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Abstract. We present a local relational reasoning method for reasoning
about contextual equivalence of expressions in a A-calculus with recur-
sive types and general references. Our development builds on the work
of Benton and Leperchey, who devised a nominal semantics and a local
relational reasoning method for a language with simple types and simple
references. Their method uses a parameterized logical relation. Here we
extend their approach to recursive types and general references. For the
extension, we build upon Pitts’ and Shinwell’s work on relational rea-
soning about recursive types (but no references) in nominal semantics.
The extension is non-trivial because of general references (higher-order
store) and makes use of some new ideas for proving the existence of the
parameterized logical relation and for the choice of parameters.

1 Introduction

Proving equivalence of programs is important for verifying the correctness of
compiler optimizations and other program transformations. Program equivalence
is typically defined in terms of contextual equivalence, which expresses that two
program expressions are equivalent if they have the same observable behaviour
when placed in any program context C'. It is generally quite hard to show directly
that two program expressions are contextually equivalent because of the univer-
sal quantification over all contexts. Thus there has been an extensive research
effort to find reasoning methods that are easier to use for establishing contex-
tual equivalence, in particular to reduce the set of contexts one has to consider,
see, e.g., [7,3,1,6] and the references therein. For programming languages with
references, it is not enough to restrict attention to fewer contexts, since one also
needs to be able to reason about equivalence under related stores. To address
this challenge, methods based on logical relations and bisimulations have been
proposed, see, e.g., [8,2,13]. The approaches based on logical relations have so
far been restricted to deal only with simple integer references (or references to
such). To extend the method to general references in typed languages, one also
needs to extend the method to work in the presence of recursive types. The lat-
ter is a challenge on its own, since one cannot easily establish the existence of
logical relations by induction in the presence of recursive types. Thus a number
of research papers have focused on relational reasoning methods for recursive
types without references, e.g., [3,1]. Recently, the bisimulation approach has



been simplified and extended to work for untyped languages with general refer-
ences [5,4]. For effectiveness of the reasoning method, we seek local reasoning
methods, which only require that we consider the accessible part of a store and
which works in the presence of a separated (non-interfering) invariant that is
preserved by the context. In [2], Benton and Leperchey developed a relational
reasoning method for a language with simple references that does allow for local
reasoning. Their approach is inspired by related work on separation logic [10,
9]. In particular, an important feature of the state relations of Benton and Lep-
erchey is that they depend on only part of the store: that allows us to reason that
related states are still related if we update them in parts on which the relation
does not depend. In this paper we extend the work of Benton and Leperchey
to relational reasoning about contextual equivalence of expressions in a typed
programming language with general recursive types and general references (thus
with higher-order store). We arrive at a useful reasoning method. In particular,
we have used it to verify all the examples of [5]. We believe that the method is
simple to use, but more work remains to compare the strengths and weaknesses
of the method we present here with that of loc.cit.

Before giving an overview of the technical development, we now present two
examples of pairs of programs that can easily be shown contextually equivalent
with the method we develop. The examples are essentially equivalent to (or
perhaps slightly more involved than) examples in [5]. Section 5 contains the
proofs of contextual equivalence.

The programs M and N shown below both take a function as argument
and returns two functions, set and get. In M, there is one hidden reference y,
which set can use to store a function. The get function returns the contents of
y. The program N uses three local references yg, y1 and p. The p reference holds
a integer value. The set function updates p and depending on the value of p it
stores its argument in either yg or y;. The get function returns the contents of yg
or y1, depending on the value of p. Note that the programs store functions in the
store. Intuitively, the programs M and N are contextually equivalent because
they use local storage. The proof method we develop allows us to prove that they
are contextually equivalent via local reasoning.

M =rec f (g: 7 — T7"): T(((r — T1') — Tunit) X (unit — T (7 — T7"))) =
let y <= ref g in
let set < val (rec fim(g1: 7 — T7'): Tunit = y := ¢1) in
let get < val (rec foa(z :unit) : T(r — T7') = ly) in
(set,get)

N=rvec f (g: 7 — T7'): T(((r = T71') — Tunit) X (unit — T(r — T7"))) =
let yo < ref g in
let y1 <= ref g in
let p <= ref 0 in
let set < val (rec fin(g1 : 7 — T7') : Tunit =
if iszero(!p) then
(P =141 :=g1)



else
(p:=0; yo := g1)) in
let get < val (rec fon(z :unit): (1 — T7') =
if iszero(!p) then lyo else ly;) in
(set,get)

Next consider the programs M’ and N’ below. They both have a free variable
g of function type. In M’, g is applied to a function that just returns unit and
then M’ returns the constant unit function. In N/, g is applied to a function
that updates a reference local to N’, maintaining the invariant that the value
of the local reference is always greater than zero. After the call to g, N’ returns
the constant unit function if the value of the local reference is greater than zero;
otherwise it diverges ({2 stands for a diverging term). Intuitively, it is clear that
M’ and N’ are contextually equivalent, since the local reference in N’ initially
is greater than zero and g can only update the local reference via the function
it is given as argument and, indeed, we can use our method to prove formally
that M’ and N’ are contextually equivalent via local reasoning.

