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Abstract

Recent works have extended the successful Proposition-As-Types correspon-
dence to concurrent computing in the form of a tight correspondence between
linear logic and process calculus. In particular, linear logic propositions are
equated with session types. Process calculi based on the tight correspon-
dence derive from linear logic good properties such as deadlock-freedom and
session fidelity. On the other hand, however, those calculi are usually poor
in expressivity. They are usually deterministic and lack common concur-
rency features such as threads and shared states, and can thus barely model
real-world concurrency. Following works proposed systems with stronger
expressivity but usually at the cost of deviating from the correspondence
and introducing bad behaviors. The present thesis, on the other hand, seeks
non-determinism within the framework of linear logic, which can be intro-
duced to the system without compromising the logical structure and thus
the good properties. We found two such examples of non-determinism of in-
terest. One is between clients and a server, where clients race to be accepted
by the server. The other one is between effectful computations and an effect
handler, where multiple computations race to emit effects to be dealt with
by the handler. We formulate two extensions based on the two examples.
Our extensions are further strengthened by least and greatest fixed points
so that variable quantities can be supported, including variable numbers
of clients, variable numbers of effects in a computation, and variable num-
bers of racing computations. Good properties such as deadlock-freedom are
proved, and several examples are given to demonstrate the expressivity of
our extensions.
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Resumé

I denne afhandling foreslar og studerer vi en ny korrespondence mellem
lineser logik og nye type systemer for process kalkuler, der modellerer pro-
grammeringssprog med parallelle beregninger. De nye type systemer ind-
fanger flere vigtige features i process kalkuler, herunder ikke-determinisme
og effekter, og den teette korrespondence med liner logik betyder, at type
systemerne giver nogle gode garantier for hvorledes veltypede process udtryk
opfarer sig, nar de bliver evalueret. For eksempel garanteres det at evaluer-
ing ikke vil lede til deadlock.
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Chapter 1

Overview

1.1 A Brief History of Proofs as Processes

The Early Days Ever since its inception, linear logic [Girard, 1987a] was
believed to have deep connections with concurrency. This was motivated
by the comparison with intuitionistic logic. Recall that in the latter, judge-
ments have the form

'A

where I' is the set of assumptions and A is the conclusion; they are not
symmetric and are obviously directional: the information flows from the
assumptions to the conclusion. As a result, in usual computational inter-
pretations, a proof of I' F A is interpreted as a program where I' is inputs
and A is output. In addition, the cut rule

T4 AAFB
I,AFB

is interpreted as using the output of the first program as the input of the
second program.
In contrast, judgements in linear logic has the form

l_AOV"vAn

which is single sided, and all formulas A; are symmetric, in the sense that
there is no distinguished member. The corresponding cut rule is

FT,A A AT
FT,A

Note that in linear logic we have ALt = A, and thus A and At are sym-
metric; therefore, the two premises are symmetric. One can still rewrite the
two premises to

FIt— A FA— A
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and interpret the first as a program converting I't to A, and the second
as a program converting A to A. However, this is certainly less than ideal
as it ruins the nice symmetry of linear logic. A natural interpretation that
reflects the symmetry is to be found.

Girard [1987b, [1989] suggested a connection between linear logic and
concurrency in the same style of the hugely successful connection between
intuitionistic logic and functional programming (i.e. Proposition-As-Types).
The idea was made concrete by Abramsky [1994] and Bellin and Scott
[1994], who established the first interpretation of proofs as processes in the
m-calculus [Milner et all, 1992]. The details are as follows. First of all,
formulas in sequents are given names:

I_:E():Ao,'-- ,:EnZAn

which induces named versions of proof rules. For example the named cut

rule would be
Flyx: A FAy: At

T, A

The names are useful for the next step, which is to inductively intrepret
each linear logic (named) proof as a m-calculus term, where the free names
of the proof matches the free names of the term. Therefore, propositions
map to sessions, and derivations of proofs map to construction of processes.
In particular, the above named cut rule is interpreted as putting P and () in
parallel and connecting x and y, where P and () are the processes of the two
premises. Note that the free names of a m-process term are symmetric: there
is no ‘distinguished’ port for ‘output’; also note that when interpreting the
cut rule P and () are treated equally. The new interpretation seems to reflect
the most distinctive feature of linear logic in comparison to intuitionistic
logic.

The new interpretation, however, only uses a significantly small subset
of m-calculus terms. In particular, A ® B maps to sending a pair of types A
and B, and A’ B maps to receiving. This is a severe restriction on canonical
m-calculus, where processes can send and receive any terms. Moreover, this
restriction can hardly be motivated from a logical perspective. In summary,
the correspondence is not as tight as desired.

The Twist An attempt at the previous problem came sixteen years later
when (Caires and Pfenning [2010] discovered that intuitionistic linear propo-
sitions can be interpreted as session types [Honda, 1993, Honda et al,, 1998].
A ® B is interpreted as sending A and continuing as B, while A9 B as re-
ceiving A and continuing as B. The system (called 7DILL) is based on
internal m-calculus [Sangiorgi, [1996] which is though just as expressive [Bo-
reald, 1998] as canonical 7-calculus. In internal m-calculus, processes cannot
send any names freely, but only freshly generated ones. In some sense, the
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sending operation is the binder of the fresh name whose scope is the continu-
ation. To understand, consider the reduction rules for sending and receiving
in canonical 7-calculus and in internal m-calculus respectively:

vz (z(z). Pl z[y]. Q) — vz (Ply/x] | Q) (canonical)
vz (z(z). Pl z[y]. Q) = vzvy (Ply/z] | Q) (internal)

In canonical m-calculus, z[y| sends exising y over z, which is then received by
z(x). In particular, y is free on both sides. In internal 7-calculus, z[y| binds
the name y and sends it over x which is received by z(z). In particular, y
is bound on both sides: on the left by z[y| and on the right by vy. The
restriction of sending and receiving pairs are apparantly removed at the cost
of deviation from canonical w-calculus.

The work has still some shortcomings. First of all, while connections
to session types is made, the system is based on intuitionistic linear logic
which is a constrained version of classical linear logic and lacks duality; it
is similar to the relation between intuitionistic logic an classical logic. As
a result, the duality between session types has no correspondence in their
system. Duality is a central element of session types, and the lack of it
severely undermines the attempts to relate session types.

Wadler [2014] solves the issue by adapting the correspondence to classi-
cal linear logic. With the duality recovered, linear logic types now tightly
corresponds to session types, and also the system is more concice and sym-
metric. The system is called Classical Process (CP) and will be the base for
most following works. The system (and its derivatives) is so minimalistic,
however, that the user is left to code the basic building blocks, which be-
comes cumbersome quickly. To remedy, the author introduced a higher-level
language inspired by Gay and Vasconcelos [2010]. Its semantics is given as
translations to CP, from which nice properties would be easily inherited.
In addition to common building blocks such as functional programming, it
also contains explicit session programming backed by the interpretation of
linear logic types as session types. For example, one can send and receive
over sessions:

Fsend: A— (l1A.B) — B Frecv:?A.B—- A® B

send takes two arguments, the datum to send typed A, and the session over
which the datum will be send. The seesion is typed !A.B the session can be
used to send A and will continue as B; indeed, B is the return type of send.
recv takes a session which is typed ?A.B meaning the session can be used
to receive a datum typed A and will continue as B, which is confirmed by
the return type of recv which is a pair of the newly received datum and the
rest of the session.

CP is also more tightly connected to linear logic compared to previous
works. Both Bellin and Scott| [1994] and Caires and Pfenning [2010] translate
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linear logic to w-calculus, and correspondingly cut-elimination to reduction.
However, as Wadley [2014] observed this is achieved at costs. The first
issue is about the axiom rule, which is intuitively a bidirectional forwarder
between two sessions of dual types. Bellin and Scott [1994] restricted the
type to be atoms, because forwarding composite sessions would require an
ad-hoc complex processes. Indeed, this was implemented in Caires and
Pfenning [2010, prop 4.2]. Wadler [2014] solved this issue by giving the
axiom rule a special and uniform semantics: if a session z of process P
communicates with the session y of the forwarder y <> z, then all occurances
of z in P are replaced by z.

Another issue is that of commuting conversions. In canonical m-calculus,
a process is understood as a sequence of actions that need to fire in order.
However, cut elimination of linear logic when translated to m-calculus in-
volves sometimes earlier actions in a process firing later. [Caires and Pfen-
ning [2010] forbids those commuting conversions to stay close to m-calculus
while deviates from linear logic; Wadler [2014] on the other hand ‘let linear
logic guide the design of process calculus’, and adopted those commuting
conversions. For example consider the following rule:

vz (z[yl. (P Q) [ R) = z[y]. (vz (P | R) | Q)

where P and R communicates via z. In canonical m-calculus, the left hand
side would just block, because there does not exist another process that
receives on x. This is however not acceptable in CP, because the term
corresponds to a proof with top-level cut, and proofs should satisfy cut-
elimination. Therefore, we must make the left hand side reduce, and in the
way that corresponds to how cuts are eliminated. To that end, the above
rule is introduced to CP corresponding to a rule in linear logic.

The reason why commuting conversion is needed in linear logic, is that
all reduction rules have a form where the reacting actions are immediately
under the restriction. In the above rule we see on the left hand side P clearly
blocked by z[y|, and thus cannot use the reduction rules. The rule solves the
issue by moving the cut lower so that it restricts both and only P and R.
Note that the first actions of P and R might still not be on z, in which case
more commuting conversions will be performed. This happens repeatedly
until they meet the requirement of a reduction rule, upon which two dual
actions on z will react. Note that the action x[y| stays put and not fired,
giving the impression that this action, while appears earlier in the process,
fires later. This might seem strange for m-calculus people; however, Wadler
[2014] pointed out that the close connections to linear logic immediately
gives progress and termination of CP, just like how that of simply typed
lambda calculus follows immediately from intuitionistic logic.

A New Era In addition to actions firing out-of-order, there were a few
other important mismatches between processes and linear logic remaining in
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the syntax and semantics. Most notably, parallel composition had no direct
correspondence to a rule in the sequent calculus of linear logic. Carbone
et al) [2018] proposed that parallel composition corresponds to composing
hypersequents [Avron, 1991] which are collections of sequents. In contrast
to previous works, in this setting each process might have multiple disjoint
components, corresponding to the multiple sequents in its hypersequents.
As a result, composing processes corresponds to composing hypersequents:

PEG QFH
PIlQFG|H 0~

The rule on the right is the nullary version giving the empty process typed by
empty hypersequents just for completeness. Some rules such as cut can be
thought as having parallel composition baked-in, and can now be decoupled
using hypersequents:

PrT,z:A|Ay: At
vey PHT, A

Hypersequents further enabled the reconstruction of the expected la-
belled transition system (LTS) semantics [Montesi and Peressotti, 2018§],
an explanation of the hypersequent-based approach in linear logic [Kokke
et al), 2019a, 2018], and the expected metatheoretical results of session types
(session fidelity) and bisimilarity [Montesi and Peressotti, 2021].

LTS can be thought as a decomposition of reduction semantics. One ob-
serves that reduction always happens between two dual actions. For example
we have the following reduction rule in CP:

vay (z(a’). P | yly']. Q) = vayva'y (P | Q)

which specifies the reaction between sending (y[y']) and receiving (z(z')).
LTS decomposes it into three rules:
R FEWWT o

z(x')

x(a’). P p yly').Q 25 @

veyR 5 vayva'y' R

where the first rule says that a process starting with the action x(z") would
just signal the label z(z’) and transition into the continuation; similar for
y[y']. The first two rules concerns only actions and are thus called action
rules, while the third rule bridge them together and are called communi-
cation rule, which we now explain. In the premise, we require a process R
to be able to simultanously signal both sending and receiving labels, which
means it must contain at least two processes ready to send and receive. One
such R would be z(z’). P | y[y/]. Q. The conclusion says that if we connect x
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and y of R, the two processes would be able to communicate; moreover, the
empty label 7 indicates that the communication is not observable externally,
as the sending and receiving signal ‘offset’ each other. One can derive the
reduction semantics from the LTS semantics, if we think of = as reduction.

LTS has several benefits over reduction. First of all, of course, it makes
available the existing toolbox with regards to behaviours such as bisimi-
larity. Secondly, as a decomposition of reduction it is finer-grained and
better-behaved in many scenarios; for example, commuting conversion is no
longer needed. Recall the above process vz (z[y|. (P | @) | R) which requires
commuting conversion; in LTS it can simply transition as

vz (alyl. (P Q) | R) 25 vz (P Q| R)

Note that the z[y] action simply fires and signals a label, and does not block
the reaction between P and R. Similarly, LTS is capable of specifying the
semantics of primitve effects whereas reduction cannot (chapter j).

Another benefit of LTS is that it gives a natural notion of well-behaved
programs. Recall that a program that reduces infinitely is considered bad-
behaved; however, there are also programs such as servers that reduces
infinitely but produces information for each step, which is considered well-
behaved. The distinction is usually hard to formulate, but in LTS well-
behaved processes can simply be formulated as those that keep signaling
labels until it becomes the empty process 0, with one exception: it should
not keep signaling 7-labels infinitely as that produces no information.

The problem The deep connections with linear logic ensure that the re-
sulting concurrent systems enjoy good properties such as deadlock-freedom,
session-fidelity and livelock-freedom. However, all the systems mentioned
are ‘too well-behaved’ to model the chaotic nature of real world concur-
rent systems. To be exact, they are deterministic and in particular missing
common concurrency features such as thread, shared states and locks.

1.2 Proposals

The present thesis attempts to increase the expressivity of Classical Process
systems without compromising their good behavioral properties derived from
the close connections to linear logic. To that end, we formulate concurrency
primitives in the framework of linear logic, so that concurrency-related tran-
sitions correspond to logical implications. To better understand the point,
we need to establish some intuition about linear logic connectives. Following
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are (slightly modified) rules for ® and =:

& e
FT, Ao | A, A -3, Ay, AT
FD,A, Ay @ Ay F X, Ag 9 A

For ®, in the premise Ag and Ay come from two sequents; recall that sequents
in a hypersequent are disjoint from each other. For the dual rule, A& and
A{ come from the same sequents and are thus connected.

Server/Client One could cut Ay ® A; and Aé- R Af-. While Ay and
A are not connected directly, they are now respectively connected to AOL
and A which are connected and are therefore connected indirectly now.
We find this phenomenon nicely models the interaction between a client
pool and a server. One can think Ay and A; to be the interfaces of two
clients respectively, and A& 4 Af to be the interfaces of the corresponding
server that serves the two clients. Moreover, the analysis beforehand means
that the clients are connected not directly, but indirectly via the server;
this nicely fits our intuition about server/client interactions. Note that we
should think Ay and A; to be the same type with the subscription only for
identification, which reflects that in real life server often provides the same
service to several clients. We now apply the server/client interpretation to
the logical implication:

Ay A1 = A1 ® Ay

and find that it swaps the ordering of two clients. Moreover, the implication
is bidirectional, meaning the swapping is reversible. Note either ordering will
cut with Aé 9 Af as Ag and A; are the same type. This nicely models one
aspect of non-determinism of client/server interaction; namely, clients race
to get accepted by the server. The idea is developed in detail in chapter P

Effects Consider the two dual propositions (right associative):
A® B+ C At B Ct

In the first proposition, A is disjoint from both Bt and C, the two of
which are connected. Vice versa for the second proposition. We find this
nicely models the interaction between an effectful computation and a han-
dler, where A is a request, B is a response, and C' is the return value of
the effectful computation. Most notably, the request A is disjoint from the
continuation B g C, as there is no causation between them; however, once
we cut the two together, the request A will be connected to the continu-
ation indirectly via the handler. That means there is causation between
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request and continuation only via the handler. Apply the interpretation to
the following logical implication:

(Ag ® By % Cy) ® (A1 ® BY1 9 C1) = Ao ® By % (Co ® (A1 ® BY % Cy))

and we find that it propagates the effect of the first computation out of two
parallel computations. There is a symmetric implication that propagates
the effects of the second computation. Together the two rules allow racing
for effects among two parallel computations. Moreover, both implications
are unidirectional, meaning that the outcome of the race cannot be reversed.
This idea is developed in detail in chapter E

Fixed Points In both server/client and effects, there are several desired
generalizations in regards to quantity. In the former, one hopes that a client
pool can contain any number of clients. In the latter, one hopes that an
effectful computation that can emit effects any number of times; moreover,
any number of effectful computations should be able to race in parallel. The
apparent infinite nature of the generalized settings leads us to the concept
of least and greatest fixed points, which is ubiquitous in functional program-
ming languages and corresponds to inductive and coinductive data. They
are introduced to Classical Process by Lindley and Morri§ [2016] and cor-
respond to inductive and coinductive sessions. Inductive sessions are finite,
while coinductive sessions are potentially infinite. The two are specified to
be dual and will communicate; moreover, the communication terminates be-
cause the inductive side is finite and terminates, forcing the coinductive side
to terminate as well. Our works are based on theirs, but with significant
alterations along the way. First, our extensions are based on hypersequents.
Second, our rules and their semantics are specialized to the particular func-
tors, and therefore simpler. Thirdly, our semantics allow non-determinism
to better model concurrency, while being logically equivalent to the original
fixed points and preserving nice properties of the base system.

1.3 Related Works

In this section we discuss related works in general; those more particular to
our work are discussed in the corresponding chapters.

Expressivity in Classical Processes Based on CP, GV Wadler [2014] as
well as later systems [Fowler et al), 2019, Lindley and Morrig, 2015] allows
forking of processes. However, the child process runs in isolation with a
single channel connected to the parent. This is essentially a CuT and does
not increase expressivity.

Lindley and Morris [2016] introduces inductive and coinductive sessions
to CP. It is adapted from Baelde [2012], which introduces least and greatest
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fixed points to classical linear logic. A categorical semantics is given by
Ehrhard and Jafarrahmani [2021]. All mentioned works including ours on
least and greatest fixed point break the subformula property, as the greatest
fixed point requires an internal state which could be arbitrary type and
generally not a subformula of the greatest fixed point type. In another
strand of work, Toninho et al| [2014] introduces coinduction in a system
of session types based on Intuitionistic Linear Logic (ILL); see Lindley and
Morrig [2016, §§1, 7] for a comparison. Derakhshan and Pfenning [2020]
gives a linear metalogic with least and greatest fixed point and proves strong
progress for binary session-typed processes in the metalogic.

In addition to least and greatest fixed points, there are other ways to
allow variable quantity when seeking extra expressivity. Most related works
to be discussed below introduced new types with their own rules for specific
use cases, and do not strictly correspond to any least and greatest fixed
points. Some of them are not well-behaved, but it is unclear to what degree
quantity variability contributes to that, as the systems are often coupled
with non-determinism which brings chaos. In any case, in our opinion,
quantity variability is not the central feature of concurrency, and we should
focus on other aspects in the following discussion of related works.

Atkey et al) [2016] explores obtaining more power in CP by conflating
dual connectives. Conflating & and @ gives local non-deterministic choices
which however cannot induce the racy behavior normally exhibited in the
m-calculus [Kokke et al), 2019b, §2]. Conflating ? and ! gives to the notion
of access point, a dynamic match-making communication service on a sin-
gle endpoint. The rules look eerily close to the list-like formulation of our
servers. Access points prove too powerful: they introduce stateful nondeter-
minism, racy communication, and general recursion. This impairs the safety
of CP by introducing deadlock and livelock. Our works show that we can
still safely obtain the former two features without introducing the third.

Carbone et all [2017] introduces the standard local non-determinism into
linear logic. Caires and Pérez [2017] presents a dual-context system based
on CLL+Mix in which the same kind of nondeterministic local choice is
expressed through a new set of modalities, @ and &.H These bear a similarity
to the coexponential modalities presented in chapter E, but they are used
for nondeterminism instead. Their & modality has a monadic flavor, and
hence can be used to encapsulate nondeterminism ‘in the monad’ in the
usual manner in which we isolate effects.

Carbone et al| [2017] approaches multiparty session types through coher-
ence proofs. The authors develop Multiparty Classical Processes, a version
of CP with role annotations and the MCut rule. The latter is a version of the
MuLTICUT rule annotated with a coherence judgment derived from Honda
et all [2016], which generalizes duality and ensures that roles match appro-

IThis is an intentional clash with external and internal choice in Linear Logic.



10 CHAPTER 1. OVERVIEW

priately. MCP does not allow dynamic sessions with arbitrary numbers of
participants and hence cannot model client-server interactions. MCP was
later refined into the system of Globally-governed Classical Processes (GCP)
by Carbone et al| [2016]. Unlike these calculi, our works do not require any
consideration of coherence or local vs. global types.

Manifest sharing Closely related to our work is the notion of manifest
sharing [Balzer and Pfenning, 2017]. Their system is stratified into two
layers, linear and shared, where the former behaves as ILL and the latter as
IL. The sharing manifests in the types, in that one can tell the layer from
the look of each type. Two modalities shift between the two layers [Reed,
2009] and are computationally interpreted as acquire and release. Similar to
the common notion of locking, the two operations are blocking and might
cause deadlocks, in particular when there are circular dependencies. Balzer
et al| [2019] adds priorities to types to prevent circularity and thus recover
deadlock-freedom.

Among the two extensions of ours, manifest sharing is probably closer to
effects, as both allow multiple sequential accesses to the shared state. Our
works attempt to solve the expressivity problem of LL-based session types
beginning from Curry-Howard: we seek the minimal extension to linear logic
that models client/server and effects. Unlike manifest sharing, we remain
committed to CLL and its duality. As a result, our systems have simpler
rules, avoid the notions of linear and shared channels, and avoid the lock-
like primitives used to introduce modalities by Balzer and Pfenning [2017].
Moreover, we have remained committed to the goal of retaining the good
properties ensured by cut elimination in CLL (e.g. deadlock freedom). A
drawback of this approach is that our system inherits the linearity constraint
from linear logic, and is thus unable to express circular structures (such as
Dijkstra’s dining philosophers) without unsafe extension.

Type systems for the w-calculus There are many ways to equip the
m-calculus with a type system. A large class of such systems is based on
Kobayashi’s notion of channel usage Kobayashi [2003, 2002, 2006]. That
work proceeds in the opposite direction: it begins with the m-calculus and
tries to tame its expressive power through types that control the use of
channels, thereby guaranteeing deadlock-freedom, lock-freedom, and so on.
These systems can express some of the expected properties of client-server
interaction, see e.g. Kobayashi [2003, Example 8]. Comparing these fam-
ilies of type systems for concurrent behavior is a difficult task, which has
been undertaken by Dardha and Pérez [2015]. The main difference seems to
be that our work tries to stick as closely as possible to the foundations of
session types in linear logic. In addition, the usage-based type systems take
a ‘channel-first’ approach, where all channels may be shared between pro-
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cesses; this is in sharp contrast to session types [Kobayashi, 2003, §10].
Dardha and Gay [2018] have attempted to merge these two approaches
through the formulation of Priority-based CP, a new calculus based on CLL
which allows a controlled form of cyclic dependencies.

