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Dynamisk Programmering

 Generel algoritmisk teknik — virker for
mange (men langt fra alle) problemer

* Krav: "Optimal delstruktur” — en lgsning til
oroblemet kan konstrueres ud fra optimale
gsninger til "delproblemer”

 Rekursive lgsning:
— Typisk eksponentiel tid
 Dynamisk Programmering:
— Beregn dellgsninger systematisk
— Typisk polynomiel tid



Dynamisk Programmering:
Optimal opdeling af en stang

Problem: Opdel en stang i dele, hvor hver del har en pris,
saledes at den resulterende sum er maksimereret
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En stang af leengde 4 kan opdeles 8 forskellige mader —
dog kun 5 forskellige resultater
lengthi |1 2 3 4 5 6 7 8 9 10
pricep; |1 5 8 9 10 17 17 20 24 30




Optimal opdeling af steenger af leengde 1..10

Bedste pris Opdeling
ry = 1 1 =1 (nocuts),

2 =2 (nocuts),

3 =3 (nocuts),

i0 4 =242,

S=2+43,

17 6 =6 (nocuts),

7T=14+60or7=24+2+3,

8§=24+6,

=3+6,
10=10 (nocuts).
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Optimal opdeling af en stang:
Rekursiv lgsning

(

0 hvis n=0

\maXi:I..n ( pi + r.n—i) ellers

CUT-ROD(p, n)
if n ==
return O
q = —o©
fori = 1ton
g = max(q, p[i] + CUT-ROD(p,n — 1))
return g
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CuTt-ROD(p, n)
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Optimal opdeling af en stang:
Rekursiv lgsning

CuT-ROD(p,2) allerede beregnet

ifn==0
return O
q = —OC

fori = 1ton
g = max(q, p[i] + CUT-ROD(p,n —1))
return ¢

|

0 hvis n=0

InaXi=1..n( pi i rn—i) ellers

Tid O(2")



CuT-ROD(p, n)
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Optimal opdeling af en stang:
Rekursiv lgsning

if n ==
return O
qg = —00
fori = 1ton
g = max(q, p[i] + CUT-ROD(p,n —1))
return ¢

-]

0 hvis n=0

max;_, ,(P; +1,;) ellers




Optimal opdeling af en stang:
Rekursiv lgsning + Memoization

MEMOIZED-CUT-ROD (p, n)

1 letr[0..n] be anew array

2 fori =0ton

3 rli] = —o0

4 return MEMOIZED-CUT-ROD-AUX(p,n,r)

MEMOIZED-CUT-ROD-AUX (p, n,r)
if r[n] > 0

return r[n]
if n ==

q =20
elseg = —oc0

fori = 1ton

g = max(q, p[i] + MEMOIZED-CUT-ROD-AUX(p,n —i,r))

rjn] = q <€— husk resultatet !

return g Tld O(nz)
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Optimal opdeling af en stang:
Systematisk udfyldning

BoTTOM-UP-CUT-ROD(p, 1)

1 letr[0..n]be anew array

2 rl0] =0

3 for j = 1ton <— reekkefolgen vigtig!
4 q = —00 : |

S fori = 1toj |
6 q = max(q, pli] +r[j —i])

7 rlj]l = q

8 return r|n]
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PRINT-CUT-ROD-SOLUTION (p, 1)
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Optimal opdeling af en stang:
Udskrivning af lgsningen

EXTENDED-BOTTOM-UP-CUT-ROD(p, 1)

1 letr[0..n]and s[0..n]| be new arrays
2 r[0] =0
3 forj = 1ton

4 q = —00

5 fori = 1toy

6 ifg < pli] +r[j —il

7 g = plil +rlj —i]

: sl = i

9 rljl = q |

0O returnr and s r [’]
sii]

01 2 3
0 1 58 10 13 17 18 22 25 30
01 2 3

(r,s) = EXTENDED-BOTTOM-UP-CUT-ROD(p,n)

while n > 0
print s[n]
n =n—snj



[CLRS, 2. udgave]

"Colonel Motors Corporation”

station §; ,  station §;, station S,  station §, station §, , station S ,,

assembly line 2

station §,;  station §,,  station§,;  station §p4 station S, , ,  station S ,

Mal Find en hurtigste vej fra "Chassis enters” til "completed
auto” — knuderne angiver hvor lang tid de forskellige ting tager

Naive algoritme Prgv alle 2" forskellige veje — tid Q(2"M)



[CLRS, 2. udgave]

"Colonel Motors Corporation”

station S;,  stationS;,  stationS;; stationS;, stationS;s  stationS§g

assembly line 1

_ completed
chassis auto
enters exits

assembly line 2

station S,,  station §,,  stationS,3  stationS,,  station Sys  station Sp¢

(a)
J
£1ll-j] *
= F=1
. ol
Korteste tid til og (b) Forrige station for

med stationerne hurtigste lgsning



[CLRS, 2. udgave]

"Colonel Motors Corporatlon

FASTEST-WAY (a, ¢, ¢, x, 1) '
fill] <« e1 +ay f;

1

2 foll] «-ex+a / Z\:ll:“
3 forj <« 2ton é .