M’ =let f < val (rec f'(a: unit) : Tunit = val ()) in
let w <= gf in
val f

N’ =let x < ref 1 in
let f <= val (rec f'(a : unit) : Tunit) = z :=lz + 1) in
let w <= gf in
let 2z < if iszero(!z) then (2 else (rec f’(a : unit) : Tunit = val ()) in
val z

We now give an overview of the technical development, which makes use of a
couple of new ideas for proving the existence of the parameterized logical relation
and for the choice of parameters.

In Section 2 we first present the language and in Section 3 we give a deno-
tational semantics in the category of FM-cpo’s. Adapting methods developed
by Pitts [7] and Shinwell [11,12] we prove the existence of a recursive domain
in (FM-Cpo, )%, D = (V,K,M,S), such that i : F(D,D) = D where F is our
domain constructor. The 4-tuple of domains D has the minimal invariant prop-
erty, that is, idp is the least fixed point of 6 : (D — D) — (D — D) where
5(e) = io F(e,e) oi~t. Denotations of values are given in V, continuations in
K, computations in M and stores in S. We show adequacy via a logical relation,
the existence of which is established much as in [11].

The denotational semantics can be used to establish simple forms of contex-
tual equivalence qua adequacy. For stronger proofs of contextual equivalences
we define a parameterized relation between pairs of denotations of values, pairs
of denotations of continuations, pairs of denotations of computations, pairs of
denotations of stores. We can express contextual equivalence for two computa-
tions by requiring that they have the same terminaton behaviour when placed
in the same arbitrary closing contexts.



Since our denotations belong to a recursive domain, the existence of the pa-
rameterized logical relation again involves a separate proof. The proof requires
that the relations are preserved under approximations. On the other hand we
want the parameters to express invariants for hidden local areas of related stores,
and such properties of stores will not be preserved under approximations. There-
fore our relations are really given by 4-tuples, which we think of as two pairs: the
4-tuples have the form (d}, d;,d), ds), where dj C dy and d} C do. We can now
let the approximation be carried out over the primed domain elements df, d5,
and preserve the invariant on the non-primed elements dy, ds. Correspondingly,
relatedness of computations is stated as a two-sided termination approximation.
Termination of application of an approximated computation m} to an approxi-
mated continuation k] and an approximated store S7 implies termination in the
other side of the non-approximated elements, m{k{S; = T = mokoSe = T,
and similarly for the other direction. With this separation of approximation from
the local properties that the parameters express, we can prove that the relation
exists. We can then extract a binary relation, defined via reference to the 4-ary
relation, such that the binary relation implies contextual equivalence.

A parameter expresses properties of two related stores; and computations
are related under a parameter if they have equivalent termination behaviour
when executed in stores, which preserve at least the invariants expressed by the
parameter. Our parameters are designed to express relatedness of pairs in the
presence of higher-order store and therefore they are somewhat more complex
than the parameters used by Benton and Leperchey [2]. As we have seen in the
examples above, we can prove contextual equivalence of two functions, which
allocate local store in different ways, and then return functions set and get that
access the hidden local storage. These local locations can be updated later by
application of the exported set-functions to related arguments. In between the
return of the functions and the application of the returned set-functions, there
might have been built up additional local store invariants. Thus functions stored
by a later call to the returned set-function may require further properties of
stores in order to have equivalent behaviour, than was the case when our set and
get functions were returned. To handle this possibility our parameters include
pairs of locations; two stores are then related wrt. such pairs of locations if the
pair of locations contain values that are related relative to the invariants that
hold for the two stores.

In more detail, a parameter has the form A{rq,...,r,}. Here Ais a store type
that types a finite set of locations; these are intuitively our “visible locations.”
The ry,...,7r, are local parameters. A local parameter r; has its own finite
area of store in each side, disjoint from the visible area and from all the other
local parameters’ store areas. A local parameter r; has the form (P, LL;) V
«+-V (P, LLy,). The Ps express properties of two stores and the LLs are lists of
location pairs. It is possible to decide if two states fulfill the properties expressed
by the Ps by only considering the contents of r;s private areas of store. At least
one P must hold and the corresponding LL must hold values related relative to
the invariants that hold for the two stores (we can also think of this as related



at the given time in computation). Using FM domain theory makes it posible
for us to express the parameters directly by location names.

We present the definition of our relation, state its existence and the theorem
that relatedness implies contextual equivalence in Section 4. In the following
Section 5 we show how we prove contextual equivalence of our example programs.
We hope that the proofs will convince the reader that our logical relations proof
method is fairly straightforward to apply; in particular the choice of parameters
is very natural. We conclude in Section 6.

For reasons of space most proofs have been omitted from this extended ab-
stract.

2 Language

The language we consider is a call-by-value, monadically-typed A-calculus with
recursion, general recursive types, and general dynamically allocated references.
Types are either value types T or computation types T'T. Values of any closed
value type can be stored in the store.

Tu=q|unit |int |7 X 7|74+ 7]| 70l | T > T7 | pv.7
yu=T1|TT

Typing contexts, I, are finite maps from variables to closed value types. We
assume infinite sets of variables, ranged over by x, type variables, ranged over
by «, and locations, ranged over by [. We let IL denote the set of locations. Store
types A are finite maps from locations to value types. Terms G are either values
V or computations M:

Ve=z|n|l] )| (V,V) iV |rec f(x:7)=M | fold V

M:=VV'|letxe<=Min M' |valV | mV | ref V | IV |
V.=V | case V of in1x1:>M1;in2x2:>M2|
V=V'"|V+V'|iszero V | unfold V

G:=M]|V

Continuations K take the following form:
K:u=valz|lety< Min K
The typing judgments take the form
ATEV T A TEM T AFK:(z:7)"

The typing rules for values and terms are as in [2] extended with rules for
recursive types, except that the type for references is not restricted. Here we
just include the following three selected rules:

ATV T
A;I'FrefV o T(rref)




AT HV o Tlpot/d] ATV paet
A;TE fold Vo paet A;TFaunfold Vo T(r[peet/al)

Stores X' are finite maps from locations to closed values. A store X' has store
type A, written X : A, if, for all [ in the domain of A, A;+ X(1) : A(I).