Session Types There is a nontrivial connection between our work and
Multiparty Session Types [Honda et all, 2008, 2016, Coppo et all, 2016],
which comprise a m-calculus and a behavioral type system specifying in-
teraction between multiple agents. The kinds of protocols expressed by
multiparty session types are ‘fully’ choreographed, and involve a fized num-
ber of participants. As such, they cannot model interactions with an ar-
bitrary number of clients; nor can they introduce a controlled amount of
non-determinism. Some of these expressive limitations have been remedied
in systems of Dynamic Multirole Session Types [Deniélou and Yoshida, 2011],
which come at the price of introducing roles that parties can dynamically
join or leave, and a notion of quantification over participants with a role.
Our systems capture certain use-cases of roles using only tools from linear
logic, with little additional complexity.

1.4 Future works

Termination and Readiness It would be interesting to establish a ter-
mination result for CSLL (chapter E) This would prove that the resulting
calculi do not generate livelock. We expect this proof to be somewhat in-
volved, which is why most work on Linear Logic and session types either
fails to produce proof or defers to Girard’s proof for CLL Wadley [2014], As-
chieri and Gencd [2019]. Similarly, we want to establish readiness for CELL
(chapter ) without retry (section B.3) by extending the proof in Montesi
and Peressotti [2021]. Readiness can be understood as productivity and is
more general than termination. This should not be hard, considering that
the difficult part which is the quantity variability already exists in their
system (namely, the exponentials).

Syntax The weak | rule listed in section is expressed by folding
® over the set of formulas. It is less ‘native’ than the weak exponential
rule where folding *® can be simply represented as commas. And indeed,
this big ® obstructs a particular commuting conversion in cut elimination.
Similarly, the presentation of the strong exponential and its computational
interpretation is omitted due to its unsatisfactory rules. There are several
other occurrences where sequent calculus syntax obstructs.

We believe these issues are due to the limitation of sequent calculus; in
particular, a sequent is understood as a collection of formulas ’@-together,
and a hypersequent is understood as a collection of sequent ®-together. ®
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and ’® are not treated equally, although they should be dual. New syntax
frameworks such as deep inference [Tubella and Straburger, 2019] promised
a better formulation, but our preliminary trials demand a deeper investiga-
tion.

Additive Units All languages in the CP family omit the additive units (0
and T); we believe they can model crashes (unrecoverable errors). Consider
the rule for T:

Or more intuitively: 0 —o I'. One can view the above process as superficially
exposing I'; T while being void internally. What happens when one tries
to communicate to the I'?7 This is given by the commutative case of cut
elimination:

T,AT At A
I,A, T S T,A,T

We see that the crash propagates: A, A* which used to have real content,
is not voided as well. We have an empty process still but with bigger types.

The fault T once introduced cannot be hidden away: there is no rule for
0 to cut with T; the only way to acquire 0 is to use Ax rule, in which case
we will just introduce another T. In terms of programming, that means one
can ‘handle faults’, but the handler cannot suppress the faults: it has to be
propagated. For example, we can have a type of term (T @ 2) —o (T & 2)
which takes a possibly faulty boolean, and negate it; the result is again a
possibly faulty boolean. However, we can not have a term of type (T ©2) —
2 which suppresses the fault.

Guarded Recursion Greatest fixed points are potentially infinite but
do not compromise readiness because they are always ready to produce
a labeled transition. (Co)induction is however a rather regulated form of
recursion, and one sometimes needs a more liberated one similar to general
recursion (self-reference) in functional programming. Recursive types, as
well as recursive processes, are formulated in Montesi and Peressotti [2021],
while unsurprisingly breaking readiness. A possible future exploration is to
borrow ideas from guarded recursion in functional programming [Birkedal
et al), 2017)] to linear logic, so one can define a wider range of programs with
recursion while preserving readiness.



Chapter 2

Client-Server Sessions in
Linear Logic

This _chapter is based on Qian et al) [2021], but I removed part of sec-
tion that is general to classical processes, which has been incorporated
into section [1.1]. T also removed part of section that is general to classical
processes, which has been incorporated into section [1.3. T also reformatted
the text to fit the new paper size.

2.1 Introduction

2.1.1 The Problem

Caires and Pfenning [2010] proposed a Curry-Howard correspondence in
which Intuitionistic Linear Logic is used as a type system for the w-calculus
Milner et al| [1992]. This correspondence allows one to interpret formulas
of linear logic as session types, i.e., as specifications of disciplined com-
munication over a named channel. A few years later Wadler [2014] ex-
tended this interpretation to Classical Linear Logic (CLL). Wadler’s system,
which is called Classical Processes (CP), perfectly corresponds to Girard’s
original one-sided sequent system for CLL [1987a]. Its typing judgments
are of the form P F I', where P is a m-calculus process, and I is a list
x1: Ay, ...,z A, of name-session type pairs, with A; a formula of Clas-
sical Linear Logic. The operational semantics of CP led Wadler to the
following interpretation of the connectives.

& output S input
& offer a choice ® make a choice
! server ? client

We follow a convention by which the multiplicative connectives ®, '@ asso-
ciate to the right. Thus a type like A® B C is A® (B’ C) and can be

13



14 CHAPTER 2. CLIENT-SERVER SESSIONS IN LINEAR LOGIC

read as: output a (channel of type) A, then input a (channel of type) B,
and proceed as C.

While the interpretation of the first four connectives is intuitive, some-
thing seems to have gone awry with the exponentials [Wadler, 2014, §3.4].
We claim that the computational behaviour of exponentials in CP does not
in fact accommodate what we would think of as client-server interaction. To
begin, we consider the following aspects to be the main characteristics of a
client-server architecture [van Steen and Tanenbaum, 2017, §§2.3, 3.4]:

(i) There is a server process, which repeatedly provides a service.

(ii) There is a pool of client processes, each of which requests the said
service.

(iii) There is a unique end point at which the clients may issue their requests
to the server.

(iv) The underlying network is inherently unreliable: clients may be served
out-of-order, i.e., in a mondeterministic manner.

While Wadler’s interpretation faithfully captures (i) and (iii), it does not
immediately enable the representation of (ii). Because of its deterministic
behaviour, CP is incapable of modelling (iv).

A CP term S F x:!A can indeed ‘serve’ sessions of type A over the
channel z. However, the reading of a term C' F y: 7A as a process which
behaves as a pool of clients along channel y is not so crisp. Recall the three
rules of 7, namely weakening, dereliction, and contraction. In CP:

err QFT,y: A , QFT,z:74,y:74

: 2d
QFT,x:7A v z[USE|.yQ F T,z : 7A Qlz/y|FT,x: 74

Wadler interprets these rules as client formation. Weakening stands for the
empty case of a pool of no clients. Dereliction represents a single client fol-
lowing session A. Given that [z /y]| denotes the term obtained by renaming
all free occurrences of y in () to x, contraction enables the aggregation of
two client pools: two sessions of type 7A can be collapsed into one.

We argue that, of those interpretations, only the one for dereliction is
tenable. In the case of weakening, we see that at least one process is in-
volved in the premise. Hence, the ‘pool’ formed has at least one client in it,
albeit one that does not communicate with the server. Likewise, contraction
does not combine different clients, but different sessions owned by the same
client. Beginning with a single process P -z : A,y : A we can use dereliction
twice followed by contraction to obtain w[USE|. zw[USE]. yP F w : ?7A. This
process will ask for two channels that communicate with session A. Never-
theless, the result is still a single process, and not a pool of clients. Dually,
the type !A merely connotes a shared channel: a non-linearized, non-session
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channel which is used to spawn an arbitrary number of new sessions, each
one of type A [|Caires and Pfenningj, lZOld, §3].

More alarmingly, there is no way to combine two distinct processes P F
z:Aand Q F w : A into a single process pool(z;z. P,w.Q) F = : 7A
communicating along a shared channel. As a remedy, Wadler introduces
the Mix rule:

Mix
PET QFA
P\QI—F,A

Mix| was carefully considered for inclusion in Linear Logic, but was rejected
, , §V.4]. Informally, it allows two completely independent,
non-intercommunicating processes to run ‘in parallel” We may then use
contraction to merge them into a single client pool:

Pkz: A o Qrw: A )
Z[USE].zPFx:7A y[USE|. wP Fy:7A
x[USE]. zP | y[USE|. wQ F x : TA,y : TA
x[USE]. zP | z[USE|. wQ F z : 7A

The operational semantics of the rule in CP are studied by Atkey et al

[] To formulate them correctly one needs also to add the rule

Mix

?c

Mix0

OF-

has a flavour of inconsistency to it, but it is otherwise useful. On the
technical level, it lets us show that the operational semantics, which adds a
reaction P | Q — P'| @ whenever P — P’ is well-behaved (terminating,
deadlock-free, and deterministic). In terms of computational interpreta-
tion, represents a stopped process. This solves the second problem we
pointed out above, viz. the formation of a vacuously empty client pool:

— 0
i
— 7w
OFx:74

Nevertheless, Mix and Mix0 are unbecoming rules. To begin, they are
respectively equivalent to | —o 1 and 1 — L, and thereby conflate the two

units. Moreover, it is well-known Eelliﬁ_] 1997], |Girard| [|1987ah, |Abramsky|
|et al.| [|1996ﬂ, |Wadle1| [|2014|], tkey et all [2016] that My is equivalent to

A®B-—o A% B (*)
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where C — D := C+ D.

Admitting this implication is unwise. At first glance, (@) merely weak-
ens the separation between these connectives, and hence damages the inter-
pretation of ' as input, and ® as output. However, we argue that deeper
problems lurk just beneath the surface. Abramsky et al. [1996, §3.4.2] de-
scribe a perspective on CLL which reads A @ B as connected concurrency
(information necessarily flows between A and B [Girard, 19874, §V.4]) and
A® B as disjoint concurrency (no information flow between A and B what-
soever). The implication (ﬁ) makes ® a special case of 9. Hence, flow
between the components of A ® B is permitted, but not obligatory [Abram-
sky and Jagadeesan, 1994, §3.2]. Thus, (R.1) allows us to pretend that there
is flow of information between two clients.

Nevertheless, generating the actual flow of information is seemingly im-
possible. Using we can put together two clients C; F ¢; : A, and get a
single process Cy | C1 F ¢o: A, @ A. As the comma stands for %@, we can
only cut this with a server S - s: A+ ® A+, But, by the interpretation of
® as disjoint concurrency, we see that the two client sessions will be served
by disjoint server components. In other words, the server will not allow
information to flow between clients, which does not conform to our usual
conception of a stateful server! To enable this kind of flow, a server must use
2. As we cannot cut a '@ (in the server) with another *® (in the client pool),
we are compelled to also accept the converse implication A B — A® B
in order to convert one of the two ’®’s to ®. This forces ® = ’@, which
inescapably leads to deadlock [Atkey et al), 2016, §4.2].

Requiring ® = 79, a.k.a. compact closure Bary [1991], Abramsky et al.
[1996], is often deemed necessary for concurrency. In fact, Atkey et al.
[2016] argue that this conflation of dual connectives (1 = L, ® =9, and so
on) is the source of all concurrency in Linear Logic. The objective of this
paper is to argue that there is another way: we aim to augment the Caires-
Pfenning interpretation of propositions-as-sessions with a certain degree of
concurrency without adding . We also wish to introduce just enough
nondeterminism to convincingly model client-server interactions in a style
that satisfies points (i)—(iv).

We shall achieve both of these goals with the introduction of coexponen-
tials.

!This is evident in the Abramsky-Jagadeesan game semantics for MLL+MIX: a play
in A ® B projects to plays for A and B, but the Opponent can switch components at
will. The fully complete model consists of history-free strategies, so there can only be
non-stateful Opponent-mediated flow of information between A and B.

2The word ‘coexponential’ was used in Lafont and Streicher| [1991], §6.4] to refer the ?
connective.
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2.1.2 Roadmap

First, in section @ we discuss the expression of the usual exponential modal-
ities of linear logic (17) as least and greatest fixed points. This leads us to
a different definition of !, which we call the strong exponential. By taking
a ‘multiplicative dual’ of these fixed point expressions, we reach two novel
modalities, the strong coexponentials, for which we write | and ;. We refine
coexponentials back into a weak form that is similar to the usual exponen-
tials, and show that they coincide with weak exponentials in the presence
of and the Binary Cut rule.

Following that, in section @ we introduce a process calculus with strong
coexponentials, which we call CSLL (Client-Server Linear Logic). This new
system is in the style of Kokke et al| [2019a], which replaces the one-sided
sequents with hypersequents. It is argued that coexponentials enable the
collection of an arbitrary number of clients following session A into a client
pool, which communicates on a channel that follows session ;j A. Conversely,
the rules for j express the formation of a server, which can be cut with a
client pool to serve its requests.

In section we present an extended example that illustrates the com-
putational behaviour of coexponentials, namely an implementation of the
Compare-and-Set (CAS) synchronization primitive. Our system neatly en-
capsulates the racy yet atomic behaviour implicit in such operations.

In section @ we explore the implications of coexponentials in a session-
typed functional language. We extend Wadler’s GV with constructs for
client-server interaction, and translate them to coexponentials in CSLL. We
take advantage of the higher-level notation to give several examples that
would be tedious to program directly in CSLL.

We survey related work in section @

2.2 Exponentials, Fixed Points, and Coexponen-
tials

2.2.1 Exponentials as Fixed Points

The exponential (‘of course’) modality of linear logic ! is used to mark a
replicable formula. While describing a combinatory presentation of linear
logic, Girard and Lafont [1987, §3.2] noticed that !A can potentially be
expressed as the fixed point

41218 A8 (1A !A)

The three additive conjuncts on the RHS correspond to the three rules of
the dual connective 7, namely weakening, dereliction, and contraction. As
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& is a megative connective, the choice of conjunct rests on the ‘user’ of the
formula,® who may pick one of the three conjuncts at will.

One may thus be led to believe that, were we to allow fixed points for all
functors, we could obtain !A as the fized point of a functor. Baelde [2012,
§2.3] discusses this in the context of a system of higher-order CLL with least
and greatest fixed points. Using the functors

Fp(X) =18 A& (X ®X) Ga(X) =1L A® (X2 X)
one defines
1A :=vFy 7A = pGa

where p and v stand for the least and greatest fixed point respectively.
Just by expanding the fixed point rules, one then obtains certain derivable
rules. While those for 7 are the usual ones—weakening, dereliction, and
contraction—the rule for ! is radically different:

STRONGEXP
+I''B +B%1 F+BY A +B*B®B

FT,1A

As foreshadowed by the use of a greatest fixed point, this rule is coinductive.
To prove !A from context I one must use it to construct a ‘seed’ value (or
‘invariant’) of type B. Moreover, this value must be discardable (- B+, 1),
derelictable (- B+, A), and copyable (- B+, B ® B). This is eerily remi-
niscent of the free commutative comonoids used to build certain categorical
models of Linear Logic [Mellied, 2009, §7.2]. Because of the arbitrary choice
of ‘seed’ type B, the system using this rule does not produce good behaviour
under cut elimination: the normal forms do not satisfy the subformula prop-
erty [Baelde, 2012, §3]: not all detours are eliminated. We call the modality
introduced by the strong exponential.

Baelde shows that the standard ! rule can be derived from .
But while the strong exponential can simulate the standard exponential, it
also enables a host of other computational behaviours under cut elimination.
Put simply, the standard exponential ensures uniformity: each dereliction of
1A into an A must be reduced to the very same proof of A every time. This
makes sense in at least two ways. First, when we embed intuitionistic logic
into linear logic through the Girard translation, we expect that in a proof
of (A — B)? :=1A4° — B? each use of the antecedent !A produces the same
proof of A. Second, we know that one way to construct the exponential in
many ‘degenerate’ models of linear logic Bary [1991], Mellies et al) [2018§] is

through the formula
1A = & A®

neN

3 Also known as external choice. In the language of game semantics, the opponent.



2.2. EXPONENTIALS, FIXED POINTS, AND COEXPONENTIALS 19

where A®" := A®---® A, and A®"/~,, stands for the equalizer of A®"
under its n! symmetries. Decoding the categorical language, this means
that we take one & component for each multiplicity n, and each component
consists of exactly n copies of the same proof of A.

In contrast, the ! rules derived from their fixed point presentation merely
create an infinite tree of occurrences of A, and not all of them need be proven
in the same way.

2.2.2 Deriving Coexponentials

Both exponentials (qua fixed points) are given by a tree where each fork is
marked with a connective (® for !, %@ for 7). The leaves of the tree are either
marked with A, or with the corresponding unit. Turning this process on its
head leads to two dual modalities, which we call the coexponentials.

More concretely, we define two functors by dualising the connective that
adorns forks. We must not forget to change the units accordingly: we swap
1 (the unit for ®) with L (the unit for %9). Let

Hp(X) =1 &A&(X®X) KA(X) =10 A3 (X®X)

The strong coexponentials are then defined by

]A = I/HA (')A IZMKA
We define ((;A)L := A+, and vice versa. This gives the following derived
rules.
FT,A FI,;A FAGA
Lw o ic
FiA FT,,A FT,A;A

~T,B +BY, 1L +BYA +B"B®%B
-T,iA !

The rules for ; are distributed forms of the structural rules, while the j rule
gives a strong coexponential, analogous to the strong version of ! described
in the previous section. The corresponding ‘weak’ coexponential is given by
replacing the above j rule with

FQur A
I—®LF,;A l

I stands for the context obtained by applying ; to every formula in T,
and ) folds this context with a tensor. Unfortunately, the presence of this
folding operation means that this rule is not well-behaved in proof-theoretic
terms.
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2.2.3 Exponentials vs. Coexponentials under Mix and Bi-
nary Cuts

In fact, we can show that, in the presence of additional rules, (weak) ex-
ponentials and (weak) coexponentials are interderivable up to provability.
This is not merely a theoretical result: it demonstrates that, under the
bonnet, Wadler’s use of for the formation of a client pool (which we
sketched in section ) secretly introduces the coexponential modalities
proposed here.

The requisite rules are , and one of the binary cut or multicut rules:

BiCut MucrtiCuT
FT,A B A A+ Bt FT, AL A, FAAS, L AR
FILA FILA
B cuts two formulas at once, and an arbitrary number. These

rules were first proposed in the context of Linear Logic by Abramsky [19934]
in the compact setting (® = *@). They are logically equivalent, but only the
second one satisfies cut elimination [Atkey et al), 2016, §4.2]. We recall
some folklore facts regarding the interderivability of certain formulas and
—hke inference rules. Recall that C' — D := C- 9 D. Some form of the
following lemma may be found across the relevant literature Girard [1987a],
Abramsky et al) [1996], Bellin [1997], Wadley [2014], Atkey et al. [2016].

Lemma 1. The following rules are logically interderivable.

(i) The axiom 1 — L and the Mix0 rule.
(ii) The axiom 1L — 1 and the Mix rule.
(iii) The axiom A ® B — A’@ B and the Mix rule.
(iv) The axiom A® B — A® B and the BICUT rule.
(v) BrCur and MurTiCUT.
Moreover, Mix0 is derivable from the aziom rule = A+, A and BICuUT.

Armed with this, we can prove that:

Theorem 2. In CLL with IMDJ and |BICU’1L exponentials and coexponentials
coincide up to provability. That is: if we replace ? and ! in the rules for the
exponentials with ; and | respectively, the resultant rule is provable using
the coexponential rules, and vice versa.

This theorem confirms that exponentials and coexponentials are indeed
symmetric with respect to multiplicativity. It also explains why exponentials
can represent client-server interactions after introducing [Wadler, 2014,
Kokke et al}, 2019a]. Finally, the theorem extends to strong exponentials vs.
strong coexponentials; the proof there is even simpler: under IMIXI and [BICUﬂ
we have ® =9, so Fiq, Hy and G 4, K4 are pairwise logically equivalent.
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2.3 Processes

In the rest of the paper we will argue that the logical observations we made in
section have a computational interpretation as client-server interaction.
To this end we will introduce a process calculus for CLL equipped with a
bespoke form of strong coexponentials. Our system shall introduce a certain
amount of nondeterminism, yet it will remain Mix-free.

We first explain how the coexponentials capture the intuitive shape of
client pool formation (section ) Following that, we briefly discuss three
technical design decisions that pertain to_the coexponentials used in our
system (section m section @,section M) Finally, we introduce the
system in section , and its metatheory in section m

2.3.1 ; Means Client, ; Means Server

Recall the three rules for ;, namely

FI,A FT,;A FALA

.C

LW

F A T, A u FT,A, A

We can read ;A as the session type of a channel shared by a pool of clients.
e jw allows the vacuous formation of a empty client pool.

e ;d allows the formation of a client pool consisting of exactly one client.

e jc can be used to aggregate two client pools together.

The last point requires some elaboration. Each premise of jc can be seen as a
client pool with an external interface (I" and A respectively). The rule allows
us to combine these into a single process. This new process still behaves as
a client pool, but it also retains both external interfaces. In contrast, the 7c
rule only allowed us to collapse two shared channels that belonged to a single
process. Moreover, it did not allow us to mix two external interfaces—one
had to use Mix for that.
Finally, the ‘weak’ j rule, i.e.,

)T, A

)T, iA
can be read as the introduction rule for a dual server session type. It states
that a process serving A, and all of whose other interactions have a client
role (;) with respect to a set of non-interacting (®) services, can itself be
‘co-promoted’ to a server jA.

Note that our intuitive explanations are almost identical to those of

Wadler [2014]; the difference is that our rules have the right branching struc-
ture to support the underlying intuition.
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2.3.2 Design Decision #1: Server State and The Strong Rules

The first change with respect to the above is the switch to the strong rule,
namely

+IB +BY,1L +BY A +B'B®B
FT,iA

This rule evokes the structure of a ‘stateful’ server serving A’s, with external
interface I"'. Within the server there exists an internal server protocol B.
This comes with four ingredients: a process that provides a B, interacting
along I (initialization); a way to silently consume B (finalization); a way to
‘convert’ a B to an A (serving a client); and a way to fork one B into two
connected B’s (forking two subservers).

We use this strong rule in order to avoid the uniformity property that was
discussed in section P2.2.1: the weak coexponential rule gives trivial servers
providing identical A’s to all clients. In contrast, this rule will allow a server
to provide a different A each time it is called upon to do so.

2.3.3 Design Decision #2: Replacing Trees with Lists
The strong coexponential rule arose by taking the greatest fixed point of
Hp(X) = L&A (X R X)

As discussed in section and section , this rule represents a tree-like
structure. Nothing stops us from replacing it with a list-like structure.2 We
use the functors

H)(X):=1L& (A% X) Ki(X)=12 (AR X)
and acquire the strong server rule derived from H'y, viz.

