with n points and radius r_n; let F be a (ϵ, f)-mixing subgraph of G. Let φ be any layout of F . Then, for any integer i such that α = i/n ∈ (2ϵ, 1 − 2ϵ), it is the case that

θ(i, φ, F ) ≥ (1 − ϵ)^3(1 − f)^{3(1−5ϵ)}_8 min {√ α − 2ϵ, √ 1 − α − 2ϵ } n^2r^3_n.

Proof. We assign colors to points (nodes) and boxes: color the first i points in the ordering “red” and the other points “green”; color the boxes containing at most 1 5 ϵa_n green points “red”, the boxes containing at most^1_5 ϵa_n red points “green”, and the other boxes “yellow”. Let Y_n be the number of yellow boxes.

Observe that θ(i, φ, F ) is the total number of edges between opposite-color points. Let us refer to such edges as “within-box” if the points in question lie in the same box, or “between-box” if not. We consider two cases:

Case 1: Y_n ≥ 25ϵ^{−2}n^{1/2}a^{−1/2}n . For each yellow box, the cost of within-box edges is at least (1 − ϵ)^3(1 − f)ϵ^2a^2_n/25. Hence,

θ(i, φ, F ) ≥ (1 − ϵ)^3(1 − f)(^1_5 ϵa_n)^2 · Y_n ≥ (1 − ϵ)^3(1 − f)n^{1/2}a^{3/2}_n = (1 − ϵ)^3(1 − f)n^2r^3_n.

Case 2: Y_n < 25ϵ^{−2}n^{1/2}a^{−1/2}_n . In this case, we consider only between-box edges (between opposite colored points) which are between neighboring boxes (including diagonal neighbors). Consider a particular box containing a total of t points, r of them red. Suppose that the total number of red points in neighboring boxes is r^′ and the total number of green points in neighboring boxes is g^′. Then, the total number of between-box edges of the type we are considering, involving points in that particular box, is (1 − ϵ)^3(1 − f)(rg^′ + (t − r)r^′) = (1 − ϵ)^3(1 − f)(r(g^′ − r^′) + tr^′). Given t, r^′, and g^′, this is a linear function of r and so attains its minimum over the range [0, t] either at r = 0 or at r = t (or both). Hence, it is possible to change the points in that box to either all red or all green without increasing the total number of between-box edges of the type we are considering.

Let us modify the coloring of points by going through the yellow boxes in turn, successively changing the color of points in each box either to all red or to all green, whichever does not increase the total number of between-box edges of the type we are considering. When done, there will no longer be any yellow boxes! Let R_n be the number of red boxes and G_n the number of green boxes based on this modified coloring.

By homogeneity, the number of points whose color has been changed is at most

Y_n · (1 + ϵ)^1_4 a_n ≤ 25ϵ^{−2}n^{1/2}a^{1/2}_n = 25ϵ^{−2}nr_n.

Thus, for n so large that 25ϵ^{−2}r_n ≤ ϵ, the number of red points in the modified coloring is at least (α − ϵ)n.

By definition of “green box”, the number of red points in green boxes is at most^1_5 ϵa_n4 ⌈1/r_n⌉^2 ≤ ϵn. Thus the total number of red points in red boxes (in the modified coloring) is at least (α−2ϵ)n for n large enough. By a similar argument, the number of green points in green boxes in the modified coloring is at least (1−α−2ϵ)n for n large enough.

As, by homogeneity, no box can contain more than^1_4 (1 + ϵ)a_n points and there are at least (α − 2ϵ)n red points in red boxes and (1 − α − 2ϵ)n green points in green boxes, we have R_n ≥ (α − 2ϵ)n 1 4 (1 + ϵ)a_n = 4(α − 2ϵ) (1 + ϵ)r^2_n and G_n ≥ (1 − α − 2ϵ)n 1 4 (1 + ϵ)a_n = 4(1 − α − 2ϵ) (1 + ϵ)r^2_n . Let ∂F denote the number of pairs of neighbor boxes of opposite colors in F (with the modified coloring). By Lemma 7,

∂F ≥ 3 min {√ R_n, √ G_n } ≥ 6 r_n min {√ α − 2ϵ 1 + ϵ , √ 1 − α − 2ϵ 1 + ϵ } .