The operational semantics is defined via a termination judgment X, let x <
M in K |, where M is closed and K is a continuation term in x. Typed contin-
uation terms are defined by:

Asg:THFM:TT AFK:(y:7)7
Askwval @: (z:7)T Ajblety=Min K: (x:7)"

The defining rules for the termination judgment X let x < M in K | are
standard given that the language is call-by-value, with left-to-right evaluation
order. We just include one rule as an example:

Y.let x <=valVin K |
X, let x < unfold(fold V) in K |

A context is a computation term with a hole, and we write C[.] : (4; 1
v) = (4;—F T'7) to mean that whenever A;I" - G : v then A;— + C|G] : T'r.
The definition of contextual equivalence is standard and as in [2].

Definition 1. If A;T' F G, : v, fori = 1,2 then Gy and G2 are contextually
equivalent, written
A;F F Gl “ctx GQa

if, for all types T, for all contexts C[.] : (A; T F ) = (A;— F T1) and for all
stores X : A,

Y. let x < C[Gq]in val x <= X let © <= C[Gs] in val z | .

3 Denotational Semantics

We define a denotational semantics of the language from the previous section
and show that the semantics is adequate. The denotational semantics is defined
using FM-domains [11]. The semantics and the adequacy proof, in particular the
existence proof of the logical relation used to prove adequacy, builds on Shin-
well’s work on semantics of recursive types in FM-domains [11]. Our approach is
slightly different from that of Shinwell since we make use of universal domains to
model the fact that any type of value can be stored in the store, but technically
it is a minor difference.

We begin by calling to mind some basic facts about FM-domains; see [11]
for more details. Fix a countable set of atoms, which in our case will be the
locations, L. A permutation is a bijective function m € (L — L) such that the
set {l | (1) # 1} is finite. An FM-set X is a set equipped with a permutation
action: an operation m e — : perms(L) x X — X that preserves composition
and identity, and such that each element z € X is finitely supported: there is
a finite set L. C IL such that whenever 7 fixes each element of L, the action



of 7 fixes x: m @ x = x. There is a smallest such set, which we write supp(z).
A morphism of FM-sets is a function f : D — D’ between the underlying
sets that is equivariant: Vz.m e (fz) = f(w e z). An FM-cpo is an FM-set with
an equivariant partial order relation C and least upper bounds of all finitely-
supported w-chains. A morphism of FM-cpos is a morphism of their underlying
FM-sets that is monotone and preserves lubs of finitely-supported chains. We
only require the existence and preservation of lubs of finitely-supported chains, so
an FM-cpo may not be a cpo in the usual sense. The sets Z, N, etc., are discrete
FM-cpos with the trivial action. The set of locations, L, is a discrete FM-cpo
with the action 7 e = 7(l). The category of FM-cpos is bicartesian closed: we
write 1 and x for the finite products, D = D’ for the internal hom and 0,+ for
the coproducts. The action on products is pointwise, and on functions is given
by conjugation: we f = Ax.w e (f(n~1 ex)). The category is not well-pointed:
morphisms 1 — D correspond to elements of 1 = D with empty support. The
lift monad, (—)y,, is defined as usual with the obvious action. The Kleisli category
FM-Cpo, is the category of pointed FM-cpos (FM-cppos) and strict continuous
maps, which is symmetric monoidal closed, with smash product ® and strict
function space —o. If D is a pointed FM-cpo then fiz : (D = D) —o D is defined
by the lub of an ascending chain in the usual way. We write O for the discrete
FM-cpo with elements | and T, ordered by 1. C T.

As detailed in [11], one may solve recursive domain equations in FM-Cpo | .
For the denotational semantics, we use minimal invariant recursive domains:

V1, eZ,oLl,ea(VaV)a(VeV)a (V—oM), &V
K (S —o (V—00))

Mz~ (K— (S—0))

S gLL—OV

Formally, these are obtained as the minimal invariant solution to a locally FM-
continuous functor F : (FM-Cpo? )°P x FM-Cpo} — FM-Cpo’ . We write I for
(V,K,M,S) and ¢ for the isomorphism ¢ : F'(D,D) = D. We will often omit the
isomorphism ¢ and the injections into the sum writing, e.g., simply (v1,vs) for
an element of V.
Types, T are interpreted by [7] =V, computation types T'7 are interpreted
by [T7] = M, continuation types (x : 7) are interpreted by [(z:7)"] = K,
and store types A are interpreted by [A] = S. Type environments I' = z7 :
Ti,...,Tn : Ty are interpreted by V.
Typing judgments are interpreted as follows:
- [ATEVr] e (] —o[r])
—[ATEM:Tr] e ([I7]) —[T7])
—[AFK:(z:7)T] €K

The actual definition of the interpretations is quite standard, except for alloca-
tion which makes use of the properties of FM-cpo’s:

[A; T+ refV . T(rref)] p = Ak.AS.
E(S(I— [TV 7] pDl
for some/any I ¢ supp(N'.E(S[l' — [A; TV 7] p)l)



The definition is much as in [2]. The use of FM-cpo’s ensure that it is a good
definition. As in [2], we use the monad T to combine state with continuations to
get a good control over what the new location has to be fresh for.