FI''B +BY,1 +B-A%B
FT,;A

The main benefit is that the resulting system more closely reflects the
pattern of client-server interaction: clients form a queue rather than a tree,
and servers no longer have to fork subprocesses. This rule also requires fewer
ingredients: an initialization of the internal protocol, a finalization, and a
component that spawns a session to serve one additional client.

Tt is worth noting that Girard considered list-like exponentials [1987a, §V.5(ii)], but
rejected them as they were not able to reproduce contraction. This is not a requirement
for modelling client-server interaction.
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To optimize this further, we make the ’® implicit, and replace | with a
general A in the finalization:

SERVER
+I''B +BY'A +BY AB

FIT,A A

This second rule can be immediately derived from the first one:

+BY A B - BY, B

FI,B +BLY A + B+, B +BY,B,Bo B+, A
FT,A, B® B* FBtoB, L - Bt B, A% (B® Bt
FT,A A

There is a surreptitious twist here: the ‘new’ internal server protocol is not
B, but B ® B+. This leads to internal back-and-forth communication in
the server. I' is consumed to produce a B. This is ‘passed’ to each process
serving each client. Finally, it is reflected back to the initilization process,
and ‘finalized’ into a A. The L rule is invertible, so instantiating A := 1 in
gives back the preceding rule. Hence, these two rules are logically
equivalent.

2.3.4 Design Decision #3: Nondeterminism through Permu-
tation

Using list-shaped rules for | forces us to revise the rules for ;. To define a
cut elimination procedure the rules must now match the dual functor K,
and hence become

FT,;A FAA
FiA FT,A A

The cut elimination procedure for these rules leads to a confluent dynamics.
This is unsatisfactory from the perspective of client-server interaction: a
proper model requires some nondeterminism in the order in which clients
are served. There are many ways to introduce this kind of behaviour. We
choose the simplest one: we identify derivations up to permutation of client
formation in pools. That is, we quotient them under the least congruence
= generated from

FT, A FAA FT, A FX,A
FT,A, A FX, A FTL A FA A
FT,A, Y, A - FT,A Y, A

This amounts to quotienting lists up to permutation. Thus, when a client
pool interacts with a server, the cut elimination procedure may silently
choose to serve any of the constituent clients.
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Trees and nondeterminism The careful reader might notice that the
original, tree-like ‘distributed contraction’ rule ;¢ inherently supported a
certain amount of nondeterminism: if we were to quotient derivations up
to permutation of the premises of jc, then the cut elimination procedure
would have some choice of whether to serve the left or right subtree first.
Switching to list-like functors forbids this move, and seemingly imposes a
much stricter discipline.

Nevertheless, the tree structure is awkward and rigid in another way. For
example, consider a client pool whose tree structure is informally [[co, ¢1], [c2, ¢3]]-
As nondetermistic choices are only made at each node, the clients cannot
be served in any order. For example, if ¢q is served first then ¢; must be
served next—as it is in the same subtree. From a conventional client-server
perspective this is arguably not a sufficient amount of nondeterminism. In
contrast, our formulation allows full permutations of the client pool.

2.3.5 Introducing CS::

Based on the above considerations, we introduce the system CSLL of Client-
Server Linear Logic.

Following recent presentation of CLL-based systems of session types
Kokke et al) [2019a], CSLL is structured around hyperenvironments. Thus
the logical system underlying CSLL is not one-sided sequent calculus like
CP, but a hypersequent system Avron [1991]. In this kind of presentation
process constructors are more finely decoupled. For example, the original
CP output/® constructor x[y|. P | @ is a combination of a parallel compo-
sition with an output prefix. Hypersequent systems allow us to separately
type these two constructs, and bring the language closer to m-calculus.

One-sided sequent systems for CLL—such as Girard’s original presenta-
tion [1987a]—use sequents of the form F I' where I' is an environment, i.e.,
an unordered list of formulas. We assign distinct names to each formula.
The environment I' = x1 : Ay,...,x, : A, stands for A1 % ... A,. Hence,
a comma stands for ’®. Environments are identical up to permutation. We
write - for the empty one.

A hyperenvironment adds another layer: it is an unordered list of envi-
ronments. We separate environments by vertical lines. If each environment
I'; stands for the formula A;, the hyperenvironment G =T'; | - -+ | ', stands
for the formula 41 ® --- ® A,. Hence, | stands for ®. Hyperenvironments
are identical up to permutation, and we write () for the empty one. We also
stipulate that variable names be distinct within and across environments.

The syntax and the type system of CSLL are defined in fig. @ The
types are the formulas of CLL. Note that the choice between curly braces,
parantheses and brackets in the syntax of processes is merely typographi-
cal, and does not bear formal meaning. However, curly braces are meant
to evoke parameters, whereas parentheses and brackets evoke bindings in
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AB,... == 1|1L|A®B|A®B|A®B|A&B|jA|{A|7A]!A
LA, = | Taz: A (environments)
GgH,... = 0|g|T (hyperenvironments)
P,Q,... =0 (terminated process)
| x>y (link between x and y)
| vy P (connect x and y)
| P| @ (parallel composition)
| y.case{L:P,R:Q} (receive choice over y)
| y[L]. P | y[R]. P (send choice over y)
| y(x). P | y|x]. P (receive/send x over y)
| y(). P |yl]. P (receive/send end-of-session at y)
| jx[]. P (create new client interface x)
| (x[y]. P (send client interface y over x)
| iyl vy . QY (z,w). P (serve over y)
| [D1sP]. P | z[USE].yP | z[DUP](yo).y1 P
(weakening, dereliction and contraction)
| lz{y. P} (promotion)
HMx0 )G QM %UEQ\F,m:A]A,y:AL
00 PlQFG|H vey PG| T, A
Ax PAr
PHG|T,xz:Ay:B
reoybai Aty A ylz).PFG|T,y: A9 B
TENSOR PLusL
PHG|T,x:A|Ajy:B PHG|T,z: A

yle]. PEG|T,Ajy: A® B

PLusR
QFG|Iy: B

yR.QFG|T,y: A® B

M-FALSE
PrG | T

M-TRUE
PFG

z[L. PG |T,2: A® B

WiITH
PHET,z: A QFT,z:B

xz.case{L:P,R:Q} T, z: A& B

WaYyNoTW
PrG | T

z()., PG |T,z: L

WuayNorD
PEG|T,y: A

z[USE[.yP G | T,z :7A

OFCOURSE .
Pry:7B,x: A

z[ | PFG|z:1

lz{§. P} F§: 7B,z : 1A

QUEA

z[DISPl. PG| T,z :7A

WuyNotC
PEGI|T,yo:7A,y1 : 7A

z[DuP|(yo). nPHG |,z :7A

QUEW
PEG

. PEG|x: (A

PRG|T,o:(AlA DA

r 11 1T 1

L~y T A "
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continuations. A generic judgment of the type system has the shape P+ G
where P is a process, and G is a hyperenvironment.

Most typing rules are identical to HCP, and in the interest of brevity we
only discuss the important ones. Hyperenvironment components are intro-
duced by the nullary and binary hypermiz rules, and HMix9. These
are ‘Mix’ rules only in name. forms the disjoint parallel composition
of two processes: their environments are joined with |, which stands for ®.
is the stopped process; its hyperenvironment is the empty one, which
stands for the unit of ®, namely 1.

The Cut and [TExsoR rules eliminate hyperenvironment components.
The premises of IC_UTI ensure that the two variables that are being connected—
viz. x and y—are in different ‘parallel components’ of P. Notice that the
external environments of these two components, namely I and A, are then
brought together in the conclusion. A similar pattern permeates the
and rules. It is instructive to follow the derivation of the original
CP rules for ® and 1, which we will silently use:

PrFT,y: A QFAz:B
PlQFT,y:A|Az: B Y]
zly. P|Q+FT,Ajz: A® B z[].0OFx:

The exponential rules |WHYN0TW| |WHYN0TD|, |WHYNOTd and |OFCOURSE{
are formulated in the style of tKokke et a1| |2019al In OFCOURSH we use vec-
tor notation (—) as a shorthand for lists of names and types. Note that—in
contrast to all previous systems—we notate P as a parameter rather than
as the continuation in the process !z{y. P}. This because P does not be-
have like a continuation. For example, it has its own distinct commuting
conversion.

The coexponential rules QUE veA| and |CLARG follow the patterns
described in section , section , section w,section m The rule
QUEW (W stands for ‘weaken’) constructs an empty client pool. The rule
QUEéI (A stands for ‘absorb’) combines a client and a pool into a slightly
larger pool. The interfaces of the client pool and the client are necessarily
disjoint, as they are separated by a | in the premise. All the processes in the
resultant pool race to communicate with a server at the single endpoint .

Correspondingly, constructs a process that offers a service at the
single endpoint y. Its continuation P functions as both the initialization and
the finalization of the server, over channels i and f respectively. This rule
is similar to the rule of section , but in the interest of brevity it
combines the premises - I', B and F B+, A into one process. However, these
functionalities continue to be logically disjoint components of P, as their

5 ould join them with a comma, which would stand for a 5.
IM1X( would stand for the unit of %2, namely L.
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interfaces are separated by a | in the premise. The process () is a ‘worker’
process which is spawned every time a client is to be served.

In all process constructs that involve a dot that is not within curly braces,
e.g. y(z). P, we call the part that precedes it the prefix of the process (y(x)
in this case), and the part that succeeds it the continuation (P in this case).

The bound names BN(P) of a process P are defined as follows:

e z and y are bound in P within vay P.

x is bound in P within y(z). P and y[z|. P.

o Within jy{z,2',v". Q}(i, f). P we have that i and f are bound in P,
while z, 2/, and ¢/ are bound in (). Note that y is not bound, but
rather ‘exported.

e z is bound in P within ;jy[z]. P.

o g and x; are bound in P within z[DUP](xq). z1 P.

x is bound in P within 2/[USE]. zP.

In all other cases the set of bound names is empty. We define the free names
FN(P) of a process P to be the set of sets corresponding to the names
occurring in the typing judgment of P. For example, the hyperenvironment
G:=uz:Ay:B|z:Cw: D determines the set of sets |G| = z,y |
z,w = {{z,y}, {z,w}}. Kokke et al| [2019a] call this the name partition
corresponding to a hyperenvironment. Thus, if P - G we define FN(P) :=
|G]. We will sometimes abusively write FN(P) to mean the union of the
name partition, i.e. the complete set of free names that occur in it. As is
usual, processes are identified up to a-equivalence.

We write 7, for an arbitrary prefix communicating on channel y, and
BN(m,) for the variables that it binds in its continuation. For example, 7,
could be y(x), and in this case BN(7,) = {z}.

Finally, notice that the typing cannot be inferred from the terms alone.
For example, in the term x(). P does not specify in which environ-
ment I' within its hyperenvironment the unit L should be introduced. This
has an impact on the name partition FN(P) of a process P.

2.3.6 Operational Semantics and Metatheory

Definition 1. Canonical terms are defined by the following clauses.
e 7. P is canonical whenever P is.
e P | (@ is canonical if both P and () are canonical.

e 0 and z <> y are canonical.
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Plo=P (PAR-UNIT)
PlQ=Q|P (PAR-CoMM)
P|(Q|R)=(P|Q)|R (PAR-AssoC)
T Y=y (LINK-CoMM)
vey (P Q) =P |lveyQ (z,y € FN(P)) (RES-PAR)
vryvzw P = vzwvay P (RES-RES)
7z (P Q) = P | 7. Q (BN(m,) NFN(P) = ) (PRE-PAR)
veym,. P =m,.vey P(z # x,y and 7, and vzy not cross FN(P))
(RES-PRE)

Tg. Ty. P = my. m5. P

(x # y,y € BN(m,), 2 € BN(my), 75 and 7, not cross FN(P))
(PRE-PRE)

extended with

soleol. salor]. P = galo]. goleol. P (Que-Que)
Figure 2.2: The structural equivalence of CSLL processes.

o y.case{L:P,R:Q} and !z{y. P} are canonical.

In particular, vy P is not canonical; it is a cut.

The above notion of canonicity is not definitive. For example, 7. P could
have been considered canonical regardless of the canonicity of P (similar to
weak head normal form for A-calculus). However, we choose to react P
further to make the ‘final result’ of an interaction visible in later examples.
In addition, we could require terms such as P and @ in y.case{L:P,R:Q)} be
canonical for the whole term to be canonical, but we choose not to so as to
reduce the number of reaction rules.

We define the notion of structural equivalence P = () to be the least con-
gruence between processes induced by the clauses in fig. P.9. Furthermore,
we define the reaction relation P — () between processes to be the least
relation induced by the clauses in fig. R.3.

The structural equivalence and the reaction semantics largely mirror the
notions of the same name in the 7-calculus Milner [1992, 1999]. Those that
differ are justified wvia linear logic. and can be seen as identifi-
cations arising from proof nets, in which the corresponding proofs would be
graphically identical. Note that the commuting prefixes are requried to not
‘cross’ the name partition in order to preserve typing. As a counterexample,
if PFao:Ay:Bl|z:C,w:D, then z(w).y[z]. P+ x: A9 D,y: B C
while y[z]. z(w). P is ill-typed. To avoid this, we say that x(w) and y[z]



2.3. PROCESSES 29

PARL REs PRE
P— P P— P P— P
PlQ— P |Q vey P — vy P’ my. P — m,. P’
EqQ
P=P P—Q Q=q
P — Q

vay (z.case{L: Py, R: Py } | Q) — z.case{Livzy (P | Q),Rivay (P | Q)}
(WITH-COMM)

vay (z{zd. P} | ly{0. Q}) — 12{vW. vay (P | ly{0.Q})}
(OFCOURSE-COMM

)

vay (= 2| Q) — Qlz/4] (Link)

vay ([ Py().Q) — P|Q (OnE-Bor)

vay (z]z]. Pl y(w). Q) — veyvzw (P Q) (TENSOR-PAR)

vy (z[L]. P | y.case{L:Qo, R:Q1}) — vzy (P | Qo) (PLUSL-WITH)
vay (z[R]. P | y.case{L:Qo, R:Q1}) — vay (P | Q1) (PLUSR-WITH)
vay ((z[]. C liy{z 2,y . Q}(i, f). P) — C' | vif P (CLARO-QUEW)

vay (gola’]. C liy{z 2",y QY (i, f). P) — vayva'y' (C| R)

whereR := jy{z,2",y". Q}(2', f). (viz (P | Q))
(CLARO-QUEA)

vzy (z[DI1spP]. P | ly{Z. Q}) — Z[DISP|. P (ExpW)
vay (z[UsEl. 2’ P | \y{Z.Q}) — va'y (P | Q) (ExpD)
vy (x[DUP|(zo). 21 P | ly{Z. Q}) — Z[DUP|(2). Zivaoyo ve1yr (P | R)

where R =y {#1. Q[z1y1/ 2y} | 'yo{20. Q[Z0v0/Zyl}
(ExpC)

Figure 2.3: The operational semantics of CSLL processes.
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cross the name partition FN(P) = z,y | z, w, and hence that this commuta-
tion is forbidden. Formally, ‘crossing’ is defined as follows.

Definition 2. We first define two sets of names X, and Y, indexed by
prefixes. Note they are defined for only some prefixes.

Xz(a:’) = {:Ea ‘T,} XZ[DUP](,”I}Q)..’El = {an xl}
Yy = 1{y,y'} Yy =1y}
Yiy(z 'y Q) zaw). = {70}

Now, 7, and 7, cross the name partition |G| just if any of the following
cases apply.

e In the binary case, we require the following: X, and Y7, is defined
for 7, and 7, respectively; write X, = {zo,z1} and Yz, = {yo,y1 };
there are I', A € |G| such that xg,y9 € " and z1,y1 € A.

e In the nullary case, we require all the following to hold:

— 7 is () or z[DISP]
— my is y[] or jx[].

— |G| is 0

Moreover, 7, and vypy; cross the name partition |G| if the following holds:
X, is defined for m,; write X = {z¢, 21} and there is I'; A € |G| such that
xo,yo € I' and x1,9y1 € A.

The structural equivalence allows us to commute the position of two
clients in the pool, thereby imitating racing—as discussed in section . In
order fully exploit the nondeterminism induced by the other structural
equivalences are necessary. For example, the two clients in jz[xo|. y(v'). jx[z1]. P
cannot be permuted without using first. Indeed, this is the major mo-
tivation fo, as the latter is not needed for our metatheoretic results.
Note that m is the one and only source of nondeterminism in the system.

Some commuting conversions appear as structural equivalences, and
some as reaction rules. m and m are commuting conversions for
and WiTH respectively. P.3.6 with P.3.6 combine into a kind of
commuting conversion for prefixes. We take the former as reaction rules, and
the latter as structural equivalences. This choice makes structural equiva-
lence preserve canonicity. For example, in R.3.6 the LHS is not canonical,
but the RHS is.

The overwhelming majority of these commuting conversions is used in
previous works on the relationship between linear logic and w-calculus to
obtain cut elimination [Wadley, 2014, §3.6] [Bellin and Scott, 1994, §3].
Perhaps the only exception is , which allows us to swap any two non-
interfering prefixes. It can be justified computationally as an observational
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equivalence arising from the semantics of Atkey [2017, §5]. Finally, Kokke
et al. [20194] view it as a session-theoretic version of delayed actions Merro
and Sangiorgi [2004].

corresponds to eliminating non-top-level cuts in Linear Logic; it is
not standard in either m-calculus or CP. Nevertheless, we choose to include
it in order to strengthen our notion of canonical form, which in turn elu-
cidates the examples in section @ In contrast, the reaction rules for the
exponentials are standard; see Kokke et al| [2019al.

Finally, we have a number of novel reaction rules for coexponentials.
The rule corresponds to serving an empty client pool. In this case we
simply connect the initialization and finalization channels of P. Likewise,
the rule is the reaction caused by a nonempty pool of clients. The pool
offers a fresh channel 2’ on which the new client expects to be served. The
server then spawns a worker process (), and the channel 3’ on which it will
serve the new client which is connected to 2/, as expected. The initialization
channel i of the server continuation is connected to the z channel, on which
the worker process expects to receive the ‘current state’ of the server. Once
@ serves the client, it will send the ‘next state’ of the server on z’. Thus, we
re-instantiate the server with 2’ as the new initialization channel. Note that
the ‘server state’ we discuss here does not conform to the usual intuition of
an immutable value; it_could be a session type itself, as demonstrated by
the example in section .

We have the following metatheoretic results.

Lemma 3. If P=Q, then P+ G if and only if Q F G.
Theorem 4 (Preservation). If P+ G and P — @, then Q F G.

Theorem 5 (Progress). If R G then either R is canonical, or there exists
R’ such that R — R'.

2.4 An example: Compare-and-Set

We now wish to demonstrate the client-server features of CSLL. To do so we
produce an implementation of the quintessential example of a synchroniza-
tion primitive, the Compare-and-Set operation (CAS) [Herlihy and Shavit),
2012, §5.8]. Higher-level examples are given in section E

A register that supports compare-and-set comes with an operation CAs(e, d)
which takes two values: the expected value e, and the desirable value d. The
function compares the expected value e with the register. If the two differ,
the value of the register remains put, and CAs(e,d) returns false. But if
they are found equal, the register is updated with the desirable value d, and
Cas(e,d) returns true. When multiple clients are trying to perform CAS
operations on the same register they must be performed atomically. The
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CAS operation is very powerful: an asynchronous machine that supports it
can implement all concurrent objects in a wait-free manner.

We follow previous work Girard [1987a], Abramsky [1993b], Atkey et al.
[2016], Kokke et al) [2019a] and define the type of Boolean sessions to be
2 := 1@ 1. We have the following derivable constants:

tt, == z[L]. 2[].OF 2:2 ff, :=z[R|.2[]].OF 2:2

Moreover, we obtain the following derivable ‘elimination’ rule (we write
derivable rules in blue):

PFT QFT
2().PFz: LT 2).QFz: LT
if(z; P; Q) := z.case{L:z(). P,R:z(). Q} F z : 21T

Hence, we can eliminate a Boolean channel in any environment I'. The
induced reactions are

vay (tte | if(y; P; Q) —* 0| P =P vay(ffy |if(y; P; Q) —*0|Q=P

We can now implement a register with a CAS operation. To begin, each
client communicates with the register along a channel of type

A=20222 %1

Thus, a client outputs three channels. On the first two it shall send the ex-
pected and desirable values. On the third it will input a boolean, namely the
success flag of the CAS operation. Following that, it will accept an end-of-
session signal. Curiously, this last step is necessary for our implementation
to type-check.

As a minimal example we will construct a pool of two racing clients, one
performing CAS(ff, tt), and the other one CAs(tt, ff). Initially z; is ahead in
the client pool.

Co:= .270[166].£B0[.Td}. (ffxp ‘ tty, | x0 <—>r0) Frpg:2®02® 2+ RLlrg:2® 1L
Oy = xy[we]. w1(2q). (tto, | oy |21 r) F o 1202020 91,7 120 L
clients := jz[x1]. jx[zo]. jx[]. (Co | C1)

Fei(20202091) 020 L 2w L

Note that each client forwards the result it receives to an individual channel
r;. By the rule these two channels are preserved in the final interface
of the pool.

Next we define the CAS register process, for which we use the | con-
nective. This requires two components: the initialization and finalization
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process P, and the worker process () that serves one client. To begin, we
pick the internal server state to be B := 2. We initialize the register to false,
and forward the final state of the register to u.

Pi=(ff|feu)bFi2|f:20u:2

Finally, we define (). We begin by receiving the input and output channels
from a client, and do a case analysis on the current state of the register:

Q=9(ye)- v (ya)-if(z; Ri; Ro)Fz:2 9/ 292t 920 1,2 2

We have carefully named the channels so that 3, : 2+ and y4 : 2 carry the
expected and desirable values. 2’ and w’ carry the internal register, before
and after the operation. The continuations Ry and 1?1 do a case analysis on
the expected and desired value:

Ry = if(ye; if(ya; S1115 S110); if(ya; Sio1; S100))
Fye : 2L,yd : ZL,y' 2@ 1,72

Ro := if(ye; if(ya; So11; So10); if(ya; Soo1; Sooo))
Fye : 25 ya: 25y 20 1,2 : 2

Two further case analyses lead to an exhaustive eight cases, each of which is
handled by a separate process S;;.. We only give Si19 here, the rest being
analogous:

S0 = y'[yr]. (tty, |V Fy 20 1,2 : 2

In this case, the expected value (true) matches the register state (true),
so the process outputs true to the result channel y, (the CAS operation
succeeds), and the register is set to the desired value (false). We must not
forget to receive an end-of-session signal on y, as required by the session
type. We let server := jy{z,2,y/.Q}(i, f). PFy:i(2t 92t 2% 1),u: 2,
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and cut:

vzy (clients | server)
= vay (jx[z1]. {x]zo]. iz]]. (Co | C1) | server)
= vay ((x[xo]. jx[x1]. (z]]. (Co | C1) | server)
(o preempts x; using P.3.6)
— vayvaey (Co | jzlz]. o2ll. Cr liylz, 2y Q' f). (viz (P | Q)))
(Cy is accepted)

—" rolyr]- (tty, | ro(). vay (alz]. (2l C1 Lz, 2y QF(", f). P'))
(Cp performs CAS)

— rolyr]. (tty, [ r0(). vayvary' (C1 [ 2] 0 [iy{z, 2"y QHE, f). (v2"2 (P] Q))))
(C is accepted)

—" rolyr]- (tty, [ r00)- ralwe]- (tty, [ 110 vay (2l 0 [ iy{z. 2",y Q} (=", ). P")))
(Cy performs CAS)

— rolyr]. (tty, [ 70(). malyr]- (tty, [ 710). (0 [v2" f P)))
(server starts to finalize)
— rolyr]. (tty, | r0(). m1lyr]. (tty, [71().fl)) Fro:2®@ Lir 2@ Liu:2
(server finalizes)

where P’ = tt,n | f <> u and P” = ffu | f +>u. This corresponds to the
scenario where Cy wins the first race, and hence the CAS operation of both
clients suceeds. There is another reaction sequence: if C; wins the first race,
we end up with ry[y,]. (ffy,. | 71(). 7olyr]. (tty, [ 70(). tty)).