By niceness and the definition of box coloring, each red box contains at least (1 − 2ϵ)^1_4 a_n red points, and each green box contains at least (1 − 2ϵ)^1_4 a_n green points. As a consequence,

θ(i, φ, F ) ≥ ∂F (1 − ϵ)^3(1 − f)^{(1−2ϵ)2}_{16} a^2_n

≥ (1 − ϵ)^3(1 − f)^{3(1−2ϵ)2}_8^√_{1+ϵ} a^{3/2}_n n^{1/2} min {√ α − 2ϵ, √ 1 − α − 2ϵ } ≥ (1 − ϵ)^3(1 − f)^{3(1−5ϵ)}_8 n^2r^3_n min {√ α − 2ϵ, √ 1 − α − 2ϵ } . This lower bound is smaller than the one for Case 1 and thus holds for both cases. □. The following result presents our lower bounds for the layout problems, considered in this paper on (ϵ, f)-mixing graphs:

Lemma 10 (Lower bounds) For any constants ϵ ∈ (0,^1_5 ) and f ∈ (0, 1) and for all n large enough, let G_n be a ϵ-homogeneous geometric graph with n nodes and radius r_n; let F_n be a (ϵ, f)-mixing subgraph of G_n. Then, the following lower bounds hold:

mineb(F_n) ≥ (1 − ϵ)^3(1 − f)^{3(1−8ϵ)}_8^√_2 · n^2r^3_n, (lb1)

mincw(F_n) ≥ (1 − ϵ)^3(1 − f)^{3(1−8ϵ)}_8^√_2 · n^2r^3_n, (lb2)

minla(F_n) ≥ (1 − ϵ)^3(1 − f)^{(1−42√ϵ)}_4^√_2 · n^3r^3_n. (lb3)

Proof. The proofs of (lb1) and (lb2) are obtained from Lemma 9 by setting i = ⌊n/2⌋. To prove (lb3), take any layout φ of F_n. Then, by Lemma 9,

la(φ, F_n) = n∑ i=1 θ(i, φ, F_n) ≥ ∑ 2ϵn<i<(1−2ϵ)n θ(i, φ, F_n) ≥ (1 − ϵ)^3(1 − f)^{3(1−5ϵ)}_4 n^2r^3_n ∑ 2ϵn<i<n/2 √ i/n − 2ϵ.

Using the facts that a > b implies √ a − b ≥ √ a− √ b and that ∑_m k=1 √ k ≥^2_3 m^{3/2} + O ( m^{1/2} ) we obtain (lb3) by successive minorizations. □.

To obtain upper bounds, we make use of the projection algorithm which creates a layout by ordering the nodes according to their projection onto the x-axis. Another way to see this algorithm is to sweep a vertical line starting from x = 0 to x = 1, numbering vertices in the order the line touches them. The expected running time of the projection algorithm to compute the projected layout of a faulty random geometric graph is linear, as it requires only the ranking of n numbers distributed uniformly.

We can restate a result of [9] on upper bounds on layout problems, on geometric graphs. These bounds were obtained analyzing the behavior of the projection algorithm. Taking into account that by deletion of an edge any of the consider layout measures will never increase, we get:

Lemma 11 For any constants ϵ ∈ (0,^1_5 ) and f ∈ (0, 1), let G_n be a ϵ-homogeneous geometric graph with n points and radius r_n; let F_n be a (ϵ, f)-mixing subgraph of G_n. Then with high probability, the following upper bounds on the cost of the projected layout π of F_n hold:

cw(π, F_n) ≤ (1 + 3ϵ)^5 · n^2r^3_n, eb(π, F_n) ≤ (1 + 3ϵ)^5 · n^2r^3_n, la(π, F_n) ≤ (1 + 3ϵ)^5 · n^3r^3_n.

Joining all the previous results, we get:

Theorem 3 With high probability, the Projection algorithm is a constant approximation algorithm for the Minimum Linear Arrangement, Minimum Cutwidth and Bisection problems on random geometric graphs with n nodes and radius r_n = √ a_n/n, r_n → 0 and a_n = b_n log n for any function b_n → ∞ and b_n = o(n/ log n), and random edge faults, provided the failure probability is constant.

