Algoritmer og Datastrukturer 1

Binaere Sogetraer [CLRS, kapitel 12]
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Abstrakt Datastruktur: Ordbog

Search(S,x)

Insert(S,x)

Delete(S,X)




(Statisk) Ordbog : Sorteret Array

Search(4)

10 11 12 13

Search(S,x) O(log n)

Insert(S,x)

O(n)
Delete(S,X)
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Invariant For alle knuder er elementerne i venstre (hgjre)
undertree mindre (starre) end eller lig med elementet i knuden



Sagetraes sggninger

INORDER-TREE-WALK (x)

1 if x £ NIL |

2 then INORDER-TREE-WALK (left[x])

3 print key[x]

4 INORDER-TREE-WALK (right[x]) min

TREE-SEARCH(x, k)
1 ifx = NIL or k = key[x]

2 then return x

3 ifk < key[x] max
4 then return TREE-SEARCH (left[x], k) TREE-MINIMUM (x)

5 else return TREE-SEARCH (right[x], k) 1 while left[x] # NIL
ITERATIVE-TREE-SEARCH (%, k) 2 do x <« left[x]

while x £ NIL and k& # key[x] 3 return x

1

2 do if k£ < key[x] TREE-MAXIMUM (x)

3 then x « left[x] 1 while right[x] # NIL
4 else x <« right[x] 2 do x < right[x]
5 returnx 3 return x



Indsaettelse | Sagetrae

TREE-INSERT (T, z)
1 y < NIL

2 x < root[T]

3 while x # NIL

4 doy «x

5 if key[z] < key[x]

6 then x < left[x]

7 else x « right[x]

8 plz] <y

9 ify=NIL
10 then root[T] < z > Tree T was empty
11 else if keylz] < keyly]
12 then left[y] < z

13 else rightly] <z



Slettelse fra Segetrae

TREE-DELETE(T, z)

if left[z] = NIL or right[z] = NIL
then y <z
else y « TREE-SUCCESSOR(z)
if lefty] # NIL
then x < lefi[y]
else x <« right[y]
if x 5 NIL
then p[x] < ply]
if p[y] = NIL
then root[T] < x
else if y = left[ply]]
then left[p[y]] < x
else right[ply]] < x
ify#£:z
then key[z] <« keyly]
copy y’s satellite data into z
return y

TREE-SUCCESSOR (x)

1
2
3
4
5
6
7

if right[x] # NIL
then return TREE-MINIMUM (right[x])
y < plx]
while y # NIL and x = right[y]
dox <y

y < ply]

return y



Sogetraeer

Inorder-Tree-Walk O(n)
Tree-S h
.ree earc oh)
Iterative-Tree-Search
Tree-Minimum
ree-Mi |. u o)
Tree-Maximum
Tree-Insert O(h)
Tree-Delete O(h)

h = hgjden af traeet, n = antal elementer




Hojden af et Sagetrae ?



Storste og Mindste Hgjde

Indsaet i stigende reekkefalge
- Hgjde n

Perfekt balanceret O
(mindst mulig hgjde) 5 B & @

- Hgjde 1+ log n DO E ®® ®



Tilfeeldige Indsaettelser i et Sagetrae

Algoritme:

Indsaet n elementer i tilfaeldige reekkefalge

* Ligesom ved QuickSort argumenteres at den
forventede dybde af et element er O(log n)

* Den forventede hgjde af traeet er O(log n),
dvs. alle knuder har forventet dybde O(log n)
[CLRS, Kap. 12.4]



Balancerede Sggetraeer

Ved balancerede sggetraeer omstruktureres
treeet Iebende sa s@getiderne forbliver O(log n)

 AVL-treeer  Randomized trees
« BBJ[a]-traeer e (2,3)-traeer
« Splay treeer e (2,4)-treer

 Lokalt balancerede o B-traeer
traeer Veegtbalancerede
« Ragd-sorte traser B-treeer



Algoritmer og Datastrukturer 1

Rod-Sorte Saggetraeer [CLRS, kapitel 13]
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14

Rod-Sorte Sggetraeer

Mal 5 12

15

Sggetraeer med dybde O(log n)

Invarianter

 Hver knude er enten R@D eller SORT

 Hver R@D knude har en SORT far

» Alle stier fra roden til et eksternt blad har
samme antal sorte knuder

Saetning
Et rad-sort tree har hgjde < 2:log (n+1)