The coexponentials play

a central role here: | is

used to represent the fact | B A 22 1
that this register provides a L o Q/y — T
server session at a unique Z|B

end point, and ; is used
z
to collect requests for a 2 B A 2@ 1
u e FE] "V zCr ——

CAS operation to this sin- ! 7 Qy !
gle end point. We see
that every feature of client-
server interaction, as de-

scribed in points (i)(iv) of Figure 2.4: Topology of Compare-and-Set
section ’ ‘s modelled. protocol, after two server acceptances. Boxes
The fact we are able represent processes. Cuts are represented by
edges connecting two channels. The dual of

impl hro- . . . N
flci)za};(l)i e;?ienri‘ictije lisl}{fenCCX)S each session type is omitted for simplicity.

shows that the client-server
rules also provide an additional safeguard, namely that server acceptance is
atomic. While the actual CAS is not an atomic operation—as many things
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are happening in parallel—the causal flow of information ensures that the
state implicitly remains atomic.

To illustrate the type of atomicity we have, consider an alternative re-
action sequence where the two clients are immediately accepted before any
other reaction. fig. @ shows the process topology of the scenario where C
is accepted immediately before Cy. Each client is connected to the one of
the two worker processes () with client protocol A, and the worker processes
are connected to each other and P with internal server protocol B. Which
specific worker process a client connects to is determined by the client’s po-
sition in the queue, before the coexponential reaction takes place. The
clients’ positions in the layout also determine the final result of the reaction
up to structural equivalence, even before the computation of the output
takes place.

2.5 A session-typed language for client-server pro-
gramming

As the example of the previous section shows, CSLL is a particularly low-
level language. This is a feature of essentially all variants of linear logic as
used for session typing, including Kokke et al/'s HCP [20194, Example 2.1],
and Wadler’s CP [Atkey, 2017, §2.1] [Atkey et alJ, 2016, §3.1]. Consequently,
the need for higher-level notation to help us write richer examples arises.
These in turn will help us illustrate the degree of channel sharing allowed by
CSLL. We follow the lead of Wadler [2014, §4] and introduce a higher-level,
session-typed functional language, which we call CSGV.

CSGV is a linear A-calculus augmented with session types and communi-
cation primitives. It is based on the influential work of Gay and Vasconcelos
[2010]. Over the past decade many variations of this language have been
proposed; see e.g. Lindley and Morrig [2015, 2016, 2017] and Fowler et al.
[2019]. CSGV extends Wadler’s version with primitives for client-server in-
teraction. Like the approach in loc. cit. we do not directly endow CSGV
with a semantics. Instead, we formulate a type-preserving translation into
CSLL, which indirectly provides an execution mechanism. Naturally, the
client-server primitives translate to the coexponential rules of CSLL.

2.5.1 Source Language and the Translation

Types The types of CSGV consist of standard functional types and session
types. While the former are used to classify values, the latter are used to
describe the behaviour of channels. Compared to Wadley [2014] we have
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added sum types, and session types for client-server shared channels.

T,...:= T —T|T—T|T+T|T®T | Unit|Ts

Tg,... == T.Tg (output value of type T', then behave as Ts)
| 1T.Ts (input value of type T', then behave as T’)
| Ts @ Ts (select from options)
| Ts & Ts (offer choice)
| end- | end, (end-of-session)
| {Ts (request Ts session)
| iTs (serve T session)

Both the functional types and the session types of CSGV are translated
to the linear types of CSLL. The functional part closely follows Wadler in
using the ‘call-by-value’ embedding of intuitionistic logic into linear logic
Benton and Wadler [1996], Maraist et al) [1995, 1999]. The session types
are translated as follows:

[T.75] == [T 9 [Ts] [Ts&UL] = [Ts] @ [Us] [end] := L
PT.75] == [T]1®[Ts] [Ts@UL] = [Ts] &[UL] [end:] := 1
[.Ts] = i[Ts] [iTs] == ([75]

As noted by Wadler [2014, §4.1], the connectives translate to the dual of
what one might expect. The reason is that channels are used in the opposite
way. Consider the session type !T.S: sending a value in CSGV is translated
as inputting a channel on which you can send it in CSLL. Similarly, ;S does
not represent a channel that the server provides, but rather a channel that
the server consumes. It is therefore a channel that the client pool provides,
and hence it is translated to a client in CSLL.

Duality We define duality on session types in the standard way; it is
obviously an involution.

IT.Tg = ?T.Tg ITTs:= TTs TsdUr:= Ts&Up
Ts & UL := Ts® Uy Ts = iTs iTs:= (Ts

The translation is a homomorphism of involutions:

Lemma 6. [Ts] = [Ts]*.

Thus, connecting channels in CSGV will be translated to cuts in linear logic.
Definition 3. The set of unlimited types is defined inductively as follows.

e 1 and T'— U are unlimited.
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e T'+ U and T ® U are unlimited whenever T" and U are.
All other types are linear.

Values of unlimited types can be discarded and duplicated, because they
are translated to CSLL types that admit weakening and contraction. Cate-
gorical considerations [Mellies, 2009, §6.5] lead us to consider T’®U unlimited
whenever T and U are, which is finer-grained than loc. cit.

Terms CSGV is a linear \-calculus, extended with constructs for sending

and receiving messages.

L, M,N:= z|*x|Xe.N|MN|(M,N)|let(z,y) = Min N
| inl M |inr M | match L with z.{M, N}

(functional fragment)
| send M N | recv M (send and receive)
| select;, M | selecty M | case L of z.{M, N} (select options)
| terminate M (terminate M)
| connect(z. M;y. N) (connect x of M to y of N)
| eofy (end client pool)
| fork, 2. M (extract client interface)
| serve y{L,z. M, f.N} (server construction)

Typing rules The environments of CSGV are given by I', ... := o | ',z :

T. The translation of types is extended to environments pointwise.

Selected typing rules of CSGV are given in fig. @ and fig. @ Most
rules follow Wadler [2014, §4.1] to the letter, and are therefore omitted. In
the interest of economy we also give the translation to CSLL at the same
time. The translation is defined by induction on the typing derivations of
CSGYV. As the purpose of a CSGV program is the computation of a value of
a distinguished type, the translation must privilege a single name over which
this value will be returned. Thus, given a choice of name z and a typing
derivation I' = M : T', we write [I" - A : T ] for its translation into CSLL.
Somewhat abusively we will sometimes also write [M], = [[']*, z : [T] for
the translated term. This slight abuse of notation also reveals the intended
typing.

The novelty here is in the CSGV rules for client-server interaction, and
their translation into CSLL. A name of shared client type ;Ts can be seen as
a form of ‘capability’ for talking to the server. discards this capability,
signalling the end of the client pool. uses it to spawn a fresh channel
2’ on which a client M will talk to a server, and returns the capability back
to the caller. The client M itself has type end;: it does not return valuable
information, but uses values and channels found in I'.
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"RECV
T+ M:?T.Ts
= Z\[z}_ FL, T T
Three M : T®Tg Z] [M]. F 0], 2: [T]T® [Ts]

[

'SEND
I'-M:T AN : 1T Tg

T.AFsend M N : Ts 2]
[

[M], F [[F]]J‘,y :[T] ez [[Ts]]J‘,Z [ Ts]

2yl ([M]y |2’ + 2) F [C]+, 2" : [T] @ [Ts]*, 2 : [Ts]
[N]. F [A] @« [T]* % [Ts]

var' (z'[y]. ([M]y | &' < 2) | [N].) b [TT5, [A) 2« [Ts]

ConN o
I'x:Ts+ M : end, Ay:TsHN:T
' A+ connect(z. M;y.N): T

z] =
[
M), =[O 2 [Ts)hy: L 2[.0Fz:1
vyz ([M]y | 2[].0) []4, z : [Ts]*
[N]: - [A) g : [Ts], 2 2 [T]
vay (vyz ([M]y | 2[].0) | [N].) - [T+, [A] Y, 2 - [T]

Cur

Cur

Figure 2.5: CSGV Typing Rules and Translation to CSLL: linear session
part
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REQW 00
q= iz 0k [Ts]*
x: [ Ts F eof, : end, 20z 0F z: [Ts] 2 L

[REQA
2’ : Tg = M : end,
Iyz:;Ts & fork, '. M : ;Tg

[

z] ==

[M]o F[O]4, 2 [Ts] w1 w[.0Fwv:1
vuv ([M]. | v[].0) - [T+, 2 : [Ts]+
zezba: [Ts]h, 2 i[Ts]
slz']. (vuv (2[].0 | [M]) | = < 2) F [T]*, 2 2 i [Ts]h, 2 - i[Ts]

HMIix2+QUEA

SERV
AFL:T z:T,y:TgkHM:T X f:THEN:U

AY y:iTstFservey{L,z. M, f.N}:U

RS

[

[L]: FIALY i 7] [NDu - [S]5 f 2 [T] w: [U]
[2]: | [N]w F AL i [T] | (2] f - [T]F s U]
[M] bz [T] g [Ts]h, 2 2 [T] o
iy{z,z’,y. [[Z\[]]Z’}(7f) ([[L]]t | [[N]]u) - [[Aﬂlﬁg : i[[TS]]L’ [[EHLJL : [[U]]

LARO

Figure 2.6: CSGV Typing Rules and Translation to CSLL: shared session
part
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Dually, Ts is the type of a server channel. constructs a server
from three components. L computes the initial state of the server. Given
the current state in z, and a client channel y, M serves the client listening
on y, and then returns the next state of the server. N finalizes the server.
Note that the so-called server ‘state’ here could well be a channel itself,
enabling bidirectional interleaving communication—a design we will explore
in section .

The typing rule is quite restrictive, in that it does not allow any-
thing from the environments A and > to be used in the term M which
computes the next state of the server. Fortunately, the following derivable
rule allows us to weave some non-linear values of types V in the server.

AFL:T §:V,2:T,y:Ts-M:T S, f:THN:U
V unlimited
T:V,AS,y:iTs
serve y{(¥, L), 2 .let (¥,2) = 2" in (T,M), f'.let (¥, f) = f'in N}:U
serve' y{L,z. M, f. N}

We will make crucial use of this derivable rule in a couple of our examples.
We also also adopt the common shorthands let z = M in N := (Az. N)M
and let _ = M in N :=(\z. N)M for fresh z : *.

2.5.2 Functional Data Structure Server

Our primitives can be used to protect a shared functional data structure.
Without loss of generality, we consider a server whose state is a purely
functional queue T with operations

enq: T®A—T deq: T — T ® (Unit + A) empty : T

In particular, deq could return Unit if the queue is empty. The server will
talk to a client via a channel of type Tg := (?A.end?) & (!(Unit + A).end?).
One client receives an A along rg, and enqueues it. The other one dequeues
an element, and sends it along ry.
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L := empty
Mepg = let (v,y") = recvy/ in
let _ = terminate y” in enq(z,v)
Meq = let (v,2') = deq zin
let _ = terminate (send v ¢/) in 2/
M := case y of y' {Meng, Myeq}

Co = let (v,7}) = recvryin

let _ = terminate r{ in

let z, = send v (select xg) in
Cy := let (v,2]) = recv (selectg x¢) in

let = terminate (send v 1) in

clients := let x = fork, zg.Cp in

let x = forky x1.C1 in eof,
We then define server := serve y{L,z. M, f. f}, and see that

ro : TA.end?, 71 : I(Unit + A).ends - connect(z. clients; y. server) : T'

2.5.3 Nondeterminism

Unsurprisingly, the races in our system suffice to implement nondetermin-
istic choice. We define B := Unit 4+ Unit. We implement tt and ff by the
obvious injections, and the conditional by

I'-B:B AFM:V AFN:V 5
+
' A& if B then M else N := match B with z.{M, N} :V

(for x fresh). The clients Cp, Cy respectively send ff and tt over a channel.
We also define a server with a pair of Booleans as internal state. The first
component records whether the server has ever received a value. When a
value is received it is stored in the second component, and any further values
received are discarded.

Cp := send ff zg M :=let (z9,21) = zin
Oy := send tt x1 let (v,3) = recvyin
clients := let x = fork, zg. Cp in let = terminatey/ in
let x = fork, x1.Cq in if zo then z else (tt, v)

eof, N :=let (fo,f1) = fin fi
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We define a server := serve y{(ff, ff), z. M, f. N} beginning from (ff, ff). We
then have that

F flip := connect(z. clients; y. server) : B

This program is translated to [flip], - y : 2, with reactions [flip], —* ff,
and [flip], —* tt,. We can use this to implement a nondeterministic choice
operator:

PFT  QFT
choose(P, Q) := vzy ([flip]y | if(z; P; Q)) FT

such that choose(P,Q)) —* P and choose(P, Q) —* Q).

2.5.4 Fork—Join Parallelism

Fork-join parallelism [, ] is a common model of parallelism in

which child processes are forked to perform computation simultanously.
Once they have finished, they are joined by the parent process, which col-
lects their work and produces the final result. We assume a ‘heavyweight’
function h : A — B that will run on forked processes, and a relatively less
expensive function g : B — B — B that will combine their answers. We
also assume an initial value gp : B, and a list of ‘tasks’ xs : [A] to process.
Of course, [4] is the type of lists of A, and is supported by the operations:

nil : [A] cons: A — [A] = [4] foldc:C = (C—-A—C)—[A] > C

Let
clients := lety = fold, 1, ¢ (Az. \v.fork, z’. (let v' = hwvin send v’ z)) zs in
eof,
M :=let (v,9/) = recvyin let _ = terminatey’ in gz v

The client protocol is Ts := !B.end;. To form the client pool, we begin with
a shared client channel ¢ : jT's. We fold over the list s : [A], adding a forked
process for each ‘task’ v : A to the client pool. Each one of these forked
processes will compute h v : B, and send it over its fresh channel 2’ : Tg.
We have c: ;Ts I clients : end;.

We let server := serve’ y{go, z. M, f. f}. The server begins with internal
state go : B. It nondeterministically receives the result of a computation of h
from each client, and ‘merges’ it into its state using ¢g. In the end, it returns
the result. We have z : B,y : Tg - M : B, and thus y : {Ts I server : B. We
use serve’ to pass unlimited parameters to the server internals.

Putting this system together, we get

+ fork-join(h, go, g, xs) := connect(z. clients; y. server) : B
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The fork-join paradigm is often used in industrial parallelization frame-
works [Dagum and Menon|, 1998, Reinders, 2007, Blumofe et al), 1995, Leijen
et al), 2009]. The background languages and type systems usually do not use
any logical devices for concurrency. In particular, concurrent behaviour is
not controlled by the type system, as it is here. Note that fork-join requires
each spawned process to be independent of each other and only communi-
cate with the parent process, which is precisely caputured by the linearity
restriction of our system.

Another parallel computation model is that of async-finish. It is more
expressive than fork-join, as it allows spawned processes to spawn further
processes. The whole tree is then joined at the root process, with no regard
to the spawning thread of each child. Our system(s) does not support that:
in the rule, the spawned process M is only given a channel 2’ : Ty,
which cannot be used to spawn further processes in the same pool. However,
it is well-known is that nested parallelism is still possible, but each child
has to spawn its own instance of a fork-join computation, which does not
interfere with the root process.

An even more expressive model is that of futures [Halstead, 1984]. A
future is a first-class value that represents a computation running in parallel
to the current process. At any point it can be forced to obtain its result; if
it has not finished an error may be returned, or the process forcing it may
block. While fork-join or async-finish spawned processes are independent of
each other, futures may be passed around freely (in any reasonably expres-
sive language) and introduce rich interactions. This seems to be in violation
of the linearity restriction of our system(s), and thus cannot be expressed.
Nevertheless, the rule can be seen as a very restricted form of future,
where the spawned process can only communicate with the parent process.
More discussions about the difference between these models is given by Acar
[2016].

2.5.5 Keynes’ Beauty Contest

Until this point we have seen only relatively simple examples of client-server
interaction. In all cases, the ‘internal server protocol’ we have used has con-
sisted of an unlimited type, the values of which we can replicate or discard.
This leads to the false impression that clients access the server one-by-one
in a sequential manner, so that clients that connect later are unable to influ-
ence the information observed by the earlier ones. In this section we present
an example that shows this to be untrue. In particular, if the ‘internal server
protocol’ consists of a session type itself, then we witness bidirectional, in-
terleaving behaviour. This distinguishes our systems from those based on
manifest sharing Balzer and Pfenning [2017].

We present a server implementing the umpire in a Keynesian beauty
contest [Keynesd, 1936, §12]. Keynes’ beauty contest works as follows. A
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newspaper runs a beauty contest in which readers have to pick the prettiest
faces from a set of photographs. The competitors are not those pictured,
but the readers themselves: if they pick the faces which are judged to be
the prettiest by the majority, they will win a prize. Thus, the readers are
incentivized to estimate the aesthetics of the majority.

We will implement a restricted version of this scenario, where a pool
of clients votes for a Boolean value. The server then counts the votes,
and awards a payoff of 0 or 1 (represented by ff and tt respectively) to
each client, indicating whether they voted for the winner. This is obviously
impossible if the server handles requests sequentially. In fact, the server will
be implemented by spawning a network of interconnected processes, each of
which will handle one vote.

We first define the following derived rule. Informally, this rule expresses
that a process that uses a channel of type Ty is also exposing a channel of
dual type T%s.

I,z :TgF M : end y:Tgly:Tg
[+ inv, (M) := connect(z. M;y.y) : Ts

The client session type is C's := !B.7B.end;, and the internal server pro-
tocol is Tg := ?(N®N).!B.end?, where N is the type of natural numbers. We
assume a bunch of standard functions:

zero: N succ: N —+ N <:N—>N-—-B eq:B—-B—B
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where eq checks Boolean values for equality. We let

L :=letw’ = send (zero,zero) w in (send initial state)
let (_,w") = recvw’in w” (receive final value)
N :=let (s, f') = recv fin (receive final count)
let (ng,m1) = sin (unpack state)

let f” = send (ng <mnq) f'in

(compute winner and notify the last worker process)
terminate f” (close channel)
M = let (s,2') = recv zin (get state)
let (ng,np) = sin (unpack state)
let (b,y') = recvyin (receive a vote)

let s = if bthen (succ ng,ny) else (ng,succ ny) in
(increment the right counter)
let w' = send s’ win (pass new state to next worker process)
let (b',w") = recvw’in (receive winner from next worker process)

let = terminate (send (eq b?’) 3/) in

(tell competitor if they won, close channel)

let _ = terminate (send &’ 2) in
(forward winner on, close channel)

"
w

We define server := serve y{invy, (L), z.inv, (M), f. N }. The components are
typed as

w:Tg L : end f:TsEN:1
w:Tg,z:Ts,y:Cg M : end y:ils Fserver: 1

The details of this protocol are subtle. The construct inv,(—) allows us
to use programs which only have side-effects as internal server state, by
inverting the polarity of one of the channels. The server is initialized by
L, which sets the state to be (0,0). It then listens on the same channel to
receive the winner, which it promptly discards. The server finalization N
receives the final tally of the votes, computes the winner, sends back the
result, and closes the channel.

The component M is used to communicate with each competitor. It
receives the state of the server, the competitor’s vote, and increments the
appropriate tally. It then passes on this new state to the next worker process
M, which will communicate with the next competitor. This sets up an entire
network of worker processes M, one to serve each competitor. When the
competitors have all cast their votes, /N computes the winner, and sends
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it back to the last worker process. This process then tells the competitor
whether they won, closes the channel to the competitor, and passes on the
result to the worker process serving the previous competitor, and so on. At
the very end, the winner is passed to the initialization process L.

We can then define a number of competitors x; : !B.?B.end; - C; : end,
who will cast their votes by sending a Boolean value and receive a payoff
along x;. These can be combined into a client pool, much in the same way
as in previous examples.

If we have two such competi-

tors Cp and C7 merged in a pool, N ® N B

and we connect them to server, we T O z My kSlzd,
will obtain a process topology of the B Z |B

form illustrated in the schematic di- B Q N® N
agram of fig. @ Compared with NN =z |p

fig. @ this diagram is intuitive but N FEC A 7 My =0,
loose on accuracy. Details such as B B

end, and end; are left out. We have
also spelled out the protocols inter-

nals. For example, the server inter- -+
nal protocol T is indicated by a for- Sian beauty contest, after coexponen-

ward arrow N @ N and a backward tial reactions but before other re-
arrow B. actions. Boxes represents processes

whose names are at the center of the

boxes.  Arrows represents directed
2.6 Related work mesages between processes with types
of the data annotated. Labels on
edges of boxes are the names of the
channels to the processes.

Figure 2.7: Layout of the Keyne-

In addition to the general related
works as discussed in chapter [l|, fol-
lowing are ones more particular to
the present extension.

Clients and Servers in Linear
Logic Typing client-server inter-
action has been a thorn in the side of session types and Linear Logic. All
previous attempts rely on some version of the %ule. Both Wadler [2014,
§3.4] and Caires and Pére7 [2017, Ex. use to combine clients into
client pools. Kokke et al. implicitly use to type an otherwise untypable
client pool in HCP [Kokke et al., 20193, Ex. 3.7].% Remarkably, none of
these calculi demonstrate stateful server behaviour, as we predicted using a
semantic argument in section .