In the case of random geometric graphs with node faults, the resulting subgraph is also a random geometric graph. It is straightforward to see that a random geometric graph with vertex faults is ϵ-homogeneous with a slightly modification of the constant, just to incorporate the failure probability f. Therefore all the results in [9] concerning layout measures are also true for random geometric graphs with random node faults. In particular it holds:

Theorem 4 With high probability, the Projection algorithm is a constant approximation algorithm for the Minimum Linear Arrangement, Minimum Cutwidth and Bisection problems on random geometric graphs with n nodes and radius r_n = √ a_n/n, r_n → 0 and a_n = b_n log n for any function b_n → ∞ and b_n = o(n/ log n), and random node faults, provided the failure probability is constant.

6. Hamiltonian cycles in random faulty geometric graphs

In this section we deal with Hamiltonian cycles in faulty random geometric networks. Using friendness (see Definition 2), it is fairly easy to prove that, with high probability, random geometric networks with faulty nodes do have a Hamiltonian cycle.

In the following, we consider random geometric networks with faulty edges. Lemma 12 For any constants ϵ ∈ (0, 1) and f ∈ (0, 1) and for all n, let G_n be a ϵ-spreading geometric graph with n nodes and radius r_n. Then,

lim_{n→∞} Pr [FE(G_n, f) has a Hamiltonian cycle] = 1.

Proof. Let n be any natural. Let G denote G_n and let F = F_n be an edge faulty random geometric graph of G drawn from FE(G, f). Consider the dissection of the unit square into κ_n = 9 ⌈1/r_n⌉^2 boxes of side w_n = 1/(3 ⌈1/r_n⌉). Let {B_1, . . . , B_{κn} } be the set of boxes of this dissection. For a box B_i and a node u ∈ V (F ) inside box B_i, let d(u, B_i) denote the number of neighbors of u in F inside box B_i.

Let us compute the probability that, for some box B_i and some vertex u ∈ V (F ) inside B_i, d(u, B_i) is smaller than 2: π = Pr [∨^{κn}_{i=1} ∨_{u∈Bi} d(u, B_i) < 2] ≤ κ_n∑

i=1 ∑ u∈B_i Pr [d(u, B_i) < 2]

= κ_n∑

i=1 ∑ u∈B_i ( Pr [d(u, B_i) = 0] + Pr [d(u, B_i) = 1] )

≤ 9 ⌈1/r_n⌉^2 · (1 + ϵ)^1_9 a_n · ( f^{(1+ϵ) 19 an−1} + (1 − f)f^{(1+ϵ) 19 an−2} ) = ⌈1/r_n⌉^2 (1 + ϵ)a_nf^{(1+ϵ) 19 an−2} ≤ (1 + ϵ)^3nf^{(1+ϵ) 19 bn log n−2}.

Taking t such that t < −2/ log f and t < (1 + ϵ)^1_{10} b_n, we get

Pr [∨^{κn}_{i=1} ∨_{u∈Bi} d(u, B_i) < 2] ≤ (1 + ϵ)^3nf^{t log n} ≤ (1 + ϵ)^3n^{1+t log f} . (1)

Call N_i the number of nodes in box B_i. Observe that inside each box B_i, there is a random graph in the G_{Ni,1−f} model (G_{n,p}). By [5], the probability that such a random graph has a Hamiltonian cycle is the same than the probability that each of its nodes has at least degree two. Therefore, with probability greater than 1 − (1 + ϵ)^3n^{1+t log f} , each box of the dissection contains a Hamiltonian cycle.

In order to sew a Hamiltonian cycle for F using the Hamiltonian cycles inside each box, we proceed as shown in Figure 1: The cycle will be made in a snake-like way, removing two edges from the small Hamiltonian cycles inside each box and joining the paths with the small Hamiltonian cycles of the previous and next boxes. The probability that this construction cannot be done is bounded above by (( f^2 )_{N1N2} )^{κn−1}∏ i=2 ( f^2 )_{(Ni−1)Ni+1} ≤ ( f^{2(1+ϵ) 19 an} ) ( f^{2(1+ϵ)2 181 a2n} )_{9⌈1/rn⌉}2_{−1} . (2)

Figure 1: How to sew a big Hamiltonian cycle for the faulty graph using the small Hamiltonian cycles inside each box of the dissection.

Therefore, the probability that F does not have a Hamiltonian cycle is smaller than the sum of the probabilities (1) and (2), which tends to zero as n tends to infinity. □.