We only include two additional cases of the semantic definition, namely the
one for unfold and the one for continuations:

[+ unfold V : T(r[uc.T/a])] p = Ak.AS.
case [A;T'FV i poet] p of 4 oing,(d) then kSd; else L,

where in, is the appropriate injection of Vinto 1, #Z, L, ¢ (Ve V)s
(VeV)a (V—oM), &V and 4 is the isomorphism from this sum into V.

[As- K (z:7)T] = AS.\d.
[A;z:7F K :T7{x— d}(AS". (A" T)1)LS

Theorem 1 (Soundness and Adequacy). If A;- M :T7, A K :(v:7) 7,
Y:Aand S € [X: A] then

Yltez=Min K| iff [AFM:Tr]«[AFK:(z:7)T]S=T.

Soundness is proved by induction and to show adequacy one defines a formal
approximation relation between the denotational and the operational semantics.
The existence proof of the relation is non-trivial because of the recursive types,
but follows from a fairly straightforward adaptation of Shinwell’s existence proof
in [11] (Shinwell shows adequacy for a language with recursive types, but without
references).

Corollary 1. [A;T'F Gy : ] =[A; T F Gy : 7] implies A; '+ Gy =c0 Ga.

4 A Parameterized Logical Relation

In this section we define a parameterized logical relation on D and F'(ID, D), which
we can use to prove contextual equivalence. (In the following we will sometimes
omit the isomorphism i,i~! between F(D,D) and D).

4.1 Accessibility maps, simple state relations and parameters

Intuitively, the parameters express properties of two related states by expressing
requirements of disjoint areas of states. There is a “visible” area and a finite
number of “hidden invariants.” In the logical relation, computations are related
under a parameter if they have corresponding termination behaviour under the
assumption that they are executed in states satisfying the properties expressed
by the parameter.

Definition 2. A function A :S — Pgn(IL) from S to the set of finite subsets of
LL is an accessibility map if

VSl,SQ. (Vl c A(Sl) Sl = SQZ) = A(Sl) = A(Sg)



We let Ay denote the accessibility map defined by ¥S.A44(S) = 0, and we let
Aqiy,...1,y denote the accessibility map defined by V.S Ag, 1,3 (S) = {l1,..., Ik}

Definition 3. A simple state relation P is a triple (p, Ap1, Ap2) satisfying that
Ap1 and Aps are accessibility maps and p is a relation on S satisfying, for all
states S1, 59,571,545 €S,

(Vll € Ap1(51).5111 = Sill A Viy € ApQ(SQ).SQZQ = Sélg)
= ((S1,9) € p < (1, 9) € p).

Note that a simple state relation is essentially a relation on states for which it
can be decided whether a pair of states belong to the relation only on the basis
of some parts of the states, defined by a pair of accessibility maps.

We denote the “always true” simple state relation (S x S, Ay, Ag) by T

We now define the notion of a local parameter, which we will later use to
express hidden invariants of two related states. Intuitively, a local parameter has
its own private areas of the states. These areas are used for testing conditions and
for storing related values. The testing condition is a disjunction of simple state
relations, where to each disjunct there is an associated list of pairs of locations
from the two related states. At least one condition must be satisfied and the
corresponding list of locations hold related values.

Definition 4. A local parameter r is a finite non-empty set of pairs
{(P1,LL1),..,(Pm, LLy,)}, where each P; is a simple state relation
P; = (pi, Api1, Apiz) and
each LL; is a finite set of location pairs and closed value types
LL; = { (li11711'12; Ti1)7 sy (limla linﬂa’rm) } (nl 2 0)
We often write a local parameter as r = ((Py,LL1)V ...V (Pn, LLy,)). For a
location list LL, we write L resp. Lo for the set of locations that occur as first
resp. second components in the location list LL. For a local parameter r, there are
associated accessibility maps A,1 and A, given by VS. A,1(S) = U; Api1 (S)UL,
and VS. ATQ(S) = Ui AIMQ(S) @] LQ.

We denote the “always true” local parameter {(T,0)} also simply by 7. It
has the associated accessibility maps Ay, Ayp.

As explained in the introduction we have included the LL-list to be used
for storing related values which may later be updated by exported updating
functions. The updated values may require more invariants to hold for the stores
in order to have equivalent behaviour. This interpretation of the local parameter
is expressed in the definition of our invariant relation F'(V, V) below.

Definition 5. A parameter Ar is a pair (A,r), with A a store type, and r =
{r1,..,mn} a finite set of local parameters such that T € r.

For a parameter Ar we associate accessibility maps A,; and Ao, given by
VS. A (S) = Ar1(S) and VS. A.0(S) = J A4r,2(5).
For each store type A we have a special the “always true” parameter Aidy =

A{T}.



Definition 6. For parameters A'r’ and Ar define
A’r’bAr(gA’QAandT’Qr.