The present extension centers around the idea that client pool should
be represented as a collection of disjoint processes, while the corresponding
server internally connected. The same idea was independently developed

"This has been confirmed to us by the authors.
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by Kokke et al) [2019b]. They drew inspiration from Bounded Linear Logic
[Girard et all, 1992] to formulate a system for nondeterministic client-server
interaction. They use types of the form ?7,A (standing for n copies of A
delimited by 7®) and !,,A (standing for n copies of A delimited by ®). !, A
represents a pool of n disjoint clients with protocol A, and ?7,A a server
that can serve exactly n clients with protocol A. While this is consistent
with disjoint-vs.-connected concurrency, their system is limited to serving a
specific number of clients in each session. Thus, it fails to satisfy criterion
(i) in section , and does not form a satisfactory model.

Differential Linear Logic The rules for ; given in § are almost
the same as the coweakening, codereliction and cocontraction rules for ! in
Differential Linear Logic (DiLL) [Ehrhard, 2018]. DIiLL is equipped with
nondeterministic reduction and formal sums, and is believed to have some-
thing to do with concurrency. Ehrhard and Laurent [2010] have produced
an embedding of the finitary m-calculus into DiLL, though that encoding has
been criticized [Mazza, 2018]. A type of client-server interactions—namely
the encoding of ML-style reference cells into session types—has been en-
coded by Castellan et al! [2020] in a system based on the rules of DiLL.
This work relies on both the costructural rules and , so it is not clear
which device primarily augments expressive power. Our work shows that
something akin to the costructural rules of DiLL arises from the wish to
form client pools. The exact relationship between coexponentials and DiLL
remains to be determined.
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Appendices

2.A Coexponentials and Logical equivalences

We may derive the following logical equivalences about coexponentials, which
are dual to similar laws for the exponentials.

A=A A=A iA iL=1 (A& B)=jA®|B 0= 1
WA= A A= AR A =1 W(AeB)=;A® B JT=1
Theorem 7. In CLL with Mix and BiCUT, exponentials and coexponentials
coincide up to provability. That is: if we replace ? and ! in the rules for the

exponentials with s and | respectively, the resultant rule is provable using
the coexponential rules, and vice versa.

Proof. We first show that the exponential rules are derivable using coexpo-
FT

nential rules under the substitution ? — ;. The weakening rule - T',?4

FT A l”
is mapped to the derivation FT,;A = . The dereliction rule 7d
FT,?7A4,7A -
is just ;d, and the contraction rule + 1,74 is mapped to

- AX - AX
- iAl,LA = iAL, LA
FT, A, A FiAt AL A
I ;A

ic
BiCurt

This leaves promotion. The forklores (iii-v) can be generalised to a bi-
implication

A1 A, AR ®A, A1®-®A, o AR R A,

49
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and hence sequents - @ A+, Q@ A and - % A+, A for any A. With these
FMA

in hand, we can interpret the promotion rule - ?I',!4 = by the derivation

F,[A
I—(@gf,@ﬂ“L I—?LP,A?
)T, A
Fl, ? it H ®;}F, A !

FiILiA

Cur

Cur

In the opposite direction, we show that the coexponentials rules are
derivable using exponentials rules under the substitution ; +— 7. As the
folklores ensure Mix0 is derivable in this system, we can interpret the weak-

— MiIx0
[

~ —?
ening rule ;A et by K74 v . The dereliction rule ;d is simply

FT,;A FA A
J,C
?d, and the contraction rule FT,A A “ s interpreted by the
derivation

FD,74  FA?4
FT,A, 74,74
FT,A,7A

Mix

7c

FeI A

Finally, the rule - ®,;I', ;A s interpreted in a way similar to promotion,
but with the cuts replacing ® with ¢ happening in the opposite order.
O

2.B Translation of CSGV to CSLL: Omitted rules

Of the functional fragment of CSGV the types are translated to CSLL:

[T+U] = [T]e[U]
[T U] = [T] © [U]
[Unit] :=1

[T — U] := [T]*" % [U]
[T — U] := Y([TT* % [U])

Omitted rules of CSGV with their translation into CSLL are shown in

fig. , fig. and fig. . Note that some translations use lemma .
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_OF,Ia::TI—L:U N 2 P e i e (2
THXe.L:T —U 4= 2(z). [L]. F [T], 2 : [T]H % [U]
L [

— F
DEMT—U AEN:T|
TAFMN:U ‘

[

[M]. - [T+, 2 : [T % [U]
[N].: F [A]S, 2 - [T] reyba: [Uly: [U)*
ylz']. (IN]or |2 & y) F[A]Y 2 [ULy : [T] @ [U]*
vz (M1 19Z] (INT- |« 2 9)) F [TT5 [AT S 2 [0]

—>Iﬁ ~

v:VEL:T—-oU V unlimited

= z
v:VHL:T—=U

[

[L]). b @: V], 2 [T % [U]
JIUSE]. T[L]. F o' 2[V]E, 2 [T] 9 [U]

z{v . 0'[USE]. T[L].} F o : ?2[V]E, 2 - (7] = [U])

20011 2{7. V' [usE]. F[L].} F 7 : [V]*, 2 : ([T]* » [U])

[2]. F [T+, 2 (71 » [U])
B m oy [T]H e [U]y: [T] @ [U]*
[

I'CL:T—U _ y[usElyz <y [T]H8 [ULy ([T [UTH)
HL:T—U vzy' ([L]. | y'[usE].yz < y) F [T e : [T]4 % [U]

W [L] - [T], 2 : [7]
r'=L:T U unlimitedm e #'[p1sp). [L]. F [T]+, 2" : 2[U]*, 2 : [T]

Le:UFL:T Pz[a].x[pisp]. [L]. F [T]*, 2 : [U]S, 2 : [T]

Figure 2.B.1: Translation from CSGV to CSLL, functional fragments, Part
one
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CF,:UO Uz URL:T U unlimited
T,z:UF Liz/ao|[z/z1] : T 4
[L]. F [T]+, =0 : [U]S, 21 - [U]S, 2 - [T]
2y [USE]. 2oz} [USE]. 21 [ L] F [T+, 5 : 2[U]+, ) : 2[U], 2 : [T]
2’ [DUP|(x}). 24 xh[USE]. mox [USE]. 1 [ L], F [T]*, 2 : 2[U]S, 2 : [T]
7z[a’).2’ [DUP](z)). 2y 2)[USE]. zox, [USE]. 21 [ L], + [T]4, z : [U], 2 : [T]

&1
ﬁfl—]ﬂ:T AI—N:U]] ,
[

I,AF(M,N):T®U

[M]: H0)Y, 2 (7] [N]e - [A]S 22 [U]
22 (IM]: | [N]2) F [TT4, A, 2 < [T] @ [U]

QF
'=M:ToU Ax:T,y:UFN:V
ﬁ AFlet (z,y) = Min N:V N
[
[M]. F [T 2 [T] @ [U]
[NT. FIAT 2 [TT5,y : [UTS, 22 [V]
y(x). [N]. F [A]Y y: [T 2 [UTS, 2 : [V]
v2'y (IM] |y(z). [N]) b [T [A]S, 2 : [V]

+17,
THM:T [M]. F[T]*, 2 : [T7]

Z| =

il M:T+U z[L]. [M]. F [T]4, 2 : [T] & [U]
[

+E

I'tL:T+U Az :THM:V Ax:UFN:V

I', A F match L with z.{M,N}:V

z] ==

[

[Z], F [TT4y : [T] @ [U]
[M]. - [A]S, 2 - [T], 2: [V] [N]. F[A])S = : [UTS, 2 : [V]
z.case{L:[M]., R:[N].} F [A]*, - [T]*F & [U]4, 2: V
vry ([L]y | z.case{L:[M],, R:[N].}) F [T]4, [A]L, 2 : [V]

Figure 2.B.2: Translation from CSGV to CSLL, functional fragments, Part
two
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SELECTL
'FM:Ts ®Ug

T salect, 0715 || Y
[

xHyFm:ﬂTs]]J‘,y:[[TS]}

[M]. - [O]5 2 [Ts] & [Us] ol zoyro: [Tt [Us] oy [T5]
vez ([M], | z[L]. z & y) F O], v 2 [Ts]

CASE

-L:Ts&Us Aax:TsEM:V  Az:UsFN:V|

T,AFcase Lofz {M,N}:V A=

[
[Z], F [T+, y : [Ts] @ [Us]
[M]. F[A]S = : [Ts]h, 2 [V] [N]. F [A]S, 2 [Us]*, 2 : [V]
z.case{L:[M].,R:[N].} F [A]*, = : [Ts]* & [Us]h, z : [V] Cur

vay ([L]y | z.case{r:[M]., r:[N].}) F [T]+, [A]S, 2 : [V]

Figure 2.B.3: Translation from CSGV to CSLL, omitted rules of linear frag-
ments

2.C CSLL: Metatheoretic Proofs

Proof of lemma B By induction on P = (). We prove one direction, the
other one being entirely analogous. Moreover, the congruence cases are
trivial. P |0 = P, commutativity, and associativity follow from the struc-
ture of hyperenvironments. Link-commutativity follows from the involutive
property of (—)*.

CASE(RES-PAR).

Then P = vzy(R|S) and Q = R|vxzyS where z,y ¢ FN(R). We
must then have that R F H where z,y ¢ H (using lemma @) and S F
T|T,z:A|Ay: AL where G =H |Z|T,A. Hence, we can derive that
Q=R|vzySkEG.

CASE(RES-RES).

Then P = vayvzw R and Q = vzwrvey R for some R. We must invert
P+ G. This generates many cases: for example, it could be that R F
G |T,x:A,z:B|Ay: AL | w: Bt where G = G’ | T, A, X, whence
Q =vzwraxy RE G. The other cases are similar.

CASE(REs-PRE). We show the case for vzy z[w|. P = z[w]. vay P, with that
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of other prefixes being similar. We have
Pl—g|§],y:C’J‘|F,z:A,x:C!A,w:B

2lw].PFG|X,y:CH|T,2: B A,z:CA
veyzw]. PG| X, T,2: B AA

and therefore
Pl—g|2,y:C’J‘|F,z:A,:c:C']A,w:B
veyPHG | T, z: A|Ajw: B
zlwl.vey PG| 8,1, 2: B A A

the other case has x, ¥, z, w in separate environments and are simpler.

CASE(PRE-PAR). We show the case for z[y|. (P | Q) = P | z[y|. Q, with that
of other prefixes being similar. We have

PrG QFH|T,x:A|Ajy:B

PlQFG|H|T,2:A|A,y:B
z[y. (P|Q)FG|H|T,A,z: B A

and therefore
QFH|T,z:A|Ay: B
PG zly QFH|T,A,z:B®A
Plzly.QFG|H|T,A,z:B® A

Lemma 8. If P = @, then P is canonical if and only if Q) is canonical.
Proof. Straightforward by induction on P = Q. O

Lemma 9 (Separation). If T =T |- | T'y_1, then there exist T; - T'; for
0<i<mnsuchthat T =Ty | --|T,—1. Moreover, if T is canonical, then
every T; is canonical.

Proof. We prove the first claim by induction on 7'+ Ty | -+ | T'y—1. We
show only the following cases; all other cases are either trivial or similar.

CASE(HMix2). Then T = P | (@, and after appropriately reordering the

hyperenvironment we have P+ Ty |-+ | [pp—yand Q Ty, | -+ - | Tyy—q with
m < n. By the IH we have T; - T'; for 0 <i <n, with P=Ty | --- | T},—1,
and Q =T, |-+ | Th—1. We then have P|Q =Ty |-+ |11 =T, as =

is a congruence.
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CASE(Cut). Then T' = vay P, and after appropriately reordering the hy-
perenvironment we have

PETo [ | Tnog | Ao,z : A Ayyy: AT

where I';,_1 = Ag,A;. By the IH we have P, F T'; for 0 < i < n — 1,
P, 1k Ag,xz:A and P, - Ay,y: At with P = Py |- | P,. The result
follows, as vay (P,—1 | P,) F T'h—1. and by (Res-Par)

nypzyxy(P(J’""Pnfl‘P7L)EP0|""ny(Pnfl‘Pn)

CASE(TENsOR). Then 7' = z[y|. P, and after appropriately reordering the
hyperenvironment we have

PETy|...T—2 | Ag,xz: A| A1,y : B

where I';,_1 = Ag,A;. By the IH we have P, F I'; for 0 < i < n — 1,
P,1F Ag,x:Aand P, b Ay,y: B with P = Py |---| P,. The result
follows, as z[y|. (P—1| P,) F 1,2 : B® A, and by ()

The second claim follows by lemma E, and the fact subterms of canonical
terms are canonical. O

Lemma 10 (Local Progress). If P T,z : A and Q - A,y : A+ and both
P and Q) are canonical, then there exists an R such that vay (P | Q) — R.

Proof. By induction on P and ). Note the two are symmetric which we
will exploit to omit some cases. The type judgment implies neither P nor
@ can be 0. They cannot be of the form vaxy S either, for they would not
be canonical.

o If P =Py | P, then it must be that P, = 0 without loss of generality.
We have that Py |0 = Py by PArR-UNIT. Apply induction hypothesis
on Py we get vay (P | Q) — R. Use EQ we have vay (P | Q) — R.
Similar when @ = Qo | Q1.

e If P = a<»b, it must be that z = b, so we can reduce by LiNk. Similar

for Q.

o The remaining scenarios are where P = 7,. P’ or P = z.case{L: Py, R:P; }
or P = 'z{z_7 P’} and similarly Q = m,,. Q', or Q = w.case{L:Qp, R:Q1 }
or () = !w{u_f’. Q'}. If z =z and w = y, then one of the reaction ax-
ioms apply; otherwise we can assume WLOG that z # 2 (and of course
z #vy), and take cases of P.

— If P = m,. P/, we have that vay (m,. P'| Q) = vaym,.(P'| Q) =
7. vey (P'| @), given by PRE-PAR and REs-PRE accordingly. Note
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that in the second equivalence, 7, and vay do not cross FN(P' | Q)
because the left hand side is well-typed. By induction hypothesis
we have vry (P'| Q) — R, we therefore have vay (P| Q) —
m,. R by PRE and EqQ.

— If P = z.case{L: Py, R: P, }, the commuting conversion CASE-COMM
applies.

— If P = 12{Z. P'} where z € 2/. We know = : A = ?B for some
B and thus y : AT = 1B+, We check if w = y. If so, we have
Q = !w{J’.Q’} and thus OrFCouRrse-CoMM applies; otherwise,
we know that @ cannot be of the form lw{w’. Q'} where y € w/
(because y : !Bt breaks OFCOURSE requirement that w’ : ?B),
which means ) = m,Q" or Q = w.case{L:Q,R:Q1} and can be
handled similarly as the previous two cases.

O]

Theorem 11 (Progress). If R+ G then either R is canonical, or there exists
R’ such that R — R/'.

Proof. By induction on R F G.

If R =0 or x <>y, then it is canonical.

Suppose R = P|Q. If both P and () are canonical, then so is R.
Otherwise, if P is not canonical, then by the IH we have P — P’ for
some R’ and thus P |Q — P’| @ by PaRL. Similarly for Q.

Suppose R = m,. P. If P is canonical then so is k. Otherwise P is
not canonical, and by the IH P — P’, and thus 7,. P — 7,. P’ for
some P’ by PRE.

Suppose R = y.case{L:P,R:Q} or R = ly{w. P}, then it is canonical.

Suppose R = vy P, with P - G |T,z: A|A,y: A, If P is not
canonical then by the IH we have P — P’ for some P’, and thus
vey P — vay P’ by Res. If P is canonical, by lemma [ we have

that P = Py | --- | P, | Pyy1 where P, - I'z: A and P4 F
A,y : AL, Note that both P, and P, are canonical. Hence we
have R =vzy (Py | -+ | Py+1). By RES-PAR and lemma @ we obtain
R=PF |- | Po1| vey(P,| Pyy1). Local progress (lemma @)
yields vay (P, | Phy1) — R/, which gives R — Py |-+ | Py | R/
by PaRrL.

O

Lemma 12. If P+ G, then FN(P) = FN(G).
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Proof. Straightforward by induction on P F G. O
Lemma 13. If PG |T,y: A and x ¢ G, T, then Plz/y| -G | T,z : A.
Proof. Straightforward by induction on P+ G | T,y : A. O
Theorem 14 (Preservation). If P+ G and P — (), then Q - G.

Proof. By induction on P — (). We show the nontrivial cases of top-level
cuts, and the commuting conversions.

Case(EQ). Suppose P = P — @' = (). Then the result follows by the
IH and two applications of lemma J.

CASE(Case-ComM). The redex is vy (z.case{L: Py, R: P } | Q) and typed.

PhET,2:C,z: A PFT,2:C,z: B
z.case{L:Py,R:P} F T 2 :C,z: A& B QFAy:C*t
vry (z.case{L:P),R:P1} |Q)FT,Az: A& B

and therefore

vey (P | Q) FT,Az: A vey (P |Q)FT,Az: B
z.case{Lvay (Po | Q),Rvey (P |Q)} FT,Az: A& B

CASE(OrCourse-Comm). The redex is vay (!z{zw. P} | ly{v. Q}) and typed.
PrH@:?B,z: A,z :?2C QFw:?D,y:1Ct
\z{zw. P} F @ : 7B,z : 1A,z : ?7C ly{7.Q} 7 : 7D,y : 1C+
vay (\z{z@. P} | W{0.Q}) F @ : 7B,z : 7A,7: 7D

and therefore
Pr@:?B,z: Az:7C !y{ﬁ.Q}l—f}’:?Jj,y:!CJ‘
vy (P \y{0.Q}) - @ :?B,z: A, #: 7D
|2{0@. vay (P | 'y{t.Q)} F @ : 7B,z : 1A,7: 7D

CASE(LINk). Then the redex is vy (z <» x| P) and the last steps of the
typing derivation must have been

zovrbzi Atz A PHG|T,y: At
zeox|PrRz: Atz A|G|T,y: AL
vay (z<> x| P)FG|T,z: AL

and therefore Plz/y] F G|T',z: At by lemma @ because z ¢ FN(P).
(otherwise the redex would not be well-typed)
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CASE(ONE-BoT). Then the redex is vy (x(). P | y[]. Q) and the last steps
of the typing derivation must have been
PFGI|T OFH
().PHG|T,z: L yl.QFH|y:1
vay (z(). Pyl Q) FGIH|T

Hence, we have

PFGIT QFH
PlQFG|H|T

CASE(TENSOR-PAR). Then the redex is vay z[z]. P | y(w). Q, and the last
steps of the typing derivation must have been
PHG|T,z: A|A,z: B QI—’H\E,w:AJ‘,y:BJ‘
z[z]. PFG|T,A,z: A® B y(w).QFH| %, y: Ate Bt
vay (zlz]. P ly(w). Q) F G H [T, A%

so that G =TI', A, X. Therefore, we can infer that

PFHG|T,z:A|Az:B QFH|Z,w:ALy: Bt
veyvzw (P |Q)F G| H|T,AX

CASE(PLusL-WitH). Then the redex is vzy (z[L]. P | y.case{L:Q;, R:Q, }),
and the last steps of the typing derivation must have been
PFHG|T,z: A QFAy: At Q. FAy:Bt
z[L . PFG|T,x: A® B y.case{L:Q;, R:Q,} F A,y : AL & Bt
vey (z[L]. P |y.case{L:Q;,R:Q,}) F G| T, A

Hence,

PHG|T,z:A QFAy:At
vey (PlQ)EG[T,A

CASE(CLARO-QUEW). This is the case of an empty client pool. The redex
must be

vay (il Siylz. 2,y QG f). P)

and the last steps in the typing derivation must have been

DEGlx: ;A
PFH|Ai:B|%, f:BY QFz:B+ 72 :By: At
— - T CLARO
iy{z, 2"y . QY. f). PEH[Ay:jA7 2 Cur

vay (D |iy{z 2.y QY. /). P)F G | H|AE
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SEG
where D := . Hence,
. SEG|x: A

PFH|Ai:B|%, f: Bt
SEG vifPFH|AY
S|vifPFG|H|AY

CASE(CLARO-QUEA). Then the redex is

vy (o2’ S | iy{z, 2y Qi f). P)
The last few steps in the typing derivation must have been
DG, TV, x: ;A
PFH|Ai:B|%,f:B* QFz:BY Y By : At

T - T CLARO
iy{z, 2,y . Qi f). PEH[ Ay 147, 5

vay (D | iy{z 2"y Q}i, f). P)F G | H | T, I", A,

where
o SI—Q\F,x:g)A\F’,x/:A
C ol SEG DTz A
Therefore,
SEG|T,z: AT 2" A DI—’H|A,y/:A,E,y:]AJ‘
veyve'y (S| D)FG|H|T,T,AE
where D is

viz(P|Q)FH|A,Z B,y : AL |2, f: Bt
QFz:BY 2 : B,y At

iz, 2,y QY f). (viz (P Q) FH Ay AT B,y A
CASE(OFCOURCE-WHYNOTW).

PHG|T QFZ:7B,y: At
z[pisp|. PG| Tz : 7A ly{Z.Q} F Z: 7B,y : 1A+

—

vay (z[pispl. P | ly{Z.Q}) -G |T',Z:?B

and therefore

PHG|T
ZIpispl. PHG|T,7: 7B

Cur

59
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CASE(OFCOURSE-WHYNOTD).

PHG|T,2' : A QFZ:7B,y: At
z[UsEl. 2’ PG | T,z :?A y{Z.Q} F Z: 7B,y : jA*
vay (z[usel.2'P | y{Z.Q)+ G |I,Z: 7B

and therefore

PHG|D,': A  QFZ:7B,y: At
vae'y(P|Q)FG|T,Z: 7B

CASE(OFCOURSE-WHYNOTC).

PHG|T,z0: 74,21 : 7A QFZ:?B,y: A"
z[puP|(xg). 1P G | T,z : 7A ly{Z.Q} F Z: 7B,y : 1A+

—

vy (z[DUP|(zg). 21 P | ly{Z.Q}) -G |I',Z: B

and therefore

—

DHGI|T,%: 78,7 : 7B
Z[pup)(%). DG |T,2: 7B

where D is

Qlzo/2llyo/y) - 5 : 7B o - A
PG |Dyxg:7A,21:7A lyo{20. Qlzo/2][yo/y]} F 7 : 7B, yo : 1A+
Qlz1/2|[y Jy) F 71 : 7B, y1 : A*
lyi{z1. Qa1 /2]y Jyl} F 41 : 7B, y1 1AL

vaoyo vy (P [yi{zi. Qlz1 /2]y /yl} [ 'yo{20- Qlz0/2]lyo/yl})
FG|T,%2): "B,z : 1B

Lemma 15. [Ts] = [Ts]*.
Proof. By simple induction. O

Lemma 16. IfT is unlimited, we have the following derivable rule in CSLL.

POSITIVE
PFG|D,2 : 7[T]*

72|, PFG| D,z [T]*
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The above lemma means that all unlimited types enjoy contraction and
weakening. Some session types, such as ends, also enjoy such properties: see
e.g. [Gay and Vasconcelos, 2010, §5]. However, in order to retain the good
properties of termination and deadlock-freedom, we insist that all channels
are used linearly, and carefully closed at the end.