4 doif fi[j — 11+ a1; < folj ~ U+t ;-1 +ar; ww 5{9 e )0 0
5 then fi[j] < filj — 11+ a1, S S
6 LIjl <1 3

] <« — 1 I ;- ay fﬂl;zs;cdssaés i.d] 124:; .

: e ..f[?]]# S~ ARG g
9 if olj —1+ay; < filj—11+14 -1+ a,;
10 then fg[]] < fz[] — 1] —}-ag,}'
11 Ih[jl< 2
12 else fg[}]<—f1[]—1 +t1; 1+ ayj
13 ILh[j] <1

14 if filnl+x1 < foln]l +x2
15 then f* = fi[n] + x; |
16 =1 Laengden af den hurtigste

ig else 3'f:‘__=2fz[i"1l+J‘¢2 vej findes i tid O(n)



[CLRS, 2. udgave]

"Colonel Motors Corporation”

PRINT-STATIONS (/, n)

1 <« [*

2 print “line i , station ” n

3 for j « ndownto 2

4 doi « [;[j]

5 print “line i *, station” j — 1

line 1, station 6

line 2, station 5 wil” | ‘ Ga "bagleens

line 2, station 4 igennem de
line 1, station 3 beregnede
line 2, station 2 veerdier, og

line 1, station 1 find Igsningen




Matrix Multiplikation

MATRIX-MULTIPLY (A, B)

1 if A.columns # B.rows

2 error “incompatible dimensions”

3 else let C be a new A.rows X B.columns matrix
4 fori = 1to A.rows

5 for j = 1 to B.columns

6 Cij = 0

7 for k = 1to A.columns

8 Cij = Cij + djf - bkj

9 return C

Multiplikation af to matricer A og B af starrelse
P, X p, 09 P, X p; tager tid O(p,p,-Ps)



Matrix-kaede Multiplikation

(A-B)-C eller A(B:C) ?

Matrix multiplikation er associativ (kan seette paranteser som man vil) men
ikke kommutative (kan ikke bytte rundt pa reekkefalgen af matricerne)




Matrix-kaede Multiplikation

Problem: Find den bedste reekkefalge (paranteser)
for at gange n matricer sammen

A A A

n

hvor A, er en p,_, X p; matrice

NB: Der er Q(4"/n32) mulige mader for paranteserne



Matrix-kaede Multiplikation

m[1,J] = minimale antal (primitive) multiplikationer

for at beregne A; - - - A (B A) (B A

i, 1] = go //i ifi = j

~»

min {mli,k] +mlk + 1, j] + pi-ipep;} ifi <j.

i<k<j

RECURSIVE-MATRIX-CHAIN(p, 1, j)
1 ifi==j
2 return 0
3 mli,j] = o
4 fork =itoj—1
5 g = RECURSIVE-MATRIX-CHAIN(p,i,k)
+ RECURSIVE-MATRIX-CHAIN(p, k + 1, j)

+ Pi-1PkDj
6 if g <mli, Jj]

mli, j] =q :
8 return mli, j| Tld Q(4n/n3/2)

~



Matrix-kaede Multiplikation

MATRIX-CHAIN-ORDER(p)

1 n = p.length—1

2 letm[l..n,1..n]and s[1..n —1,2..n] be new tables
3 fori =1ton

4 mli,i] = 0

5 for/ =2ton // | is the chain length

6 fori = 1ton—1[+1 |

7 j=i+l-1

8 mli, j] = oo

9 fork =itoj—1 |

10 q = mli,k] +mlk + 1, j] + pi—1pep;
11 - ifg <mli, j]

12 mli, j] = q

13 sli, j] =k

14 return m and s Tid O(ﬂ3)



Matrix-keaede Multiplikation

matrix - | Aq Ap Az Ag As Ag

dimension|30x35 35x15 15x5 5x10 10x20 20 x 25



PRINT-OPTIMAL-PARENS (5,1, j)
ifi == j |
~ print “A”;
else print “(”
PRINT-OPTIMAL-PARENS (s, i, s[i, j])
PRINT-OPTIMAL-PARENS (s, s[i, j] + 1, j)
print ©)”

NN AW -

Tid O(n)



"Memoized”
Matrix-keede Multiplikation

MEMOIZED-MATRIX-CHAIN (p)

1 n = p.length—1

2 letm|[l..n,1..n]beanew table

3 fori =1ton

4 for j =iton

5 mli, j] = oo

6 return LOOKUP-CHAIN(m, p, 1,n)

LOOKUP-CHAIN(m, p,i, )
if mli, j] < oo
return m[i, j|
ifi == j
mli,j] =0
elsefork =itoj—1
g = LOOKUP-CHAIN(m, p,i,k)
+ LOOKUP-CHAIN(m, p,k + 1, ) + pi—1 Pk D;
ifg <mli, j]

mli, j] = q :
9 return m|i, j| | T|d O(n3)
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Laengste Faelles Delsekvens



Leengste Faelles Delsekvens

(0 ifi =0orj =0,
—» cli,j]l=cli—-1j—1]+1 ifi,j >0and x; = y;,
/ \max(c[i,j—-l],c[i—l,j]) ifi,j > 0and x; # y; .

laengden af en laengste feelles delsekvens af x,x,--*x; 0g YiYo Y



Leengste Faelles Delsekvens

0
0
4 0\ :
> D g ]
0 0 )
7B 0\ g ;\4
BDCABA 0 7 =00t =0,
\ /] 2= L =y IF AN S el
ABCBDAB max(cli, j = 1, cli =1, j]) ifi,j > 0andxi # y;.




