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An approach to computability on non-computable data (ABS99)
Relative Realizability: Ay C A

Thm: Local geometric morphism from RT (A, Ay) to RT(Ay)

Thm: Logical functor from RT (A, Ay) To RT(A)

L OO OO O

[]

See Ay — A asinfernal PCA In Set ™.
] Use ——-topology to retrieve above toposes.

] Theory of friposes on topos £ with infernal PCA A and topology ;.

] Generalizations of above theorems, crucial notion: elementary
subobject

1 General definition of modified realizability.
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O Internal PCA’s and triposes
(] elementary embedding A — B

O Internal PCA’s and internal topologies
1 open topologies and modified realizability as closed

complement
] j-dense embedding A — B

0 Relations between toposes
[ pullback results

O Examples
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Work in arbitrary topos £.
letAc &, f: Ax A— A, D, the domain of f.
Definition
0 (A, Da > A)isaPCAIN £ if:
o dk:AVxy:Akxy| Nkxy = x
o ds:AVryz:A.sxy| A sxyz ~ x2(yz)
are frue in the internal logic of £.

0 Given two PCAs (A, Da EN A)and (B,Dp 2 B)amonic : A — B
Is an embedding if

e "D, and f are restrictions of Dy and ¢ along i.”
e "the k and s combinators exist in A,” i.e.:

dk:ANVxy:B.kxy| N kxy = x
ds:ANVxyz:B.sxy| A sxyz ~ xz(yz)
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View (A, D4 EN A) as a structure for a language with just a parfial
pinary function symbol, written as juxtaposition. Also use “is defined”
symbol. Inferpretation of terms is defined in the obvious way.
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Usual facts hold:

1 Schonfinkel’'s Combinatory Completeness. for any term ¢ and any
variable z, there is a term Az.t such that for any term s,
(Ax.t)s ~ t[s/x] holds;

1 Pairing: the sentence

3p, po, p1:ANzy:A.pxy| A pox| Apiz] A po(pry) =z A p1(pxy) =y
is frue in £ (p, po, p1 definable in &, s.)

Notation: The maps
NA,=A: 04 x Q4 — QA
are defined infernally by

XNaY = {x€Alppxre Xandpjx €Y}
X=2Y = {acA|Vbe X(ab] NabeY)}
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Definition of standard realizability tripos 4, on £ w.r.t. A:

P4 (X) Is preorder with
] objects the set of arrows £(X, Q*)
o <iff
da:AVr:X.a € p(x) =a Y(x)

is frue in &.
A Heyting prealgebra, A4 as meeft, = 4 as Heyting implication.
For f: X =Y, Pa(f): Pa(Y) — Pa(X) by composition.
Adjoints: 37 4 Pa(f) and Pa(f) 4V

Jr(e)y) = {acAlFn:X.f(z) =yAacp(x)}
Vi(p)y) = {acA|VoX.f(x)=y—ac(A=4¢(x))}

Generic object: id: Q4 — Q4.
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Definition A subobject A of object B in £ is elementary if, for
any subobject C of B: if C — 1 epic, thenalso AN C — 1 epic.

In the internal logic: A elementary subobject of B if the rule:
£EdJv:B.R(x) = €& FEdrAR(x)

holds for any closed formula dz:B. R(x).

Proposition Lefi: A — B be an embedding of PCAsInE. If Ais
an elementary subobject of B, then there is a local geometric
morphism of friposes: Pg — Py.

A local geometric morphism of triposes is a geomefric
morphism whose direct image has a full and faithful right
adjoint.
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The proof is essentially as in (ABS99) (Awodey, Birkedal, Scoft). El-
ementariness is, e.g., used tfo show that the morphism from Pz t0 Py
given by intersecting with A is order-preserving.
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Let 5 be a Lawvere-Tierney tfopology in £.

PCA Ais j-regular if

Vry:A.j(zyl) — zyl

holds in £. Assumed from now on.

Tripos P, ; defined by:
1 Paj(X) set of arrows £(X, Q)
1 sub-preorder of P4 (X)

Proposition P, ;isatriposand Py ; — P4 is d geometric
inclusion of triposes.
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This propostion appears in van Oosten’s PhD-thesis.
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Proposition If A — Bis an embedding of PCAs,and A C B'is
an elementary subobject, the local geomeitric morphism

Pp — P4 restricts to a local geometric morphism Pg ; — Pa ;.
That is, there is a commutative diagram

Pp j —— Pa;

L

Pp ——— P4

of geometric morphisms of triposes.
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This is proved by sprinkling j°s at suitable places in the proof of the
previous theorem about local geometric morphisms.



v

Recall: j open if there is a global element « of (2, such that

j(x) =u — x.

Define similarly for friposes.

Open inclusions of triposes give open inclusions of toposes.
Proposition If j is open, then the inclusion P4 ; — P4 is open.