Proof. 1t is given by the well-known fact that ! A, 1 and 0 are always positive,
that ®, @ preserve positivity, and that our system (without server and client)
is equivalent to linear logic in terms of expressivity [Kokke et al, 2019a, §2.3].
More concretely, we derive the rule by induction on T

o If T is Unit we have
y[lOFy:1
ly{.y[].0} Fy:!1
().l yl].0} Fy: 11,2 L

Cut y of this with 2’ of P and we are done.

e If T'isU — V, we have
y ey (U] e V], : AUl 3 [V])
y{a.y < 2t by (U] VD), 2([UTH 2 [V])

Cut y of this with 2’ of P and we are done.

e If T'isU+V, and both U and V are unlimited. First we apply lemma E
on P and acquire Py - G and Py F T,z : ?([U]* & [V]*), and we have
Dy defined as

yoxby: [U)z: [U]"
iy o aky: [Ue V] [U]
2'[USE]. zy[L].y <z -y : [U] @ [V], 2 : ?[U]+
7z[a’)\y{2’ &' [usE]. zy[L].y <z} F oy ([U] @ [V]), = : [U]H
and similarly for Dy . Finally we have
DyFy:([Ule[V]D),=: [U]"  Dvky:YU]e[V])z: V]
z.case{L: Dy, R:Dy Y Fy: ([U] @ [V]), z : [U]* & [V]*+

Cut y of this with 2’ of P; then combine with ) and we are done.

e If TisU ®V, and both U and V are unlimited, we have
v B [V] e [V]E weru' ol U] [UTH
V] (v |usd) o [U)@ [V u: [U] v [V]E
u”[USE]. uwv" [USE]. vv'[u/]. (v > v | u > )
o' [U] @ [V], W 2[U]E, " V]S
v(u). Tufu”]. 2o 0 {u, v. " USE]. " [USE]. v [u']. (v ¢ V" | u > u')}
Fo Ul e VD) v U e VD
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Cut v’ of this with z of P, rename v to x and we are done.

2.D More Examples

2.D.1 Compare-And-Set

We now recover the example of CAS server/client in CSGV. We define the
server-client protocol to be Tg := !B.!B.?B.end,. The choice of end, vs. end,
is purely driven by well-typedness.

Co :=let zg = send ffxg in

let x, = send tt x4 in
let (r,z") = recv z, in
let = terminate (send r 70) in
x/
Cy =

clients := let x = fork, xy. Cp in
let x = fork, x1.C1 in
eof,,

L= ff

M := let (exp,y’) = recvyin
let (des,y”) = recvyin

if exp = w then

let _ = terminate (send tt y") in des

else

let _ = terminate (send ff ") in w
N:=z

server := serve y{L,w. M, z. N}
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typed as:
2o : Tg,ro : 'B.end? FC : end,
x1:Tg,r1 : 'B.end? FCq : end,
x:;Tg,ro: 1B.endo, ry : IB.end, Fclients : end,

FL:B
w:B,y:7B.7B.7B.end; FM : B
z:BFN:B
y : iTs Fserver : B
where Ts = ?B.?B.!B.end;. Finally we have

ro : !B.end?, r1 : !B.ends F connect(z. clients; y. server) : B

2.D.2 List Shuffling

We use the racing behaviour of clients to shuffle a list. We define server/client
protocol to be Tg := !A.end;, meaning each client sends a value of A and
ends the session. Each clients are defined the same way: they simply take
the value A from the environment and send it over the channel. Clients are
forked by folding the list. The server simply receives values from clients and
reforms the list.

C:=send vz

clients := lety = fold; 7, z Az. Mv. (fork, 2'.C) lin

eof,

L := nil

M :=let (v,y') = recvyin
let = terminatey’ in
cons v 2’

N =z

server := serve y{L,2'. M, 2. N'}
and we have the following typing

v:A, 2 Tg FC : end 2 [A),y: Ts =M : [A]
l:[A],x: ;T Fclients : end, z: [A]FN : [A]
HL : [A] y : iTs Fserver : [A]

and finally we define shuffling as

[ : [A] F connect(z. clients; y. server) : [A]
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2.D.3 Merge Sort

Using fork-join, we can define parallel merge sort. We first have to assume
general recursion (and therefore not expressible in the vanilla CSGV), and
two functions on lists of A. split splits a list of A into several (supposedly
two) lists, and merge merges several sorted lists into one list. isend returns
tt if the list is empty or singleton.

F split : [A] — [[A]] F merge : [[A]] — [4] Fisend: [A] — B

And we define merge sort as follows. We first check if the list [ is too short to
sort; if not we split the list and sort each of the sub-lists. The sorted sub-lists
are collected into " which we will merge. Note that the racing behaviour
of client/server means I’ could be any ordering, which does not matter for
merge sort. For scnerios where it does matter, each sub-result should be
accompanied by its index to get re-ordered.

sort [ := if isend [ then [
else
let I” = fork-join(sort, cons, nil, (split 1)) in

merge I’
which gives us

Fsort : [A] — [A]

2.D.4 Map-Reduce

The purpose of the map-reduce model is to transform input of type [4]
into output of type [D] using two functions (using the functorial formula-
tion given by Hinrichsen et al| [2019]). Take the example of counting the
frequency of each word in an article which contains several paragraphs [A].
The map function f counts the frequency C' of each word B in a paragraph.
The reduce function g takes a word B and its frequency [C] in all paragraphs
and simply returns the word with the sum frequency D := B ® C. In the
end we hope to get [D].

f:A—=[B®C] g:B®[C]—D
We first define parallelized flatMap with fork-join:
= flatMap 4 5 1= Af. Al. fork-join(f, nil, concat, ) : (A — [B]) — [A] — [B]

where concat is the standard function that concatenate two lists. Based on
this we define map-reduce:

f, g Fmap-reduce := (flatl\/lapB®[C]7D g) o groupg ¢ o (flatMapy g f)
([A] = [D]
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where = groupp o ¢ [B®C] — [B®[C]] is the standard function that
groups list of pairs by their keys.

There is a notable difference between our version of map-reduce and the
version in Hinrichsen et al| [2019] (and other related literatures ). Usually
a fixed number of threads (that usually corresponds to the number of cpu
cores/nodes) are spawned, who will then repeatedly retrieve tasks from and
send result to the main thread. In our version, however, the number of
threads is the number of tasks, and each thread will handle one task only.
The former approach seems lower-level, allowing optimizing the number of
threads according to the hardware reality. Our language is higher-level,
and it is up to the implementation to coordinate threads with cores/nodes.
Implementing it at a lower-level seems to be difficult because of the linearity
constraints.

2.D.5 Interleaving clients

Another interleaving clients example (but simpler than the beauty contest
example) is one where each client submits a boolean to the server, who
calculates the XOR of all the submissions and sends the result back to all
clients. The internal protocol of the server, as well as the server interface,
will be Tg := 7B.!B.end;. We define

L :=letw’ = send ffwin (send initial value)
let (_,w") = recvw' in (recv the final value)
w//

M :=let (s,2") = recv 2’ in (recv the last value)
let (b,y') = recvyin (recv the boolean from client)
let s = xor(s,b) in (calculate the xor)
let w' = send s’ win (send to next worker process)
let (f,w”) = recvw'in (recv the final boolean)
let = terminate (send f 2”) in

(send the final to previous worker process)
let _ = terminate (send f %/) in (send the final to client)
w//

N :=let (f,2') = recv zin (recv the final value)

let 2’ = send f 2’ in (simply send it back)

terminate z”

server :=serve y{invy, (L), 2’ . invy, (M), 2. N'}
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where F xor : B® B — B is the standard xor function on booleans.
w:TsF L :end w:Ts, 7 :Tg,y:Ts+ M : end z:TsF N : Unit
xor,y : iI's - server : Unit

We omit defining the clients as they will be very similar to the ones in
previous examples.

2.D.6 Symbol Generator

Another simple scenario is where server acts like a generator of unique sym-
bols (essentially natural numbers N) and clients race to acquire those sym-
bols. The server protocol is !N.end?, meaning the server simply sends an
number to the client and ends the session; the server internal state is N.

L := zero (starts with zero)
M :=let _ = terminate (send 2’ y) in (send the counter to client)

succ 2’ (increase the counter)
N =z (output the final counter)

server :=serve y{L,2'. M, 2. N'}
typed as
FL:N 2 :N,y:!Nend, - M :N z:NFN:N
y : i(IN.end?) I server : N

We omit defining the clients as they would be similar to previous ones;
but we note that it is impossible for a process to act as multiple clients
and aggregate two symbols. The reason is that informally speaking, in
our system clients are not allowed to communicate with each other be-
sides via the server as indicated by the functor. More concretely, supposed
we are to define a process acting as multiple clients, it would be typed as
I',zp:?N.end?,z1 : 7N.end? - K : T'; but there is no way in CSGV to com-
bine z¢ and 7.



Chapter 3

Concurrent Effects in Linear
Logic

This _chapter is based on Qian et al) [2022], but I removed part of sec-
tion that is general to classical processes, which has been incorporated
into section [L.1]. I also removed part of section that is general to classical
processes, which has been incorporated into section [1.3. I also reformatted
the text to fit the new paper size.

Qian et al| [2022] requires a small but fundamental change on top of
Montesi and Peressotti [2021]. It was omitted in Qian et al| [2022] due to
oversight. In this chapter, we describe this change in section . Most
meta-theoretic results still hold and are proved from scratch in section @

3.1 Introduction

Among concurrency features missing in Classical Process, the arguably most
recognizable one is probably that of shared effects, which can be character-
ized as follows. Each process emits effects in sequence, in the sense that
emissions of later effects depend on the results of earlier effects; moreover,
multiple processes can emit effects in a sharing manner.

Many have tried to model shared effects, each with their shortcomings.
Balzer and Pfenning [2017] formulates a type system stratified into linear
and non-linear layers, which are bridged by locks: processes race to acquire
locks guarding the linear layer where actual accesses are performed. Unfor-
tunately, the system introduces deadlocks unless one adopts a more complex
type system [Balzer et al., 2019] that is not logically justified. Rocha and
Caires [2021] extends Wadley [2014] with cells that can be shared among
racing processes. However, they can only store positive values, which is a
severe constraint in the context of session-based concurrency: they cannot
store sessions. Also, their typing rules are ad-hoc for positive cells instead
of driven by logic.

67
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Towards concurrent classical effects

This paper is the first attempt to model concurrent classical effects based on
classical linear logic, in the hope of finding a theory that is general, simple,
and logical. We now outline some of the key ideas of our approach.

First recall that ® represents disjointness while ’® represents connect-
edness. We start with some simple candidates of modelling (sequences of)
effects. Let E be the type of an effect. First we consider F® E® - - -, which
cannot work because ® means effect emissions of effects are disjoint from
each other. Consequently, results of previous effects cannot be passed to the
emissions of following effects, which breaks sequentiality. We then consider
E Eg ---, which cannot work either, because the state on the dual side
would have type E+ ® E+ ® -- -, which means effect handlings are disjoint
from each other. Consequently, handling of earlier effects cannot influence
the handling of later effects, which means the handling is stateless.

With the two simple candidates ruled out, we move to more complex
ones. Consider

A®(Bto(A® (BLw (-

where an effect E is decomposed into two parts: sending request A and
receiving response B (and thus negated). Only the response is connected to
the rest of the emitting via ’@, which is sufficient for sequentiality. Dually,
the handling would have type

At o (B (At» (B (-

where the response is disjoint from the rest of the handling via ®. This is
fine, because we do not expect either of them to influence the other. Note
that the received request A can influence both the response B to be sent
and the rest of the handling.

The above definition also admits sharing by the simple linear logic im-
plication (subscripts only for identification):

(Ag®@By®---9C)® (AL @Bf 9% D)
—Ay @By 2 ((--90)® (A1 ® B 9 ---9 D))

where the lhs (left-hand side) has two disjoint emission sequences each ready
to emit an effect, while the right-hand side (rhs) has an effect already prop-
agated outside of the first sequence. Intuitively, the first sequence won the
race. There is a symmetric version where the second sequence wins. Note
that the implication is one-directional—the outcome of the race cannot be
reversed.

The above informal definition leads to a formal one based on least and
greatest fixed point in linear logic [Baelde, 2012, Lindley and Morris, 2016],
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from which typing rules and a transition semantics can be derived. We call
the resulting system CELL. Good properties such as deadlock freedom and
session fidelity follow. In particular, the handling of effects requires an inter-
nal state type S and a process of type (subscripts are only for identification):

(A ® Sold) - (B ® Snew) (31)

new and rewrite the above as

We can also let Thew = Sole and Tog = S=
A —o (B - Told) —0 Thew (32)

The formulas remind one of algebraic effects [Pretnay, 2015], where sec-
tion @ reminds one of runners [Uustalu, 2015] and section d of handlers
[Pretnar and Plotkin, 2013]. The two are well-known to be dual [Plotkin
and Power, 2008, Power and Shkaravska, 2004], and thus not suprising
[Hasegawa, 2002, §8] to collide in linear logic. We can utilize this fact and

express both in our system.

Contributions

o We extend wLL[Montesi and Peressotti, 2021] with effects and obtain
CELL: a process calculus with linear logic types and effects. Processes
can emit effects in sequence and multiple processes can race for ef-
fects. Effects are handled by another (dual) process. In addition, we
introduce a primitive for inter-process synchronization via effects at
the cost of livelocks.

e We give a labeled transition system semantics for effects and prove
meta-theoretic results such as erasure, session fidelity, deadlock-freedom,
and the partial diamond property.

e We introduce CEGV a functional language with session-typed commu-
nication primitives and effects, based on GV [Wadler, 2014]. Both
handlers and runners are available in the system, and the duality is
made explicit. Thin translations to CELL are given. We give exam-
ples such as effect translation and escaping instances. Racing is also
lifted to CEGV, which is used to express concurrency examples such as
worker-pool servers and dining philosophers.

e Based on our LTS, we prove several desired bisimilarity results. For
example, that handling of different effects does not interfere; that the
monadic interface for effectful computation is indeed monadic; and
that spawned processes race with their continuation.



70 CHAPTER 3. CONCURRENT EFFECTS IN LINEAR LOGIC

3.2 Base system

In this section we briefly recall the basics of wLL Montesi and Peressotti
[2021]. For conciseness, we omit from this sections features related to replica-
ble processes/exponentials and polymorphism /logical quantifiers since these
are orthogonal to the developments of this work and can be readily incor-
porated.

Processes Programs in 7LL are processes (P,Q,R). Processes communi-
cate over binary sessions using names (z,y,z) representing session endpoints.
The process terms of wLL are given by the following grammar.

P,Q,R:=zly]. P output y on x and continue as P
| z(y). P input y on x and continue as P
| z]]. P output (empty message) on = and continue as P
| z(). P input (empty message) on x and continue as P
| z[L]. P select left (output label L) on x and continue as P
| z[R]. P select right (output label R) on x and continue as P
| y.case{L:P,R:Q} offer on x a choice to continue as P and Q
| 0 terminated process
| P|Q parallel composition of P and Q
| vay P sesston with endpoints x and y in P
|z <y forwarding of x and y

Term z[y]. P allocates a new endpoint with fresh name y (bound in the con-
tinuation P), outputs a connection request for y over z, and then proceeds
as P. Dually, z(y). P allocates a new endpoint y (bound in P) and awaits
for a connection request on x before continuing as P. The result of syn-
chronising these actions is the creation of a new session. Terms z[]. P and
x(). P respectively output and input messages with no content—essentially
a handshake. Terms z[L|. P, z[R|. P, and x.case{L: P, R:(Q)} represent the se-
lection and offering of a binary choice: z[L]. P and x[R]. P output over x the
labels L and R before continuing as P; dually, x.case{L: P, R:()} continues as
P when the it receives L over x and as () when it receives R.

In the reminder, we use 7 to range over term prefixes z(y), z[y|, z(), z[],
z(L), z(R). We write FN(P), BN(P), and N(P) for the set of free, bound,
and all endpoint names in P, respectively, and likewise for prefixes. We
write P =, @ if P and @) are a-equivalent.

Types and environments Types in 7LL (A, B, ..) are propositions in
classical linear logic and are interpreted as protocols for single endpoints.

A, B:=A® B send A, continue as B | A®® B receive A, continue as B
|1 send close, unit for ® | L receive close, unit for e
| A® B select A or B | A& B offer A or B
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HMix0 HMix Cur
PG QFH PHG|T,z:A|Ay: At
(I PlQ+FG|H vey PG| T, A
AX TENSOR ONE
PrT,y:A|A,x: B PrO
reoybz: Aty A 2y PFT,A,x: A® B 2 PRx:1
PAr Bort PrusL
PrT,y:Az:B PET P,z A
z(y).PFT,z: A9 B z().PFT,z: L z[L. PFT,2: A® B
PLusR WitH
PrT,z:B PHIz: A Q+-I'z:B
zR].PFT,z: A® B z.case{L:P,R:Q} +FT,z: A& B

Figure 1: 7wLL, typing rules (multiplicative and additive fragment) Montesi
and Peressotti [2021].

Types on the left-hand column are for output actions and types on the right-
hand for inputs. Under this interpretation, the notion of duality of linear
logic relates the matching input/output actions of two endpoints interacting
over a shared session (connectives on the same row are respective duals,
e.g.,® and ’®). We write A for the dual of A.

Typing environments (I',A,..) associate endpoint names to types and
hyperenvironments (G, H, ...) are unordered collections of environments that
do not share endpoint names:

DVAi:=x1: A, ...,2,: Ay GH:=T1]| |y

Intuitively, endpoints within the same environment can have sequential or
concurrent implementations whereas endpoints from different environments
are guaranteed to have parallel, independent implementations. We write -
and 1 for the empty environment and the empty hyperenvironments, respec-
tively; N(I') and N(G) for the set of endpoint names in I" and G, respectively.

Typing Typing judgements have form P F G and indicate that the pro-
cess uses its endpoints as specified by the hyperenvironment. The rules for
deriving these judgements are reported in fig. [ll. These rules associate types
to endpoint names by looking at how they are used in process terms. We
refer the interested reader to Montesi and Peressotti [2021] for more details
on these rules.

We range over typing derivations with letters D, £. We write proc(D)
and envD for the process and typing environment in the conclusion of D,
respectively.
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Like the internal m-calculus, wLL recovers the m-calculus primitive for
outputting free names as syntactic sugar z(y). P := z[z]. (y <> z | P). In the
remainder we use also abbreviate 0, := z[]. 0 and Pj@,Q = w(x). v[y]. (P | Q).
This syntactic sugar induces the (derivable) typing rules.

PHT,z:B
z(y).PFT,z: At @B,y: A 0, Fxz:1

Prax:Ay:B QFw:Cyv:D
PieyQFw: A Cv:B®D

Operational Semantics The dynamics of mLLprocesses is specified as a
labelled transition system (lts) for typing derivations following the applica-
tion of the Structural Operational Semantics (SOS) style to typing deriva-
tions as originally proposed by Montesi and Peressotti [2018]. Under this
approach, we view:

1. typing rules as operations of a (sorted) signature;
2. typing derivations as terms generated by this signature;
3. transformations of derivations as transitions;

4. and a specifications of rules for deriving these transformations as an
SOS specification.

As an example consider a derivation terminating with an application of
, like the one displayed below on the left of the transition. Under this
approach, rule is regarded as a unary operator applied to the derivation
D. This operator corresponds to z(). (—) in the syntax of processes which,
in this example, takes P as its continuation (the proof term of D). In the
m-calculus, the semantics of terms of this form is given by transitions where
the target (or derivative) is the operation argument (the continuation) and
the transition label is the prefix representing the action. This translates to
the following transition rule for .

D
PET

z().PFT,z: L

D
Mi
Uy prr
In the sequel, we will omit names of derivations in the presentation of tran-
sition rules to save space.
Following the same methodology, Montesi and Peressotti [2021] define an

SOS specification for mLL-which we include in section . From this SOS
specification and Its of derivations, they systematically derive two additional
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SOS specifications and transition systems: one for process terms and one for
type environments. The first is obtained by erasing all information about
types and the second by erasing process terms. Applying this procedure is
applied to the transition rule for yields the following rules for processes
and typing environments.

0. % p rz: L%

We report the SOS specification for the lts of processes and environments
in fig. 2, fig. E—we denote that sets S and S’ are disjoint by writing S # 5’.

We make one small but fundamental change over Montesi and Peressotti
[2021)]. In the original work, labels could be 7, an action, or two actions in
parallel. In our system, labels are generalized to multisets of parallel actions,
where 7 stands for the empty set. This allows three or more parallel actions
in a label, and enables the rule in section @ The change preserves
most properties including erasure and session fidelity, which are proved from
scratch again in section . Some properties such as serialization might still
hold after reformulation, which we leave to future works.

Coherence between these systems is captured by properties of erasure
and session fidelity. Erasure states that the semantics of processes does not
rely on runtime information about their types.

Theorem 17 (Erasure). For any derivation D and label [:
e if D LN D', then proc(D) LN proc(D’);

e if proc(D) 5 P!, then D5 D' for some proc(D') = P

Session fidelity states that processes perform only actions allowed by their
typing environment.

Theorem 18 (Session Fidelity). If P+ G and P LN P, then P' + G and

g LN G’ for some G'.

wLL supports the expected notion of bisimulation.

Definition 4. A relation R C S x T is a strong bisimulation for two lts
(S,L,—) and (T, L,—) when s R t implies that:

o if s 5 ' then t 5 ¢ for some # such that s’ R t';

e ift 5 ¢ then s & ¢ for some s such that s’ R ¢'.

Strong bisimilarity is the largest relation ~ C S x T that is a strong bisim-
ulation. The saturation of an lts (S, L, —) is the (S, L, =) where = is the

smallest relation such that: s = s for all s € S and if s; = S2, 82 L) s3,
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P 5P x.case{L:P,R:Q} W, p x.case{L:P,R:Q} >, Q
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Com
P z[2']|y(y") P P z(][y() P z[p]ly(p)

P——>P pe{Lr}

vey P 5 veyva'y P vey P = P! vaey P 5 vay P’

Figure 2: wLL, transition rules for processes IMontesi and Peressotti| [l202]h
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Figure 3: wLL, transition rules for typing environments |Montesi and Peres4
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and s3 = s4, then sq £> s4. A relation R C S x T is a bisimulation for
(S,L,—) and (T, L,—) when R is a strong bisimulation for their satura-

tions. Bisimilarity is the largest relation =~ C S x T that is a bisimulation.

We write P La Qif P L P and P/ ~ Q for some P’.

Interestingly, erasure establishes a strong bisimulation between deriva-
tions and processes, and session fidelity establishes a strong simulation from
processes to environments.