The ordering relation > is reflexive, transitive and antisymmetric. For all pa-
rameters Ar it holds that there are only finitely many parameters Agrg such
that Ar > Agrg. For convenience we sometimes write Ar < A’r’ for A'r’ > Ar.

4.2 Parameterized relations and contextual equivalence

In this section we will define a parameterized logical relation on D and F(D, D).
Let D = (Dv, Dk, D, Ds) € {D, F(D,D)}. We define the set of relations R(D)
on D as follows.

R(D) = RV X EK X R]V[ X RS where

RV = all subsets of
D? x {7 | 7is a closed value type} x {parameter} that include
{(L,v1, L,va, 7, Ar) | v1,v2 € Dy, 7 closed value type, Ar parameter}
RK = all subsets of
D3 x{(z:7)" | (z:7)" is a continuation type} x {parameter} that include
{(J-’ ki, L, ko, (x : T)Tv AT) |
ki,ks € Dg,(z: 7)T continuation type, Ar parameter}
Ry = all subsets of
D3, x {TT | Tt is a closed computation type} x {parameter} that include
{(L,mq, L,mq, TT, Ar) |
my,mg € Dy, TT closed computation type, Ar parameter}
Rs = all subsets of D% x {parameter} that include
{(L,S1, 1,85, Ar) | S1,S € Dg, Ar parameter}

A relation (R1, R, R3, R4) € R(D) is admissible if,

for each i, R; is closed under least upper bounds of finitely supported chains of
the form (d, dq, d}, da, (type), Ar);c., where dy,ds, type, Ar are constant. We let
Radam (D) denote the admissible relations over D.

Theorem 2. There exists a relational lifting of the functor F to (R(D)°P x
R(D)) — R(F(D,D)) and an admissible relation V = (Vy,Vk,Vy,Vs) €
Raam (D) satisfying the equations in Figure 1 and (i,7) : F(V,V) C V A
@1,i"Y): V C F(V,V).

Proof (Theorem 2, existence of an invariant relation V ). The proof makes use of
the ideas mentioned in the Introduction in combination with a proof method in-
spired from Pitts [7]. We have defined a relational structure on the domains
D and F(D,D) € FM-Cpo} as products of relations on each of their four
domain-projections. Each of these relations is a 4-ary relation with elements
(dy,dy,db, da, (type), Ar) where d} = d, = L relates to everything.

We define the action of F/(—,+) on relations R~, R™ € D such that it holds
that d} C dy and d C ds in elements (d}, d1,db, da, (type), Ar) of F(R™, R1),,



F(V.V)y ={(L, v1, L, va, 7, Ar) } U
{(vy, v1, vh, va, T, Ar) |
ViCvo#L ANvhbCug# L A
(vf, vy, vh, vo,T, Ar) € O }
where
O = {(in1*, iny*, ing*, ing*, unit, Ar) } U
{(ingn, ingn, ingn, ingn, int, Ar) | n€Z } U
{(inLl, inpl, ingl, inpl, (ADref, Ar) |1 € dom(A) } U
{(ingin;d}, ingin;dy, ingin;dy, ingin;ds, 7 + 72, Ar) |
JAgre <1 Ar. (dll, dy, do, do, T, A(ﬂ’o) eVy, i € {1,2} } U
{(ing(di,, dllb)?)i|n®(d1aa dip), ing(dy,, dyy), ing(dza; dap),
T X Tp, Ar
JAoro < Ar. (dy,, dia, dbgs db,, Ta, Aoro) € Vy and
(dllb, dyp, d/2b’ dap, T, Ao’r'()) e Vy } U
{(ined}, inedy, inody ineds, 7 — T7', Ar) |
VA'Y > Ar, (v] ,v1, vy, ve, T, A7) € Vy.
(divy, divi, dhvhy, dove, TT', A'r') €V U
{(in,d’, inydi, in,dy, ingds, pouT, Ar) |
JAgre < Ar. (d}, di, dby, do, T[pa.T/al, Agro) € Vv }

F(V,V)K :{( /1, kl, k‘é, kg, (.QZZT)T, Ar) |
kll Cki A ké Cky A VA'r > Ar.
V(S], Si, Sb, s, A'r) € Vs,
V(vy, vi, vh, ve, T, A'r) € Vy.
(1{3/1 {Ull =T = kySovg = T) A\
(k‘éSéUé =T = k;lSlvl = T) }

F(V,V) )y = {(m}, my, mb, ma, TT, Ar) |
my Cmy A mhCmy A VAT > Ar.
V(k/lv kla kl27 kQa (x:T)T? AIT/) € VK
V( {, Sl, Sé, 527 A/T/) eVg .
(mllkiSi =T = moksSy = T) A\
(mékéSé =T= m1k151 = T) }

F(V,V)S :{(J_, Sl, J_, SQ, AT’) } U

{( i, Slv Séa SQ» AT) |T:{T17"‘7rn} A
S{;Sl#J_ N SQESQ#J_ ANYi#£j i,7€1,...,n.
Arin(S1) N A1(S1) =0 A Aria(S2) N Apja(S2) =0 A
dom(A)N A1 (S1) =0 A dom(A)N Ae(S2) =0 A
VI € dom(A).(S11, Sil, Shl, Sel, Al, Ar) € Vy A
Vr, € T.E(Pb,LLb) € rg. (51,52) € pp A

