Algoritmer og Datastrukturer 2

Korteste Veje
[CLRS, kapitel 24, 25.1-25.2]

Gerth Stglting Brodal

Aarhus Universitet



Eksempel: Korteste veje fra s

Negativ cykel



Eksempel: Korteste veje traeer




Korteste Veje Estimater :
Initialisering

INITIALIZE-SINGLE-SOURCE(G, §)

1 for each vertex v € V]G]
2 do d[v] « o©

3 mi[v] < NIL

4 d[s] <O



Korteste Veje Estimater : Relax

RELAX(u, v, w)

1 dv] > du] + wu, v)

2 then d{v] < d{u] + w(u, v)
3 mlv] < u

2 } 2 }
EJRELAX(H,V,W) EJRELAX(H,V?W)
T y T )

2 )
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Bellman-Ford:
Korteste Veje | Grafer med Negative Veegte

BELLMAN-FORD (G, w, §)

1 INITIALIZE-SINGLE-SOURCE (G, 5)
2 fori < 1to|V[G]| -1

do for each edge (u, v) € E[G]

do RELAX(u, v, w)

for each edge (i, v) € E[G]

do if d[v] > d[u] + w(u, v)

then return FALSE

return TRUE

0 ~J ON L B W

Tid O(nm)



Bellman-Ford: Eksempel




Korteste Veje | Acycliske Grafer

DAG-SHORTEST-PATHS (G, w, 5)

1 topologically sort the vertices of G

2 INITIALIZE-SINGLE-SOURCE(G, s)

3 for each vertex u, taken in topologically sorted order
4 do for each vertex v € Adjlu]

5 do RELAX(u, v, w)

Tid O(n+m)



Eksempel

Acykliske Grafer




Dijkstra:
Korteste Veje | Grafer uden Negative Veegte

DUKSTRA(G, w, §)

1 INITIALIZE-SINGLE-SOURCE(G, s)
2 S <0
3 0 <« ViG]
4 while Q £ 0
do u < EXTRACT-MIN(Q)
S «— SU{u}
for each vertex v € Adj{u]
do RELAX (1, v, w)

Tid O((n+m)-log n)
eller O(n*+m)

o0~ O\ Lh



Dijkstra : Eksempel




Opsummering

SSSP
En-til-alle
korteste veje

Acykliske grafer

. . O(n+m)
(positive og negative vaegte)
Kun positive Dijkstra
veegte O((n+m)-log n)
Generelle grafer
Positive og Bellman-Ford

negative veegte

O(m-n)




Korteste Veje mellem alle
Par af Knude



PRINT-ALL-PAIRS-SHORTEST-PATH(II, i, ;)

1
2

N L B W

ifi =
then print
else if m;; = NIL
then print “no path from” i “to” j “exists”
else PRINT-ALL-PAIRS-SHORTEST-PATH(II, i, 7;;)
print j |



EXTEND-SHORTEST-PATHS (L, W)

1
2
3
4
5
6
7
8

n < rows|[L]
let L’ = (Z;-'j) be an n x n matrix
fori < 1ton

dofor j < lton

return .’/

do Z;j < 00
fork < 1lton
do Z;-'j <“— min(l;'j, i + wij)

Tid O(nd)



MATRIX-MULTIPLY (A, B)

n <— rows| Al
let C be an n x n matrix
fori < lton

dofor j < 1ton

for k < 1ton

do Cij < Cij + i bkj

1
2
3
4
5 dOC;‘j\;O
6
7
8

return C

Tid O(nd)



SLOW-ALL-PAIRS-SHORTEST-PATHS (W)

1 n <« rowsfW]

2 LW W

3 form <«<—2ton—1

4 do L") « EXTEND-SHORTEST-PATHS (L1, W)
5 return L® D

Tid O(n?)
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FASTER-ALL-PAIRS-SHORTEST-PATHS (W)

n < rows|Wj
LY «— W
m <— 1

while m <n — 1
do L@®™ <« EXTEND-SHORTEST-PATHS (L™, L)

m <— 2m
return L

~1 N B W

Tid O(n3log n)



Floyd-Warshall

FLOYD-WARSHALL (W)

1
2
3
4
5
6
7

n <— rows|W]

DY «—w

fork < 1ton
doforz’ «~— 1lton

return D

do for j < 1ton
(%) : (k—1} (k—1) (k—1)
do d;;’ < min(d;™ ", d;; " +d5 )

Tid O(nd)



Transitive Lukning

TRANSITIVE-CLOSURE(G)

n < |\VIG]|
fori < 1ton
dofor j < 1ton
doifi =jor(i,j) € E[G]
then t(o) <—1
else tzo)
fork < 1ton
dofori «— 1ton
dofor j < 1ton

| —1 k—1 k—1
10 dot «— 14V v (" Ay V)
11 return T

O 00 ~1 O hh B W DN

Tid O(n?)



Opsummering

SSSP APSP
En-til-alle Alle-til-alle
korteste veje korteste veje
Acykliske grafer
. / g. O(n+m) O(n-(n+m))
(positive og negative veegte)
Kun positive Dijkstra
veegte O((n+m)-log n
((nrm)-log n) Floyd-Warshall
Generelle grafer
O(n3)
Positive og Bellman-Ford
negative vaegte O(m:-n)
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