3.3 Classical Effects

This section extends the base system with effects. Since we work in classical
linear logic, effects have to conform to duality. Thus we introduce two dual
connectives @ and <; the former represents an emitter that emits effects,
while the latter represents a coemitter that handles effects.

Recall that in the Introduction, the emitter was informally parameterized
by a pair: a request type A and response type B. It is natural to generalize
the emitter to support multiple kinds of effects. To this end, we introduce
the notion of an effect environment, which is a mapping from effect names
(such as i) to a pair of request and response types.

Effect environments are generated by the following grammar; e is empty
effect environment.

O:=e|i:(A:B),0

The dual ©1 of an effect environment © is defined by dualising each binding
i:(A:B)toi:(Al:BY).

We now set out to capture formally the (co)inductive nature of the emit-
ter and the coemitter as informally exhibited in Introduction, by defining
some functors of which we will take the least and greatest fixed points
[Baelde, 2012]. For an effect environment © and some type C, we define
Fg and Gg by induction on ©:

Fo(X)=C FAAPO(X) = F§(X)© (A B9 X)
GL(X) :=C GO (x) = GE(X) & (A9 B® X)
Note that g is dual to Ggi, in the sense that (FS (X))t = Ggi (X1). We
can now define
B°C = uFY (emitter) &9C = vG (coemitter)

The intuition is that @m®C is allowed to emit effects in © and returns C,
while <>eC’ is capable of handling effects in © and returns C. We further
specify the duality

(@@C)L _ @@LCL (Q@C)L _ @@LcL
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BoW BoA
PFT,z:C PFAa:A|T,z:BoE°C i:(A:B)c®
@z[]. PFT,z: 8°C @az'[a). P+ AT,z : @°C
D1
PETi: S

Vi:(A:B)E@.Qii—z:Sl,a’:A,z’:B@S Rbf:8+y:C
Syfi. Pzd 2. Q, f. Ry FT,y: &°C

Figure 4: Effects, typing rules

The duality together with means that an emitter and a coemitter can
interact if the former is allowed to emit only the effects that the latter is
capable of handling, a.k.a. effect safety. Note that they have dual views
of the effect environment, since whatever is ‘sent’ from the emitter will be
‘received’ by the coemitter, and vice versa. Similarly, their return types
must be dual as well.

The typing rules of effects are given in fig. @ all of which directly derived
from the fixed point rules of Baelde [2012], Lindley and Morris [2016]. We
proceed to comment on each of the rules. Weakening gives an emit-
ter without any effect. Absorption gives an emitter with a i-effect of
request A and response B, and the continuing emitter m®C. Rule @ con-
structs a coemitter: given the internal state type S, process P provides the
initial internal state at i; for each effect i : (4 : B) € © we have Q' providing
a response and new internal state at 2z’ given old one at z and request at a’;
finally, R takes the final internal state at f and terminates the handler by
returning at y. Note the distinction between the session name i (in math
italics) and the effect name i (in sans serif) Also note that Q' corresponds
to section and section in the introduction.

The LTS of effect is given in fig. B For clarify we also list the LTS
projected to processes in fig. § and environments in fig. m in section .
We will comment on fig. §. An emitter has internal choice as it knows
whether to end or to emit, depending on whether it is constructed by
or BoAl. In BoOWW], the emitter signals the label @z|], indicating it will no
longer emit effects. In BOAA|, the emitter signals the label @x'[a], indicating
an emission of i-effect and request at a. In both cases, it transitions into the
continuation P.

On the other hand, a coemitter relies on external choice, depending on
which it can either end or handle. In , the coemitter signals the label
&y(), indicating that it will no longer take effects, and transitions into the
return value C' by connecting initialization and finalization. In , the
coemitter signals the label ¢&yi(a’), indicating handling of a i-effect and
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Figure 5: Effects, transition rules for derivations
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Figure 6: Effects, transition rules for processes

serving request at a’. It then transitions into a complex process which is
essentially as follows. We first feed the initial internal state i from P to Q'
as old internal state 2/, and get back I, A, B® S where S is the new internal
state. Note we can construct a new coemitter with the same () and R but
some given S as the initial internal state; this is exactly what 7" does. We
apply 71" to the aforementioned new .S and replace it, and get I', A, B ®®®C .

Finally, the communication rules BoW-DIW and BoA-DiAl specify the
interaction. BoW-DI1W| says if the emitter signals end, then the coemitter
will end. says if the emitter emits an effect, the coemitter will
handle it.

Note that both lBaeldeJ [}201ﬂ] and lLindley and Morrisl [bOlGh gave reduc-
tion semantics; the LTS semantics give here is new. A benefit of LTS is that
each side of communication transitions on their own. This is particularly
useful for primitive effects (whose coemitter are not expressed in the lan-
guage), because such an emitter would still signal effects by , upon
which the standard toolbox of bisimilarity can be applied. In comparison,
reduction semantics needs both sides to form a redex. |Ahman and Bauel{
[] attempted to solve it by defining in the language a top-level layer
(i.e. operating system) handling primitive effects; this is simply shifting the
issue, as the top-level layer would still need mechanisms to interact with
human or communicate over network.

Example 1 (Linear Cell). A linear cell is a simple buffer that is either
empty or contains a piece of datum X. It is linear in that it becomes empty
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once read, and can only be written to when empty; the content is never
duplicated or discarded. As a result, X could be any session type and not
a positive one. However, for easier understanding, one can assume X to be
a positive type (such as integer) for now. We first define:

S=18X O:=get:(1:L&XY) put: (X:X+&l)

The internal state S is a buffer, a @& where left means ‘empty’ and right
means ‘non-empty’ along with the content X. The effect environment © is
defined from the perspective of the emitter, and has two operations. In get,
the emitter will send a trivial request and it must then be prepared for two
possible outcomes in the response: left means the cell is empty, while right
allows for the reception of the content. In put, the emitter will send the
datum to be stored, and prepare for two possible outcomes in the response:
left means the cell is occupied already along with the datum bounced back,
right means the datum is successfully stored.

The initialization is an arbitrary process P supplied by the user; the
finalization process simply returns the buffer.

PrT,i:S R:i=f<ybkf:8 y:S
We then define the effect handling. First note that the coemitter views the
effects dually to the emitter:
Ol =get: (L:1@ X),put: (X1:XP1)

The following process handles get, where we terminate the request a’, output
a fresh session O’ for the response, and finally we do two things: we forward
the old buffer z to the response ', and we set the new buffer 2’ to be empty.

Q' Fz:8td: 1,7 1eX)®S

QB :=d/(). 2 [V]. (2 = b | Z[1]. 2']]. 0)
The following process handles put; it checks the old buffer z, and proceeds
accordingly:

QP := z.case{L:Qempty, R:Qfu} F 2 Stad s Xt 2 (Xol)®s
If the old buffer z is empty, we end the old buffer z, output a fresh session

b’ for the response, and do two things: we signal success on the response ¥/,
and we forward the datum from request @’ to the new buffer 2'.

Qemptyl—z:L,a’:XL,z’ (Xel)esS
Qempty = 2(). 2'[b']. (V[L]. ¥'[]. O | Z'[R]. @’ > 2)

If the old buffer z is non-empty, we simply forward the request a’ to the
response b’, and forward the old buffer z to the new buffer 2’.

Qi z:Xtd : Xt . Xe1)®S
Qru := 2'[V']. (V'[R]. ' > V' | Z'[R]. 2 > )
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Finally, we put everything together to define a linear cell:
cellf(i. P):=&ylio Pozd? . Q, f. R} FTy: &S

Bisimilarity results that portrays the cell’s behaviours are proved (see
theorem @ in section ). Positive cells [Rocha and Caires, 2021] can be
defined in a similar manner (see example @ in section B.D)}). Howerver, they
are less useful with sessions and we will not discuss about them further.

Example 2 (Sequential Access). We now demonstrate that our system
allows multiple sequential accesses in a single emitter. We first specialize
example [l| and obtain a linear cell of 1 starting out empty:

celll(.4[1]. 0;) Fy : ©°° S

The emitter will get from the cell and then put to the cell, in that order.
Both responses will be of type 1 @ 1, which will be discarded for simplicity
(recall that positive types can be discarded: given any P + I', we have
del(z).PFx: (1@ 1)51T).

We now define the emitter. Note that the two 0, have different meanings:
the former is the trivial request of get, while the latter is the datum to put.
Also note that in the end we forward the returning value of the coemitter
(which is the buffer as defined in example [l)) to s.

main :=@2%[a]. (0, | 2(b). del(b).@z"*[a]. (0, | 2(b).del(b).@z[]. z +> s))
e @85t s: S

Finally we connect main to cell. The first effect get will fail because the
cell was empty, and the second effect put will succeed, which also decides
the final internal state s : S. Note this is the only possible outcome - the
second request cannot run before the first. The process will transition as
follows. The first transition signals that the cell is non-empty, and the second
transition signals the trivial content.

s[R] i 0

vy (main | ceII;(i.i[L]. 0;))
Example 3 (Merging Coemitters). Given two coemitters, we can merge
them into one, so that the merged coemitter is capable of handling effects
from both sub-coemitters. The trick is to use ® on the sub-coemitters as
the internal state of the merged coemitter, and simply forward effects to the
corresponding sub-coemitter to get handled. Let S := <>®C’ ® <>QD. Given
PFET,y:S, we define the following merge process

merge, (i.P) := &Oyfi. P, za'2". Q.f foytFy: &9%
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where @ has, i: (A: B) € ©,

QY =z(2). @z’i[a]. (@< a' |2/ (b). 2" (b). 2" (). 2 < 2")

Fz:8t,d A2 :B®S
and for each i : (A : B) € Q such that i is not in O,

Q' =2(2).@2'[a]. (a < d' | 2(b). 2" (b). 2" (2). 2 <+ 2")

Fz:8%d A2 :B®S

The the versions @' and QiR differ only in the endpoint used for i and which
correspond to the left and right type in @60 and <>QD, respectively. In
case of clashes of effect names in © and 2 our implementation prioritises the
first but one could prioritize the second by selecting substituting the corre-
sponding element in Cj (this bias will be relevant later in example [L1f). The
resulting &9 can handle both © and effects, and returns S which is the
left-over of both sub-coemitters. C'® D can be derived from S and is in fact
enough for most scenarios, but returning S is needed if one wishes to use the
two sub-coemitters afterwards, as will be demonstrated later (example g).
Finally, observe that requiring a premise P + T,z : QGC | A2’ &7D
would be less general compared to the current P T, A, x : QGC ® <>QD.

Remark 1 (Merging and Pairing). Merging is similar to pairing in /Ahman
and Bauer [2020]. However, pairing does not provide modularity because
the definition of the paired runner requires the full internal knowledge of
the sub-runners. In particular, the internal state of the paired runner is
simply Cy x C7 where Cy, C; are the internal states of the sub-runners. Our
merging requires only external knowledge of the coemitters such as €2, ©,
and therefore provides modularity.

By observing the derivation of merge, it appears that the sub-coemitters
do not interfere with each other in the handling of effects. The following
theorem formalizes this observation.

Theorem 19 (Independence of the sub-coemitters). For any
P+ To,y0: ©7C|T,pn: &7D
if P Ow'te), P!, then

&yla))
o merge,(y1-y1[yo]. P) 7,
o ZFy, (OUD) (B PC) y: Bo oPHePC ® D), and
o Z = vy vyoyy (P 1 yo(b'). y(V'). merge, (i.i(yp). i < vh))-
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Note that yg(b'). y(b'). merge, (i.i(yg). i < y7) is a thin wrapper around merge
to allows for the extra B; the detour is needed because ® is difficult in
sequent calculus. The intuition of the theorem is that if yo handles effect i
and merges with g1, it will be equivalent to the process that merges yo with
y1 and handles effect i. The equivalence has two parts: the handlings of
effect i are equivalent, and the remaining merged coemitters are equivalent.

3.4 Races

In the previous section we formulated the interaction between a single emit-
ter and a single coemitter, which supports sequentiality (sequencing of opera-
tions). Recalling the design criteria discussed in the Introduction, we wish to
allow multiple emitters to share accesses to a single coemitter. Suprisingly,
as we will show in section , our system already supports user-defined
deterministic sharing. To allow non-deterministic sharing (i.e., races), we
extend our system in section m with a primitive with the same type as
user-defined sharing but with non-deterministic semantics.

3.4.1 Deterministic Sharing

We show that users can define (deterministic) sharing of effects on their
own. We start by stating some propositions, whose proofs can be found in
the supplementary material. They are related to functoriality, (co)strength
in monoidal categories and multiplication of (co)monads, the details of which
we leave to future work.

In the following processes, the process lift ‘lifts’ C' in or out of the return-
ing value of the emitter and coemitter, without changing the effects. There
is also an omitted right version that lifts D, as well as the special case lift*
when D = 1. The process flatten flattens an emitter that returns an emitter
by ‘compressing’ all effects in one go.

Proposition 20. We can derive the following; each row contains two im-
plications that are equivalent.

(C — D) — (8°C = @°D) (C — D)~ (&°C — &°D)  (fmap)
&9(C % D) — (Cw &°D) (C®E®°D) —@°(C® D) (left lift)
8°8° C - @°C &%C - &°60°C  (flatten)

Consequently, the following process terms exist:

Tha:D,y:C = fmap,,(T)Fe:8°D,y: & C
liftyey e Cly - <>®D,x : @@L(CL ® D1)
flatten,, Fx : @QC,y : <>9L<>9LC'L
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The following proposition is related to (op)lax monoidal functors (but
again we leave out a detailed exploration of this fact to future work).

Proposition 21 (Deterministic Sharing). There are processes of type @°C®
@°D — ®°(C ® D) or equivalently &> (C 9 D) — &PC % &°D.

Proof. We give two proofs. Each of them corresponds to a process which is
omitted.

@° C®E°D @° C®m°D
—-3° (Coe®D) (right lift) —-m° (@°CoD) (lft lift)
—-@°@°(C ® D) —-m°8°(C® D)
(left fmap(lift)) (right fmap(lift))
—-2° (C® D) (flatten) —-m° (C® D) (flatten)

O]

The proofs carry computational meanings. In the left proof, lift first propa-
gates all effects in @®C, then another lift propagates all effects in @®D. We
can say that it represents a sharing policy that prioritizes the left subtree.
The right derivation is the symmetric policy, which prioritizes the right sub-
tree; one can also define one that alternates between left and right subtrees;
etc.. Sharing given this way is deterministic: if one ’S a policy with two
parallel emitters, then the outcome is completely decided by the policy.

3.4.2 Non-deterministic Sharing

To model real world concurrency, we introduce non-deterministic sharing
(i.e. races) by means of a new rule, , in fig. H, Note that is derivable
by proposition R1|, and thus does not change the logical aspects of our system.
What makes this rule special is the associated LTS semantics, given by the
other three rules in fig. B The LTS semantics allows effects from both left
and right subtrees to propagate non-deterministically. For clarify we_also
list the LTS projected to processes in fig. § and environments in fig. m
in section @)

The LTS of is unlike that of or . Recall that @x'[a]. P
simply signals the label @x'[a]. However, had we let Ez[xg, z1] P signal the
label B[z, z1], we would need extra LTS rules for the coemitter to react
to this; we want to avoid that since the concern of sharing emitters should
be kept separate from that of coemitters.

Instead, is structural, similar to . It does not signal labels by
itself, but propagates labels from P with modifications if necessary.
propagates labels unrelated to effects, which is similar to .
propagates an effect from the left emitter; the symmetric BoCA1
is omitted for space. collects two ending emitters and end. Both rules
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BoC
PFG|T,20:8°C | A,z : @90

@z[zo, x| PG| T, Az : 8°(Co® Cy)

BoCP
xo, 1 ¢ FN(I)

PFG|T,20:8°Cy | A,z :@°C, 5 P HG | TV, 20 : @°Cy | A,y : @8OC,

Bz(zg,z1] PG| T, Az : @°(Co® Cy) 4 Bz|zg, x| P'FG | T/, Az : 8°(Ch® Cy)

BoCAO
zo,21 ¢ FN(I)  i:(A:B)e® PFG|Toy,20:8°C | A,z : 890,
MP'FQ’ | Fo,aIA|F1,IoZB>§@@CO | A/,Il : @@Cl

Bz(zg, 1] P+ G | To, 1, A,z : B°(Co @ C1)
Herla, vaoyovziyr (P Q) F G| To,a: ATy, A z: Be@®(Cy® C)

where @ := x(b).yo(b). Bx[xo, z1] (2o <> yo |21 <> ¥1) F

Yo : (B S IEGCO)J',yl : (@eCl)L,x B @G(Co ® Cl)

BoCW
o, T1 ¢ FN(l)

PG I|T,20:89C | A,z : m0C; 12O, o G v ogo: Co | A, 21 : O

Bz(zy,z1] PFG | T, Az : @°(Co® Cy) M vroyovriyy (P Q) FG | T, A x: Co@ Cy

where @ :=xz(yo). x> y1 - yo: C’d‘,yl Otz CheCy

Figure 7: Races, typing rules and transition rules for derivations.
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20,21 ¢ FN(l) P L P!

Bz[xg, x1] P LN Bx[zg, 1] P’
BoCW,
o, T1 ¢ FN(l) P

l|Ex
Ex|xg, x1) P He=l, vaoyo veiyr (P x{ye). & < y1)

lExo[]|@z ] p

vo,z1 ¢ Fn(l)  p 12Tl pr

llEz'a
Bzfz0, 21) P 22 vagye varys (P | 2(b). yo(b). Bxfwe, 21] (w0 <> yo | 21 4> y1))

Figure 8: Races, transition rules for processes.

include a general [; this is to satisfy non-interference (see theorem @) Both
rules rely on some auxiliary term () to work around syntactic limitation of
sequent calculus.

Remark 2 (Parallelism and Concurrency). There are two kinds of computa-
tions in our system, managed by different mechanisms. Pure computations
are given by the base system wLL [IMontesi and Peressott:i|, IZOQ]J]. It is pure
in the sense of satisfying the diamond property. In particular, it includes
and its semantics which allows independent processes to run simulta-
neously by . This corresponds to parallelism. On the other hand, effect-
ful computations are given by our novel extensions. Effectful computations
are not pure in the sense of the partial diamond property (see theorem

in section @) They include which allows racing between emitters,
and its semantics which decides the outcomes of races. This corresponds to
concurrency.

Example 4 (Parallel Access). Following example E, we can now define two
parallel emitters each trying to access the linear cell:

maing := Bx%[a]. (0g | zo(b). del(b).@z¢[]. 0gy ) F 20 : @1
main; := E21""[a]. (0, | 21(b). del(b).Ez1[]. 04,) F z1 : @1

we apply on them and fmap the return value from 1 ® 1 to 1:
main := Bz[zg, 21] (maing | main;) Fz : 8%(1 ® 1)

F = fmap,,, (v’ (y"). ¥ (). 4" (). 0x) 2’ 2° 1,y : (@°(1®1)*
main’ := vay' (F | main) F2' : @°1
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BoR
QFe:EL2:8°C,2: (EoD)®o® ¢t PrT,d: DY 2:m°C
Bz(e){z.Q}d. PFT,e: Et z:@°C

D:=@x(e){z.Q}d.PFT,e: Bt z:@°C EO_;{‘R_)
QFe:EY2:8°C,2: (Ee@ D)o &% C*
Dld/e]FT,d: E+,z:8°C  PrI,d: D' z:E°C
& :=x(d). d.case{L:D[d/e],R:P} F T, d : (E+ & D) » @®°C
vdz (Q|E)FT,e: EL z:@°C

Figure 9: Do-Until, typing rule and transition rules for derivations

On the other side, we lift the return value of the coemitter:
cell' := vay (cell;(i.i[L]. 0;) | liftsye, ) Fe: S,y - <>®lJ_

Finally we can connect main’ to cell’ and get v2'y’ (main’ | cell') - ¢ : S, where
c signals the final state of the cell. There are two possible outcomes. In the
first outcome, get fails followed by put succeeding, and the cell ends with
1. In the second outcome, put succeeds followed by get succeeding (because
there is content in the cell), and the cell ends up being empty. Transitions
are similar to those in example P and omitted.

The application of fmap and lift* makes the example somewhat cum-
bersome, we therefore postpone more examples until section B.7, where we
consider a higher-level language.

3.5 Synchronization

In example @ above, the emitters were forced to continue even when get
and put failed. In this section we introduce a do-until primitive, which
repeatedly performs an effectful computation until a certain condition is
met. This allows emitters to synchronize via shared effects. The cost is
that do-until introduces livelocks — there might be an infinite series of 7
transitions.

The do-until extension contains only one typing rule and one LTS rule,
shown in fig. E For clarity we also list the rules projected to processes in
fig. L0, and environments in fig. m in section @ E is the type of the
iteration variable and D is the type of the result. Process ) has a complex
type: it takes the last iteration variable at e, and takes a coemitter at x
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D :=p@x(e){z.Q}d. P vdz (Q | z(d). d.case{L:D[d/e],R:P})
Figure 10: Do-Until, transition rules for processes

(by exposing as an emitter), and produces E & D with <>®LC’l at z. The
former has two options where left indicates continuing with a new iteration
variable and right indicates ending with a result. The latter is the ‘left-over’
of the handler at x. Both the result and the left-over are passed to the
continuation P.

In the LTS semantics, D is the derivation associated with Elz(e){z. Q}d. P
and it simply unfolds. On the RHS, we first run @), the outcome of which is
used to pick the branch to run. Left leads to the self-reference D[d/e], while
the right leads to P. Note that the self-reference is guarded by case, which
does not propagate deeper actions. Hence another recursive unfolding will
only happen after the outcome of () reacts with case.

The new do-until primitive can be used to synchronize get and put op-
erations on a linear cell (see example ). Here we only look at a few simple
examples to get some intuition.

Example 5 (Infinite Loop). The do-until primitive suffices for expressing
an infinite loop: For simplicity, let C' := D := E := 1. Given a loop body
Qt+z:E°1,z2: <>®LJ_, we define

Q:=e().2[c. (Q' | c[L].0) Fe: Lz :@°1,2: (181) 0 &9 L
P:=c().B8x[].0, Fc: L,z:3°1
loop(22.Q') := vee' (0o | @z(e){z. Q}c. P) Fz : @°1

The use of the fixed expression c[L] makes the loop always continue. As a
result, process P, which ends the emitter, will never be executed.