Definition If j is open, then the Modified Realizability Topos
My wrt. Aand j, is defined as the closed complement of
S[PA,]'] in S[PA]

Example If&=Set™, A=N—=N, j=-—,then [P, ;| is the
effective fopos and M 4 ; is the modified realizability topos
(vanOosten®7).
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A geometric inclusion into P, corresponds tfo a fripos topology on
P4, that is suitable endomap Jon P4 in £. The inclusion is open if J(«a) =
A" — o for some global element A”: 1 — Py.

Here we write £[P4] for the topos obtained by the fripos-to-topos
construction.

We give an explicit descriptfion of a tripos presenting the modified
redlizabillity topos in the paper.
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Proposition If A — B is a j-dense embedding of PCAs, then
® ON Py, Pp,; (Paj)e
there is a logical functor of triposes:
Paj — Ppj.
Definition A filter ® on a tripos P on £ is a filfer on P(1). The
filter quotient tripos Py is defined as

1 Ps(X) has the same objects as P(X)
b p<eoy Iff Viip=v)ec® where!l: X — 1.

The filter quotient functor P — P is logical.

Here @ C P4 (1) is the setf of those j-closed subobjects o of A
such that
EEA:B.jbeE a).

Using density one shows Pp ; = (P4 ).
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Dense embedding = embedding such that the inclusion is j-dense

A logical functor of triposes is a functor of triposes which preserves
all the defining structure (implication, forall, weak generic object). Log-
ical functors of triposes give logical functors of toposes.
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Theorem The following is a pulllback diagram in the caftegory
of toposes and geometric morphisms:

Sh,€ — > £[Py ]
- |
£ X 5[PA]

Corollary P, ,;, — P, isopen iff j is open.

Relative and Modified Relative Realizability

A

v

12



Here A is the “constant objects” functor from tripos theory.

For the corollary we had before shown that, if j is open, then the
iInclusion of friposes is open. But now we can also conclude the con-
verse since inclusions of toposes are stable under pullback (so if the
inclusion of friposes is open, then the right hand vertical arrow in the
diagram is an open inclusion and thus the leff hand vertical arrow is an
open inclusion, i.e. j is then open).

The proof of the Theorem goes as follows: using Piffs iteration the-
orem, one finds that £|P,4 ;] can e obtained by the fripos fo fopos
construction applied to a tripos on Sh;£ and thus that the top hori-
zontal morphism in the diagram is a “constant objects” functor. Now
one expresses finds the three topologies in £[P4| corresponding fo the
three subtoposes and show that the topology for Sh; & is the sup of the
topologies for the other two subtoposes.
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Proposition Let j be open and let k be the closed
complement of j. Then

Shkg %MAJ
-
5T>5[PA]

is a pullback in the category of foposes and geometric
mMorphisms.
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The previous theorem and this proposition generalizes results in (vanOostens
on the modified realizability topos (where Sh;£ and Sh,£ are both Set).
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The Proposition follows from the Theorem above using that if

G ——H ——L
R
F——=E F—£
are pullback squares of inclusions of foposes, with H — £ open

and £ — £ its closed complement, then I — F is the closed
complement of G — F.
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An exercise in infernal locale theory.
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Proposition A — B be an elementary embedding of PCAs in a
topos £ with open topology j. Then there is a surjective
geometric morphism Mg ; — M4 ; such that the diagram

Mpj——= My

L

5[PB] — S[PA]

commutes.
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This is proved using the explicit description of a triposes representing
the modified realizability toposes.
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Given embedding 4; C A in Set, (ABS99) defined relative
realizability tripos P by

0 P(X)="PA)™

[]

e < iff Fa:A;Vr:X.a € (p(xr) =a ¥(x))

Internal PCAs in Set ™ (all =—-regular):

A=(Ay—A;) B=(4;—A4) C=(A—A)

Facts

[]

[]
[]
[]

Set™ [Pa,~-| ~ Set[Pa,| = RT(4y)

Set™ [Ps,--] >~ Set[P] = RT(A, Aj)

Set ™ [Pc -] ~ Set[Pa] = RT(A)

A — B is an elementary embedding, so local map
Set ™ [Pg,~~| — Set " [Pa,--]

B — Cis a =—-dense inclusion, so logical functor
Set™ [Pr,—-| — Set™ [P -]
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Sketch of Set ™ [Pi -] ~ Set|P]:

0: Set — Set ", open inclusion of ——-sheaves, with 0. the
constant sheaves functor.

By Pifts” iterafion theorem, Set [P, .| ~ Set|Pz - o (0.)°P].
Claim Pz __0(0,)?~P

%

0. (X)——=Q5_

X——P(A)
Ordering: ¢ < 1 iff

Set™ = Ja:AVz:0.(X) Vb € $(z) (ab] A ab € P(x))

Set = da:Ay.Vr: X.a € (p(x) =a ¥(x))
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The bijective correspondence shows how elements in the fibre over
X correspond to maps from X to the ordinary powerset of A.

The ordering of fwo such elements » and ) is by definition given by
asking that the sentence shown is valid in Set™. It is not too hard to
see that that it is equivalent to the shown sentence being valid in Set
— and that is exactly the definition of the order in P.
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