Rod-Sorte vs (2-4)-traeer

(14
(15)

of®
G @

Rad-sort trae (2,4)-tree

(2,4)-trae = red-sort trae hvor alle rgde
knuder er slaet sammen med faderen



Egenskaber ved (2,4)-traeer

* Alle interne knuder har mellem 2 og 4 barn
 Knude med | barn gemmer i-1 elementer
» Stier fra roden til et eksternt blad er lige lange

Rad-sort trae (2,4)-trae



Indsaettelse 1 et (2,4)-trae

(7 12 24 (35)
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Splittes i to knuder
0og midterste nagle
flyttes et niveu op

(20 30)
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Opdateringer af
Rod-Sorte Traeer



Rotationer

LEFT-ROTATE(T, X)
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RIGHT-ROTATE(7, y)
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LEFT-ROTATE(T, x)
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y <« right[x] > Set y.
right[x] < leftly] > Tuarn y’s left subtree into x’s right subtree.
if left[y] # mil[T ]
then plleftly]] < x
ply] < plx] > Link x’s parent to y.
if p[x] = nil[T]
then root[T] < y
else if x = lefi[plx]]
then lefi[p[x]] < ¥
else right(p[x]] < v
left[y] < x > Put x on y’s left.
plx] <y



Insert



Ubalanceret
indsaettelse

<

RB-INSERT(T, z)

[

O o0 ~1I O Lh B W p =

y <« nil[T]
x <« root[T]
while x £ nil[T]
do y < x
if keylz] < key[x]
then x <« left[x]
else x <« right[x]
plz]l <y
if y = nil[T]
then root[T] « z
else if key[z] < key[y]
then left[y] <« z
else right[y] < z
left[z] < nil[T]
right[z] < nil[T]
color|z] <— RED
RB-INSERT-FiXUP(T, z)



RB-INSERT-FIXUP(T, z)
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while color[p[z]] = RED
do if p[z] = lefi[ plplz]]]
then y < right[p{plz]l]
if color[y] = RED
then color[p[z]] < BLACK
color[y] <— BLACK
color|plplz]]l < RED
z < plplz]]
else if z = right|plz]]
then z <« p[z]
LEFT-ROTATE (7, z)
color[plz]l < BLACK
color|plplz]]] < RED
RIGHT-ROTATE(T, plplz]D)
else (same as then clause
with “right” and “left” exchanged)
color|root[T 1] < BLACK

> Case 1
> Case 1
> Case 1
> Case 1

> Case 2
> Case 2
> Case 3
> Case 3
> Case 3






Indsaettelse | road-sorte traeer:
rebalancering

Omfarv c og
dens to
rode bern

Case 1 <




Delete



Ubalanceret
slettelse

RB-DELETE(T, z)

(1

<

if left(z] = nil[T] or right[z] = nil[T']
then y <z
else y <— TREE-SUCCESSOR(z)
if left[y] # nil[T']
then x < left[y]
else x <« right[y]
plx] < ply]
if p[y] = nil[T]
then root[T] < x
else if y = left[plyl]
then left[ply]] < x
else right[ply]] < x
if y £z
then key[z] < key[y]
copy y’s satellite data into z
if color|y] = BLACK
then RB-DELETE-FIXUP(T, x)
return y



RB-DELETE-FIXUP(T, x)
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while x s root[T] and color[x] = BLACK
do if x = left[p[x]]
then w <« right[ p[x]]
if color{w] = RED

then colorfw] <— BLACK
color[p[x]] < RED
LEFT-ROTATE (T, p[x])
w < right[p[x]]

> Case 1
> Case 1
> Case 1
> Case 1

if color[left[w]] = BLACK and color[right{w]] = BLACK

then color[w] < RED
x <« plx]
‘else if color[right{w]] = BLACK
then color[left{w]] <— BLACK
colorfw] < RED
RIGHT-ROTATE(T, w)
w < right[p[x]]
color[w] < color[p[x]]
color[ p[x]] <~ BLACK
color[right[{w]] <- BLACK
LEFT-ROTATE (T, p[x])
x <« root[T]

> Case 2
> Case 2

> Case 3
> Case 3
> Case 3
> Case 3
> Case 4
> Case 4
> Case 4
> Case 4
> Case 4

else (same as then clause with “right” and “left” exchanged)

color[x] < BLACK



(a)

(b)

(c)

(d)

new x = root{T]



Dynamisk Ordbog :
Rod-Sorte Traeer

Search(S,x)

Insert(S,x) O(log n)

Delete(S,X)
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