V(ll,lz,’r) € LLb.(Sill,Slll,Sélg,Szlz,T, A’I") eVy

Fig. 1. Invariant Relation V



n € {V,K,M,S}. In the definition of F(R™,RT)s € R(i~'S) the accessibility
maps and the simple state relations mentioned in a parameter Ar are only
used on the non-primed elements s1, sy from (s}, s1, s, s2, Ar). As explained,
approximation will be carried out on the primed domain elements. Therefore,
we define application of a pair of functions (f, j) to a relation only for f C j with
j an isomorphism j € {i,i71, idp,idpp,py}- In an application (f, j)R we apply
f to the elements in the primed positions, and j to the elements of the non-
primed positions. Then we define (f,7) : R C S to mean that set theoretically
(f,7)R C S. It holds that F(R~, R*) preserves admissibility of RT. It also holds
that R—,R*,S~, St € R(D) with (f,idp) : S~ C R~ and (f*,idp) : RT c ST
implies (F(f~, f),idrmp)) : F(R™,RT) C F(S7,S5T). These properties are
essential for the proof of existence of the invariant relation V.

Proposition 1 (Weakening). For all A'r’ > Ar,

— (v}, v1,vh, v, T, Ar) € Vy = (v],v1, 05, v, 7, A'r') € Vy,
— (ki,kl,ké,kg, (.’E : T)T,AT) S VK = (kll,kl,klz,kQ, (IE : T)T,A/T/) S VK,
— (mh,mq, mh, mo, TT, Ar) € Vs = (m], my, mh, me, TT, A'r') € V.

Below we define a binary relation between denotations of typing judgement con-
clusions. This relation will be used as basis for proofs of contextual equivalence.
The relation is defined by reference to the 4-ary relations from V. For two closed
terms, two continuations, or two states the binary relation requires that their de-
notations di, ds are related as two pairs (di1, d1, ds, do, (type), parameter) € V.
The denotations of open value-terms with n free variables belong to V" —o V,
denotations of open computation terms toV"™ —o M. They must give related el-
ements in V whenever they are applied to n-tuples of V-related elements form
V.

Definition 7 (Relating denotations of open expressions).
— Foralll’'=x1:711,...;¢n:Tp and A; TV :7 and A; T Voo 7
let vi =[A; T Vi 7] and ve = [A; T F Vo o 7], and define

d
(v1,v2,7, Ar) € VL Lol

VAT > Arvi € {1,...,n}.V(vy,, v1i, 9, 024, i, A1) € V.
(vl (vllz')a U1 (Th)a U2 (véi)a U2 (T%)a T, Alr/) € Vy.
— Foralll’' =x1:7,...,%p :Tpn, AT F My : T7 and A;T'F My : T'7,
let my =[A; T F My : T7] and ma = [A; T+ My : T'1]], and define
(my,ma, TT, Ar) € V1, &
VAT > ArVi € {1,...,n}.V(vy,, v14, v, v2:, i, A1) € Vi
(ma (v1;), ma (V13), ma(vy;), m2(V2:), T, A'r") € V.
— Forall A Ky (z:7)T and Ak Ko : (2 7) 7,
let ki = [AF Ky (2 :7) 7] and ke = [A;F Ko 2 (x:7) 7], and define

(k1o koy (2 7) T, Ar) € V% 254 (ky Ky, Koy B, (w2 7) T, Ar) € Vi



— Forall X1 : A, Xy : A, let S1 € [ : A] and Ss € [Y2 : 4], and define

(S1, S0, Ar) € V. L4 (81,81, S5, S0, Ar) € V.
Lemma 1.

1. Suppose (my,ma, TT, Ar) € VL, We then have that

VAT > Ar¥(vij,ve, 75, A1) € V?/.Vj e{l,...,n}.
V(k1, ko, (x:7) T, A7) € VI.Y(S1, S, A'r') € VY.
(i_l(ml (E)))lel =T <= (i_l(mQ(Wj)))kQSQ =T.

Theorem 3 (Fundamental Theorem). For all parameters Ar it holds that

—if ;T E VT then (A TV 7], [A TV 7], 7, Ar) € VE,
— if A;T' = M : Tt then ([A; T = M : T7],[A; T+ M : T, TT, Ar) € V4.

The Fundamental Theorem is proved in the standard way by showing that all
the typing rules preserve relatedness in V!'; weakening (Proposition 1) is used
in several proof cases.

Lemma 2.

—vr. ([AsFval o : (z: 7)), [AsFval 2 (z:7) 7], (x:7)T, Ar) € VY,
— if S € [A] then (S, S, Aidg) € VY.

The following theorem expresses that we can show two computations or two
values to be contextually equivalent by showing that they are related in V'
under a parameter Aidy, which does not require that any hidden invariants
hold for states. The computations may themselves be able to build up local
state invariants and a proof of relatedness will often require one to express these
invariants; see the examples in the next section.

Theorem 4 (Contextual Equivalence). Let C[_]: (A; T F ) = (A;F T'7)
be a context. If A;T'H Gy :v and A; T Gs 2 v and

(IA; T+ Gy 9], [A T F Gy 9]y, Aidg) € VS, j € {V,M}
then

VE A (X let x < ClGh] in val z |<= X, let < C[Gs] in val z |).