Laengste Faelles Delsekvens

LCS-LENGTH(X,Y)

1 m = X.length

2 n = Y.length |

3 leth{l..m,1..n]and c[0..m,0..n]be new tables o2
4 fori = 1tom i y ® D © 4

5 cli,0] =0 0 x| o/ ol ol ol o] o] 0
6 forj =0ton | i oA N e Y
7 c[0, ] = 0 , o B~
8 fori = 1tom ; : 'lr D _1_ ; % %
9 for j = 1ton S T 2
0 itxy, . e S B
11 cli,jl=cli—-1,j—-1]1+1 > o 1| 2| 2| 2 3
12 bli, j] = N\ o ®| o 1| 5 3| B
13 elseif c[i — 1, j] > c[i, j — 1] 78| o> 3L I
14 : C[i,j]$0[i—1,j]

15 bli. j1 = “1”

16 elsec[i, j] = c[i,j — 1]

17 bli, /] = “<”

18 return c and b



Laengste Faelles Delsekvens

PRINT—LCS(b,X,i,j) i 0 1 2 3 4 5 6

1 ifi==0o0r; ==0 : y ® D ® 2 ® @
2 return (: R
3 ifb[i, jl=="\" o i
) 1 “—1 1| 2|1<2
4 PRINT-LCS (b, X,i —1,j — 1) i . BE
5 prntx, MEEE =
6 elseif b[i, j] ==“1” " %\; L
7 PRINT-LCS (b, X,i — 1, ) RIS O
8 else PRINT-LCS (b, X,i,j — 1) 2l 2l 3l

Tid O(n+m)



Optimale Binaere Sggetraeer

node depth probability contribution

k1 1 0.15 0.30
ko 0 0.10 0.10
k3 2 - 0.05 0.15
kq 1 0.10 0.20
ks 2 0.20 0.60
< dg 2 0.05 0.15
(4 (2+1)x010 = 030
_, as 3 0.05 0.20
Forventet sggetid 2.80 ji ; 882 838
do k; d; k, d, ks ds k, d ks ds ds 3 0.10 0.40
———0————P T, 2.80

Qo P1 91 P2 92 P3 A3 P4 A4 Ps Os

I 0 1 2 3 4 5
Di 0.15 0.10 0.05 0.10 0.20
gi |1 005 0.10 0.05 0.05 005 0.10




Optimale Binagere Sggetreeer

n n J J
Db+ gi=1 w(f,f)=ZPi+qu
— - I=i [=i—1
i=1 i=(0 VV(3{4) !

do k, dy k, d, ks dy k, d, ke de

Uo P1 91 P2 92 P3 A3 P4 d4 Ps Js

H

E[searchcostin T] = Z(depthT (ki) + 1) p; + Z(depth;- (d;))+ 1) g
=0

i—]

1+ Z depth. (k;) - pi + z depth, (d;) - g;
fau] i=0

qi_l ifj =l — 1 -
f"’[’" J1= 1 min {eli,r — 1] +elr +1,j1+wG j)} ifi=j.
ISr=sj

forventet optimal tid for et sggetrae indeholdende k;... k,



Optimale Binagere Sggetreeer

qi—1 ifj=i-1,
e[i,j]={ i r—1+elr +1,j14+w@, j)} fi=j.
OPTIMAL-BST(p,q,n) g ety — el L v
1 lete[l..n+1,0..n],w[l..n+1,0..n],
and root[1..n,1..n] be new tables
2 fori =1ton+1
3 eli,i — 1] = qi_4
4 wlii—1] =g L R
5 for/ = 1ton do kll d, k.z d, k.g ds .k4 d, 'k5 ds >
6 fori =1ton—1[1+1
7 =il QOp1IQ1p2qZp3Q3p4Q4p5Q5
8 eli, j] = o
9 wli, jl = wli,j =1+ p; +q;
10 forr =ito;
11 | t =eli,r—1]+e[r+1,j]+w[i,/]
12 - ifr<eli, ] |
13 eli,j] =t

14 . rootli, jl = r :
15 return e and root Tid O(n3)



Konstruktion af
Optimalt Binaert Sggetrae

W(314)

do k, dy k, d, ky dy k, d, ke de
—_——_——_———

Qo P1 91 P2 92 P3 A3 P4 94 Ps Js




Dynamisk Programmering

Generel algoritmisk teknik

Krav: "Optimal delstruktur” — en Igsning til
oroblemet kan konstrueres ud fra optimale
gsninger til "delproblemer”

Rekursionsligning

Eksempler

— Stang opdeling

— Matrix-kaede multiplikation
— Leengste feelles delsekvens
— Optimale sggetraeer