As a consequence of Lemmas 12 and 4, we have:

Theorem 5 With high probability, random geometric networks, with n nodes and radius r_n = √ a_n/n, with r_n → 0 and a_n = b_n log n for any function b_n → ∞ and b_n = o(n/ log n), have a Hamiltonian cycle, even in the presence of random edge or node faults, provided the failure probability is constant.

Notice that our proof, combined with the algorithm of [6], shows how to find, in polynomial time and with high probability, the Hamiltonian cycle of a random geometric network with edge faults, which can be useful in message passing through our broadcast network using end-to-end communication protocols.

7. Conclusions and open problems

In this paper we have considered random faults in an important family of random geometric networks. Our work states that, in this family, several network parameters are affected only by a constant, provided the failure probability is constant. Other parameters that have been analyzed in the non-faulty version remain open, for instance, k-connectivity or chromatic number [2,3,4,18].

Acknowledgement.

We thank Dr. Mathew D. Penrose with whom we have discussed many aspects concerning random geometric graphs.

[1] D. Adolphson and T. C. Hu. Optimal linear ordering. SIAM Journal on Applied Mathematics, 25(3):403–423, Nov. 1973.

[2] M. J. Appel and R. P. Russo. The connectivity of a graph on uniform points in [0, 1]^d.

Technical Report #275, Department of Statistics and Actuarial Science, University of Iowa, 1996.

[3] M. J. B. Appel and R. P. Russo. The maximum vertex degree of a graph on uniform points in [0, 1]^d. Advances in Applied Probability, 29(3):567–581, 1997.

[4] M. J. B. Appel and R. P. Russo. The minimum vertex degree of a graph on uniform points in [0, 1]^d. Advances in Applied Probability, 29(3):582–594, 1997.

[5] B. Bollobás. Random Graphs. Academic Press, London, 1985.

[6] B. Bollobás, T. I. Fenner, and A. M. Frieze. An algorithm for finding Hamilton paths and cycles in random graphs. Combinatorica, 7(4):327–341, 1987.

[7] H. Breu. Algorithmic aspects of constrained unit disk graphs. PhD thesis, University of British Columbia, 1996.

[8] B. N. Clark, C. J. Colbourn, and D. S. Johnson. Unit Disk Graphs. Discrete Mathematics, 86:165–177, 1990.

[9] J. Díaz, M. D. Penrose, J. Petit, and M. Serna. Approximating layout problems on random geometric graphs. Journal of Algorithms. To appear.

[10] J. Díaz, J. Petit, and M. Serna. Random geometric problems on [0, 1]^2. In M. Luby, J. Rolim, and M. Serna, editors, Randomization and Approximation Techniques in Computer Science, number 1518 in Lecture Notes in Computer Science. Springer, Lecture Notes in Computer Science, Oct. 1998.

[11] J. Díaz, J. Petit, and M. Serna. A survey on graph layout problems.

Technical report, Departament de Llenguatges i Sistemes Informàtics, UPC, http://www.lsi.upc.es/∼jpetit/Publications, 2000.

[12] A. Goerdt and M. Molloy. Analysis of edge deletion processes on faulty random regular graphs. In G. Gonnet, D. Panario, and A. Viola, editors, 4th Latin American Symposium. Springer, Berlin, 2000.

[13] D. R. Karger. A randomized fully polynomial approximation scheme for all terminal network realiability problem. In 27th ACM Symposium on Theory of Computing, pages 11–17, 1996.

[14] F. T. Leighton. Introduction to Parallel Algorithms and Architectures: Arrays, Trees, Hypercubes. Morgan Kaufmann, San Mateo, CA, 1993.

[15] R. Motwani and P. Raghavan. Randomized Algorithms. Cambridge University Press, 1995.

[16] S. Nikoletseas, K. Palem, P. Spirakis, and M. Yung. Short vertex disjoint paths and multiconnectivity in random graphs: reliable network computing. In S. Even, editor, Automata, Languages and Programming, pages 508–519. Springer, Berlin, 1994.

[17] S. Nikoletseas and P. Spirakis. Efficient communication establishment in adverse communication environments. In J. Rolim, editor, ICALP Workshops 2000, volume 8 of Proceedings in Informatics, pages 215–226. Carleton Scientific, 2000.

[18] M. D. Penrose. On k-connectivity for a geometric random graph. Random Structures and Algorithms, 15(2):145–164, 1999.