5 Examples

Before presenting our examples, we will first sketch how a typical proof of contex-
tual equivalence proceeds. Thus, suppose we wish to show that two computations
mq and me are contextually equivalent. We then need to show that they are re-
lated in a parameter Aidy or, equivalently, in Ar, for any r. This requires us to



show, for any extended parameter Alr!, any pair! of continuations k; and ks
related in Alr!, and any pair of states S; and Sy related in Alr!, mik;S; and
mokoSo have the same termination behaviour. The latter amounts to showing
that k1(S1]...])v1 and ko(S2[. . .])ve have the same termination behaviour, where
Si[...] and Ss]...] are potentially updated versions of S; and Ss; and v; and vy
are values. Since k; and ks are assumed related in Alr!, it suffices to define a
parameter A%r? extending Alr! and show that Si[...] and So]...] are related
in A%r? and that v; and vy are related in A%r2. Typically, the definition of the
parameter A%r? essentially consists of defining one or more local parameters,
which capture the intuition for why the computations are related.

In the first example below we prove that M and N from the Introduction are
contextually equivalent. In this case, the only local parameter we have to define
is fs = ((Pl, LLl) V (PQ, LLQ)), where

P = ({(SlaS2) | SQZP = O}7A(Z)7A{lp})a LL, = {(llhlyo)}v
P2 = ({(51752) | Sglp =N 75 0},A@7A{lp})7 LL2 = {(lnyl)}.

This local parameter expresses that, depending on the value of Sy(1,), either the
locations (I, l,0) or the locations (ly,l,1) contain related values.

In the first subsection below we present the proof of contextual equivalence
of M and N in detail. Formally, there are several cases to consider, but do note
that the proof follows the outline given above and is almost automatic except
for the definition of the local parameter shown above.

5.1 Example 1

Consider the programs M and N from the Introduction.

We want to show that M and N are related in any parameter Ar, that is
VAr. ([0;F M : o], [0;+ N : 0]),0,Ar) € VY. Here 0 = (1 — T7') — T(0o1 X 02),
and 01 = (1 — T'7') — Tunit and 02 = unit — (7 — T'7')). As M and N are values of
function type, their denotations have the forms inedy and ine.dy. We need to show
VAI’IJ > AT‘.V(U{, U1, Ué, V2, T — TT/, AlTl) € Vvy. (d]u’l)i, d]\/[v1, deé, dN’Ug, T(O’l X
0'2), Al’r‘l) €eVu.

It suffices to show that YA%r? > At V(K1 k1, kb, ko, (x : 01 X 02) T, A%r?) € V.
V(S1, 51,85, 82, A*r?) € Vs it holds that (dav])ki St = T = (dyv2)k2S2 = T and
(dN’Ué)k,zSé =T = (dMUl)kilsl =T.

Now, (darv1)k1S1 = k1(S1[ly — n1])([0;y = recfin](y — L), [0;y b recfanm](y — L)),

where [, is a location that is fresh wrt. the store S1 in combination with the parameter
A2 e,

ly ¢ dom(A*) U A,2,(S1). (1)
The value of (darv})k1S] is similar.
Moreover,

(dN’Ug)k’QSQ =ks (SQ [lp — inz0,lyo — v2,ly1 — ’UQ])
([9; p, yo, y1 F recfin](p = lp, Yo — lyo, y1 — ly1),
19; 2, 90,91 - recfan](p = lp, yo — lyo, y1 +— ly1)),

! Formally, we consider 4-tuples.



where Iy, 140, ly1 are locations that are fresh wrt. the store Sz in combination with the
parameter A%r?, ie
Ips Lyos Lyt ¢ dom(A%) U A,25(S2). (2)

The value of (dyvy)k5Ss is similar.

Since the continuations are related in the parameter A%r? it suffices to show that,
if S{ # LV .S} # L then we can give an extended parameter A*r® > A%r? such that the
updated states and the values (pairs of (set,get)) are related in the extended parameter
A3r3,

We let A%r® = A%(r? U {#}), where # = ((P1, LL1) V (P2, LL2)), and

P = ({(Sla SQ) | S2ll7 = 0}7A®7A{lp})7 LL, = {(lyvlyOvT - TT/)}a
P = ({(Slv SQ) | SQlP =n 7& O}aA(DvA{lp})’ LL; = {(lyvlylvT - TT/)}'

Recall VS. Ag(S) =0 A VS. Ag 1 (S) = {lp}.
Then it holds that the accessibility maps associated with the local parameter 7>, are
given by VS.Az,(S) = {ly} and VS.As35(5) = {lp, lyo, ly1 }-

We now verify that

(Si[ly = v1], Si[ly = v1], S5[lp — inz0,lyo — V5, ly1 — vs], (3)
Sg[lp — 1nz0, ly() — V2, ly1 — ’UQ], A3'I‘3) € Vs.

By (1) and (2), all locations viewed by the local parameter #> are disjoint from
dom(A?) and from all local areas viewed by 2. The stores have only been changed
in locations viewed by #2. Since values related in a parameter are also related in any
extending parameter (weakening) every requirement from AZ%r? still holds. Finally,
since Sa[l, — inz0,ly0 — v2,ly1 — v2](lp) = 0 and the values stored in locations [,
and lyo in the updated stores, namely v}, v1,v3,v2, are related in Alr! and then by
weakening also in A%r®, the first disjunct of # is satisfied, and hence (3) holds.

It remains to show

A ([05y F recfiv](y = 1), [0y F recfiml(y — 1y), 00,90, 91 = fin](p —
lps Yo = lyo, y1 = 1), [05p, 90, y1 = recfin](p = o, yo = lyo, y1 = by1), (1 — T7') —
Tunit, A%*r3) € Vy and

B: ([0;y & recfom](y = by), [0;y F recfam](y — 1y), [0:p, yo, y1 = recfon](p —
p,yo = lyo,y1 — L) [0;p, yo, 1 F recfan](p = b, yo = lyo,y1 = L), (1 — T'7) —
Tunit, A3r3) e Vy

Now let A*r? > A%r3, (wl, w1, wh, wa, 7 — T7', A'r*) € Vv, and
let A%r° > A% (K, K1, Kb, Ko, (z: 7 — T7')T A%r®) € Vi, (S}, 51, 5%, Sa, Ar°) €
Vs, (ci,c1,ch, co, (x 2 unit) T, A%r®) € Vi

We have denotations [0;y F recfim](y — ly) = inedar1, [0;p, yo,y1 F recfin](p —
lpyyo — lyo,y1 — ly1) = inedna, [0;y - recfom](y — 1y) = inedno, [0;p,yo,1 F
recfan](p = lp, Yo = lyo, y1 = ly1) = inedno.

A: Now we want to show relatedness of the setters. As before if w}j = ws = L or
S = 8% = L we are done. Otherwise we reason as follows.

Observe that (daiwi)e1S1 = ci1(Silly — wi)])ini* and similarly (daiw:)ci S =
i (S1[ly — wi))ini*. Also, (dnviw2)caS2 = c2(S2[lp — inz0, lyo — wa])ini*, if Salp #
0, and (dni1ws2)c2S2 = ca(Sa[lp — inzl, ly1 — wa)])ini*, if Solp = 0. Similarly for the
approximation (dy1wh)c5Ss.



Since the states are related in A®r® which is an extension of A3r® we know that
the content of Sal, is inzn for some n. We know that the continuations c,c1,ch,co
are related in ASr®. (in1*7in1*,in1*,in1*,unit,A5r5) since they are related in any
parameter. So if we can show that the updated states are related in A%r° we are done.

The states S, S1, S5, 5o are related in A%r5. All changes are only within the store
areas belonging to 7> and the changes preserve the invariant for 72, hence the updated
states are still related in A%r5. We conclude that the setters are related in V373,

B: Now we want to show relatedness of the getters. As before, if the denotations are
applied to related unit type values where the approximations are L or if §] = S5 = L
we are done. Otherwise we reason as follows. Note that (dar2ini*) K151 = K1.51(S1ly)
and similarly (da2ini*)K1S] = K151(S1ly). Since the states are not L and are related
in A%r5 which is an extension of A%r® we know that the content of Sal, is inzn for
some n. We have that (dy2ini*)K2S2 = K2S52(S2ly0), if n =0, and (dn2ini*) K25 =
K555(S2ly1), if n # 0. Similarly for the approximation (dn2ini*)K5S3.

We know that the continuations K7, K1, K5, Ko and the states 5151, 55,52 are
related in A®r®. So if we can show that the retrieved values are related in A®r® we are
done.

Since the states S;.91, S5, S2 are related in A®r® they satisfy the invariant of #>. So
the content of Sal, is inzn for some n. If n = 0 then S{ly, Sily, Sélyo7 Salyo are related
in A%r") and if n # 0 then Sily, S1ly, S5ly1,S2l,1 are related in A", again by the
requirement from 7. This is what we need for the retrieved values to be related. We
conclude that the getters are related in V373,

Then we can conclude that ([M], [N], o, Ar) € V¥, and as Ar was arbitrary that
they are related in any parameter. Hence the programs M and N are contextually
equivalent.

5.2 Example 2

Consider the computation terms M’ and N’ from the Introduction. They both have a
free variable g of function type. We want to show that M’ and N’ are related in any
parameter Ar.

We need to show YA'r' > Ar.Y(¢i, g1, 9%, 92,0, A'r') € V.
VA2 > AV V(KL L K ke, (2 01) T, A% € Vi).Y(SY, S, S, 82, A%r?) € V.
[0;g: 0 M :To1](gr— g1)k1S1 =T = [0;g: 0+ N :To1](g — g2)k2S2 = T and
[0;9g:0F N :To1](g— g5)ksSs =T = [0;9: 0 M' : To1](g — g1)k1S1 = T.
Here 0 = 01 — Tunit, and o1 = unit — T'unit.

For the proof of this we define a local parameter 7> = (P*,0) for P® = ({(Sa, Sb)|
Sple = inzn > 0)}, Ag, A(1,}), where I, is fresh for dom(A%) U A,2,(S2). Then we have
a parameter A%r® where A* = A% and r* = r? U {#3} which we use in the proof.

6 Conclusion

We have presented a local relational proof method for establishing contextual
equivalence of expressions in a language with recursive types and general refer-
ences, building on earlier work of Benton and Leperchey [2]. The proof of exis-
tence of the logical relation is fairly intricate because of the interplay between



recursive types and local parameters for reasoning about higher-order store.
However, the method is easy to use on examples: the only non-trivial steps are
to guess the right local parameters — but since the local parameters express
the intuitive reason for contextual equivalence, the non-trivial steps are really
fairly straightforward. It is possible to extend our method to a language also
with impredicative polymorphism; we will report on that on another occasion.
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