Example 6 (Spawn Bomb). The simplest instance of the preceding example
is one where ()’ is given by x <+ z; this corresponds to an empty loop body.
We name such a loop dumb. If we repeatedly spawn dumb, we get more and
more of them, effectively creating a spawn bomb. How does spawn work?
The main emitter = forks by Ex[xg,z;]. The child emitter zy will then
be used by dumb, while the child emitter x; is forwarded as the next loop
variable and thus becomes the next main emitter.

dumb := loop(zpz.zg > 2) Fxg : 291

bomb := loop(zz.Bx [z, z1] (dumb | 2, <> 2)) Fz : @1
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3.6 Metatheory

CELL enjoys the same metatheoretic results that validate the design of wLL
especially, erasure (theorem @), session fidelity (theorem R3), and progress
(theorem P§). The only exceptions are results that rely on the absence of
livelocks and races, notably CELL does not enjoy the readiness and diamond
properties. The first states that a process is ready to perform an action
on at least one endpoint for each environment in its type. This property
fails in CELL because of which introduces busy-waiting that might
result in infinite sequences of 7-transitions. The second property states that
any interleaving of concurrent actions that do not share endpoints leads to
the same result. This property fails in CELL because of non-deterministic
sharing and the resolution of races by and BoCA1l. However, a
similar property holds under a restricted usage of these rules (lemma @,
theorem B4).

The transition systems of processes and environments we derived from
Its of derivations of CELL are coherent: the semantics of well-typed processes
does not depend from runtime information about their typing (erasure) and
is simulated by the semantics of types (session fidelity).

Theorem 22 (Erasure). For any derivation D and label l:
e if DL D, then proc(D) IN proc(D');

o if proc(D) L P, thenD LD for some proc(D') = P'.

Theorem 23 (Session Fidelity). If P+ G and P KN P', then P'+ G' and

g LN G’ for some G'.

It follows from theorem @ that well-typed processes stay well-typed
under any transition.

Corollary 24 (Typability Preservation). If P is well-typed and P L opr ,
then P is well-typed.

Processes that are typed under non-empty hyperenvironments are not
stuck.

Theorem 25 (Progress). If P+ G and G # (), then P —.

Bisimilarity and strong bisimilarity are congruences for the lts of pro-
cesses, so they allow for local reasoning. In fact, for any context C[—],
P ~ @ implies that C[P] ~ C[Q] and likewise for ~.

Theorem 26 (Congruence). ~ and ~ are congruences.
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We call a transition derived without relying on or BoCA1 pure
and we denote pure transitions by —. Pure 7-transitions do not affect the

observable behaviour of processes and derivations.

Lemma 27. If D % E, then D~ €&.

3.7 Concurrent Effectful GV

Similar to other languages [Montesi and Peressotti, 2021, Kokke et al,, 2019a
based on CP [Wadley, 2014], CELL can be cumbersome to write and read.
Wadler [2014] remedies this issue by introducing GV, a functional program-
ming language with session types, with thin translations to CP. Here we
extend GV with effects; the new language is called CEGV and translates to
CELL.

Terms The terms of CEGV are inductively generated by the following
grammar. We omit selection over sessions (@, & as in GV) because they are
not used in our examples.

P7Q7R7"' = AZ’P‘PQ|*’(P,Q)’|et(.CB/y> - PInQ

(functions, units, product)
inl P |inr P | match P with 2.{Qo.Q1}  (coproduct)
send P @ | recv P | terminate P

(send and receive over and terminate P)
handler{i.P,a’'2’.Q, y.R} (handler construction)
runner{ P, za'.Q, f.R} (runner construction)
return(P) |z < P; Q (monadic interface)
emit'(P) (emit effect named by i with request P)
doUntil e. P

(repeat effectful P until some condition are met)
using P(Q) (use the coemitter in P and run ()

Effect Environment We lift the concept of effect environments from
CELL to CEGV, with the catch that request and response types translate to
opposite variances. This simplifies our rules, and the intuition is that from
an emitter’s perspective, A is outgoing request and B is incoming response.

0,0, = 0| 0)i:(A:B) [e] := e [0,i:(A:B)] = [[@]],i:([[A]]:ﬂB]]J‘)

Types Following Wadler [2014], we adopt the call-by-value translation
from intuitionistic logic to linear logic [Girard, 1987a]. We define CEGV
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types and their translations to CELL types:

A,B,C,D,--- = C—-=D|C=D|C+D|CeD|1
(functional types)
|1C.D| ?C.D
(output/input value of type C, then behave as D)
| end- | end, (end-of-session)
| ®°C| ¢°C (emitter and handler)
[C — D] :=[C]* % [D] [C — D] :=([C]+® [D])
[C+D]:=[C]e[D] [C® D] :=[C]e[D] []:=1
['C.D] := [C]* = [D] [7C.D] := [C] ® [D] [end)] := L
[ends] == 1 [© C] == =l®C] [690] := &P ]

Note that the translations of C'— D and !C.D (and other pairs of connec-
tives) collide in CELL; we still keep them separated in CEGV, just to avoid
confusion. Also note that © is negated in [[<>®C’]] — because in CEGV we
always view effects from the perspective of the emitter, in order to be more
comparable to existing effect systems.

Duality Session types Cy is a subset of types characterized by duality Cl,
inductively defined as

'D.Cg :=?D.Cg ?D.Cg:='D.Cg end; := end» end- := end|
m°Cs = &°Cs &°Cs :=w%Cy

We have a finer notion of session type than Wadler [2014]. For example,
their system allows !D.C' only if C is a session type. Instead, our system
allows ! D.C' in general, but considers it as a session type when C is a session
type. Similarly, @®Cg is a session type and thus enjoys some flexibility as
we will see, while @®C in general is still comparable to usual effect systems.
Also note that © is not negated when negating @ and <, which echos the
point above that effect environments are always specified from the emitter’s
perspective to be more comparable to existing effect systems.

Unlimited Types Unlimited types Cy is a subset of types that enjoys
weakening and contraction, inductively defined as:

CU,DU,"-Z:]_|C—>D‘CU+DU|CU®DU
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SEND Recv TERM
re=pP:C AFQ:!C.D 'P:7C.D 'k P:endy
I'AkFsend PQ: D I'kFreev P:C®D I' F terminate P : 1
Pop Pusu
I'z:CgF P:end I'EP:Cg
't pop,(P):Cg I,z : Cg F push,(P) : end,

Figure 11: CEGV, typing rules of sessions

Pure Computation Following Wadler [2014], a pure computation trans-
lates to a process with a designated port for returning a value:

[+ P:D], :=[P].+ [I]*2: [D]

The basic type system follows [Wadlen [2014]. The functional fragment is
omitted. The session fragment is in fig. . @ sends data P over session
() and returns the rest of the session. receives data over session P and
returns the data as well as the rest of the session. and say that
consuming a session is equivalent to producing the dual session. They allow
us to connect dual processes by regular function applicaiton, and replace
the connect construct in Wadler [2014].

Effectful Computation The typing judgment for effectful computations
has the form I' | © = P : D. Here P is an effectful computation returning D
using values from I' and effects from ©. The translation to CELL is shown
in the display below and yields a process [P],.c, which takes a coemitter
at x (by exposing as an emitter at z) and returns at z some D as well as
the ‘left-over’ of the coemitter. Note that it is parametric on C.

[[F ‘ OFP: D]]z‘zC = [[P]]CL’ZC = [[F]]J‘jx : @[[e]]c’z : [[D]] ® @H@]]LCJ_

The typing rules for effectful computations and their translations are
given in fig. [12. ReTURN and BInD give the usual monadic interface (proved
by proposition @) EwmT emits effects. SpawN spawns P and immediately
gives 1; note that P will race for effects with what follows after the
clause. The translation in looks a bit complicated — the core part is
Blz|xg, x1] and z; <> z, and uses the same trick as in example fj; the rest is
just to adapt types. binds pure computations (and thus session com-
munications) in effectful computations; repeatedly runs effectful
() until it gives result D. is a weakening rule for unused effects.

Handlers and Runners To handle effectful computations, we provide
two paradigms, corresponding to handlers [Pretnar and Plotkin, 2013] and
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RETURN
I'P:D

I'| et return(P): D

zyC
[P]. + [T+, 2 : [D] ey ECy: O°Ct

ylz]. ([P]. |z <o) F [T]*, 2 : @°C,y : [D] ® &°CH

BIND
rerprP:A Aa:A|OFQ:B

I'A|®Oka+ P;Q:B

-'E()Zlc
[Plazoc HFHJ—a% : @[[G)]]C7 20 : [A] ® QHGHLCJ‘
[Qlarzic F AN a: [A]*, 2, - @1, 2 : [B] © 19 ¢t
VzoZ1 ([[P]]Iozoc | xl(a)' [[Qﬂzlzlc) - HFHJ‘, [[A]]J"xo : @[[@]]C’ 21 [[B]] ® <>[[®]]*CJ_

EmIT
rEpP:A i:(A:B)e®

I'|©Femit(P):B

zzC

[Pl [(]40:[4] aezka: Bl w@llc, e [B]o oI ¢t
z'(al. ([Pla |2 ¢ 2) F [[]*,2: @191C, = : [B] © &1V ¢

SPAWN
I'+Pr:m°1
' ©Fspawn(P): 1

z'z2C

L oxo - @le] . glel N ) ptt
x » X0 < : 12
[Plao F [T o : @™ Tz z @02 O C
Q@ = fmap,, Ny'Oyea) by (@Fae o)t mFlc
ay\Y\Y )Y )Y Y

z2[2'). vay Ba[zo, 1] ([Play | 21 ¢ 2| Q1 0.) F [[]4, 2" - @l®lC, 2 1® s

LETE DoUNTIL
'-P:D Ad:D|OFQ:FE e:E|OFQ:E+D
IA|OFletd = Pin Q: F e: E|©F doUntil e. : D
RELAXE
I'|e+FP:D

rie,i:(A:B)rP:D

Figure 12: CEGV, typing rules of effectful computation
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INST
rNerpP:D

I Finst(P): (D — 8°C) — @°C

[Plazgeg b [T] 2 : @9V[C], 2 : [[D?] 2 ol ]t
2(2). [Plasgey F [T1+,2 < (ID] © &1V [C]4) » &®T[C]

TUNIT
@z[l.d z Fd: [D]*, 2 : ®®1[D]
Funit: D —@°D|| * z(d).®z].d< 2+ z: [D]* 3 mI[D]
THANDLER
i:SEP:C Vi:(A:B)€®©,d 1 A2 :B—-oSFQ:S y:DFR:S
T F handler{i.P,a’?'.Q.y.R} : ®®D — C

[P]e F [T+ ST e : [C]
Vi: ([A]* : [B]) € [©]%,[Q]- F 2 : [S],d : [A]*, 2 : [B] ® [S]+
[Rl; - f: 1],y [D]~ 2
&yli. [Ple, 2a'2" . [QL.. f. [R] s} F [T]H,y - ST [D] e [C] o
(y)- F [T e Q1T DI [C]

CLOSE OPEN
I|erP:D I'FP:@°D
I'F close(P) : @®D I'|©Fopen(P): D

Figure 13: CEGV, typing rules of handler paradigm
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CoINST
rNerpP:D

T+ coinst(P) : °C — D@ &°C

[[P]]wz[[C]]i F [[F]]J_,I : @ﬂ@]] [[CHJ—,Z . [ED]] ® @H@HLHC]]
Z({E) [[P]]xz[C]]J— F [[F]]L,Z : \E\[[e]] [[C']]L 1o®) ([[D]] ® @Heﬂl[[c]])

rCoUNIT
@d]].d < z +d: =P1[D]*, 2 : [D]
Feounit: D — D  z(d).®d[.d <+ 2z + z : ®PI[D]* » [D]
'RUNNER
r'ep:S Vi:(A:B)€©,2:5d :ArQ:B®S f:SFR:D B
I+ runner{P, za'.Q, f.R} : &°D a
y

[PDi - [T]+,i - [S]
Vi ([A]* - [BD) € [0], [Q] F = : [S]*,d’ - [A]*, 2"« [B] ® [S]
[2], - f:[S]",y : [D] bl

&y{i. [P, 202" [Qlr, £ IR],} - [T+, y = 11 [D]

Figure 14: CEGV, typing rules of runner paradigm

UsING
rQrr:0°E  A|0,Q-Q:D

A | QF using P(Q): Do &°F

zwC

D [Qlaws: F[A] 2 @@Ugt 2 D)o oM s
vw'z' va'y (D] [Qluwss | €) F T [A] 2 @!IC v [D] © §

where
5=l oo™ et p—
[Pleic F [0]+, 2 ®¥C,i: 8
merge, (i.[Plzic) - [C]+, 2 ®¥c,y <>[[@79]]LS

e B[ w e w - @5t w: s
W (d).w(d). 8w w e w' Fw' [P e @St w: [D] oS

Figure 15: CEGV, typing rule of dynamic coemitter
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runners [Uustalu, 2015]. The two paradigms are well-known to be dual
[Plotkin and Power, 2008, Power and Shkaravska, 2004], and the duality
is made apparant in our system: the handler paradigm is about emitters,
while the runner paradigm is about coemitters.

In the handler paradigm (fig. B), instantiates an effectful compu-
tation P into a function which takes a continuation and returns an emitter
that runs P and the continuation in sequence. An empty emitter is given
by [Unt1. [HANDLER constructs a function that handles an emitter.
converts an effectful computation to an emitter, and does the other
direction.

In the runner paradigm (fig. @), instantiates an effectful com-
putation into a function that takes a coemitter and returns a result along
with the left-over of the coemitter. [CoUNIT| terminates a coemitter. E_{UNNEa
constructs a coemitter. Runner counterparts of bPEN| and |CLosd are absent,
because effectful computation is inherently closer to emitter.

To be more comparable with existing effect systems, we have carefully
designed both paradigms so that no session type is involved. If some of the
general types are session types, however, then the distinction will be blurred
in light of the and @ rules, similar to the fact that they collide in
classical linear logic [Hasegawa, 2002, §8].

Note that in , the continuation 2’ is linear, meaning it cannot
be discarded or duplicated. As a result, we cannot model control effects
such as exceptions or non-determinism. A weaker form of exception (which
we call linear exception) is still possible (See example [L3 in section @) We
discuss this point more in section B.§.

Dynamic coemitter (fig. @) allows us to use dynamically allo-
cated coemitters. If P gives a ©-coemitter using ()-effects, we can add ©
to Q and run ). The whole term returns the result of () with the left-over
of the ©-coemitter, while only using 2-effects. The left-over is retained be-
cause merge returns S instead of just [E] ® C+. At_its core is the merge
(example é) process, which also guarantees (theorem @) that © and 2 will
not interfere with each other in Q.

In case of effect name clashes, © trumps 2, because of how merge is de-
fined; correspondingly, effect environment merging O, €2 is defined to prior-
itize ©. Note that matches the runner paradigm because the concept
of ‘state’ is inherently closer to coemitter.

Bisimilarity We extend bisimilarity to CEGV programs. We write I' I
P~@Q:Dif [P], = [Q]. and we write I' | © F P~ Q : D if [P]y.c =
[[Q]]ZL‘ZC‘
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Proposition 28 (Monadic laws). and give a monad in the

sense that
d < return(P); Q ~letd = Pin Q (left identity)
d < P; return(d) =~ P (right identity)
d« P; (e<+ Q; Ryme<+ (d< P; Q); R (associativity)

Example 7 (Translating effects). A coemitter might emit further effects
when handling effects. Here we consider buffered writes of X, where a
program can append a value to the buffer, commit what is already in the
buffer, or rollback the buffer and get back what is in the buffer.

© :=append : (X : 1),commit : (1 : 1),rollback : (1 :[X])

We assume the list type ([X]), the empty list ([]) and list concatenation (::),
which are all definable (See example [L5). The coemitter of these effects will
maintain a buffer [X] and emit effects for actual writing, which we assume
is a primitive effect and which will not be dealt with further in our example.

Q= write: ([X]:1)

We now define the ©-coemitter. The trick is to include the Q-coemitter in
the internal state of the ©-coemitter. We can take S := &VE @ [X] if we
use RUNNER]; or, dually, take S’ := [X] —o @F if we use . We will
use RUNNER for now. We first define:

z:8,d : X QPP = (klet (y,1) = zin (y,d =1):1® 8

z: 8,2 1 Q™M .=
(%, (let (y,1) = zin let (_,y') = coinst(emit" ™ (1))(y) in ¥/, []))
1®S

2:8,2 :1FQOPAK — et (y,1) = zin (I,(y,]]): [X]® S

Now we can define the coemitter. For simplicity, we let the ©-coemitter
return its internal state S.

Y @QE F L := runner{(y,[]),zd’.Q, f.f} : <>@S

The above converts Q-coemitters to ©-coemitters. Had we used HANDLER,
we would have derived @®S’ — @“F, which converts ©-emitters to Q-
emitters. We would pick one of them depending on whether we have QQE

or @®S’". If E = F, the distinction blurs with and .

Example 8 (Linear Cell in GV). Linear cells can be defined in CEGV, but
we simply translate them to the existing definitions (example m) in CELL for
simplicity. For any X we have

O:=put: (X:X+1),get:(1:1+4+X) Cell¥ := &°(1 + X)
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N PFP:14+X ﬂ B [P+ [T], i1 [X]
TEcell®(P): Cell™ || - cellX(i. [P];) F [T]5y : 0V (1@ [X])
On the other side, we define synchronized get and put using .

|get: (1:1+ X) Fsget :=lete = xin doUntil e.emit®(x) : X
e: X |put: (X :X+1)Fsput, := doUntil e.emitP’*(e) : 1

Example 9 (Escaping Instances). Using example E, we can write a program

that uses linear cells
in a rich way. We assume natural num-

bers N with literal constants and addi-
tion.  Intuitively we should have M =
return((15, cellN(inr 10))), where the second | FM : N® CellV
element is the left-over cell containing 10. The

._ _ N ooey s
cell seems to have ‘escaped’ the scope where M :=lety = cell”(inr 5) in

it is allocated and used, which is fine because using y(
CellX is precisely the coemitter of the cell and m < sget;
thus there is no danger for un-handled effects. letm' = m+min
Indeed, one can invoke on the returned sput :
m/

Cell™ to access the 10 stored within. Note that
M has empty effect environment, because the
uses of sget and sput are encapsulated by
Ind

We have explored effects without sessions, but our effects work with
sessions seamlessly, as demonstrated by the next example.

return(m’ 4+ m))

Example 10 (Worker-Pool Server). We consider a server providing services
over sessions; each session is of type Xg. Moreover, each serving will induce
effects © (such as database I0) on the server which are shared across ses-
sions. For simplicity, the service is to receive a number, increment it by one,
and send it back. Therefore, we define Xg := ?N.IN.end>, and such a session
can be served by the following program. It does not use any effect, but we
write © for generality.

z:Xg| O Fserve:1

serve :=let (n,z) = recvzx in (receive number n)
letx = send (n+1) zin (send n+1)
return(terminate x) (terminate the session and return)

Moreover, we define
Q:=get:(1:1+ Xg)

which allows fetching new sessions to be served. Similar to Cell*, the re-
sponse could be empty due to unavailability of new sessions.
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We then define the worker, which repeatedly gets a new session and serve
it; note that the loop body always gives inl x, indicating continuing the loop.

' ©,QFworker : 1
worker :=lete = xin

doUntil e.(x < sget; serve; return(inl %))

Finally we define workers to spawn two (for simplicity) workers. Note that I"
must be unlimited for the two workers to share; intuitively it contains some
global parameters of the server.

' ©,9Q Fworkers : 1

workers :=spawn worker; spawn worker

Note that the two workers race to get new sessions. For each session, it is
non-deterministic which worker will serve it.

The above example omits the handling of the get-effects. A natural
coemitter to consider is cell®s; recall that cell is linear and can store sessions.
In this scenario, other effectful computations would have put in their effect
environments, so they can put sessions to be served to the cell*s.

allows us to add coemitters to an effect environment. This is,
however, problematic if those coemitters are instances of the same definition
(e.g. multiple instances of cell), because they would have same effect names.
By the current definition of , © (the new coemitter) would overshadow
Q (the existing effect environment). The following example provides an
alternative if shadowing is not desired.

Example 11 (Multiple Instances). To avoid shadowing, the simplest solu-
tion is to rename the effect names, and the simplest renaming is prefixing.
We assume a monoidal structure on effect names where __is the empty effect
name and . is effect name concatenation. Let S := <>@D and define

Vi:(A:B)€©,z:8,d : AFQ,, := coinst(emit'(a'))(z) : B® S
Fprefix? := Ay. runner{y, za’.Q, f.f}
6°D — &9eOD
where j.© is defined to be same as © but with all effect names prefixed with
j. The program prefix) takes a ©-coemitter and gives a j.O-coemitter. The

latter notably still returns the left-over of ©-coemitter to be used further,
which is vital for the following syntactic sugar:

L QFP:0°E  AljO,QFQ:D
VA | QF using j.P(Q) :=
(d,y) « using prefix(P)(Q); return((d, counity)) : D ® GPE
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It is a prefixed version of , because () accesses effects in © under the
prefix j specified by the user. Note that the returned left-over of the ©-
coemitter is not prefixed, as it is good practice to keep the prefixing local
to (). Also note the possibility of j.© still overshadowing €2, in which case
we take it as the user’s intention to locally override.

With example [L1 and example 8, we are able to express dining philoso-
phers (see example in section , where each chopstick is represented
by a celll.

3.8 Related and future Work

Shared States The work of Rocha and Caireg [2021] introduces shared
state to CLL. This is accomplished by a rule akin to the co-contraction of
DiLL [Ehrhard, 2018], along with rules that manipulate shared memory cells
(allocation, deallocation, read, write). Races are resolved on a case-by-case
basis, using locks to protect critical sections, and collecting all the possible
outcomes into a formal sum, again in the style of DiLL. This system also
includes the Mix rule, but it is not clear if that is an essential feature of the
approach. Moreover, the system enjoys subject reduction, progress, weak
normalization, and—as nondeterminism is captured by formal sums—it is
also confluent.

Compared to that work our approach through fixed points is more parsi-
monious and follows Linear Logic more closely. Their state is a special case
(example @) of our coemitter, and cannot store sessions, which is arguably
restrictive in the context of session-based concurrency.

Effects and Linearity [Tranquilli [2010] extended simply typed lambda
calculus (STLC) with memory access as effects, which is translated to STLC
with products, where effectful computations are translated using a state
monad; STLC with products is then translated to linear logic proof nets.
Orchard and Yoshida [2016] established mutual translations betwee effectful
PCF and session-typed mw-calculus; note that the latter is not motivated by
linear logic. Hasegawa [2002] gave a fully complete CPS translation from
computational lambda calculus to linear lambda calculus.

Moggi [1991] introduced a computational metalanguage where effectful
computations are interpreted as elements of a strong monad. It was later
shown [Benton and Wadler, 1996] that every model of intuitionistic linear
logic is also a model of effectful computation. However, such models are
too special, in that they disregard the ordering of effects. The Enriched
Effect Calculus [Egger et al), 2009] addressed this issue by extending Moggi
[1991] with linear connectives, in order to express linear paradigms such as
linear continuations and linear state. Later Egger et al| [2010], Mggelberg
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and Staton [2014] showed that every monad in EEC corresponds to a linear
state monad.

Linearity of Continuation In our HANDLER rule, the continuation 2’ is

linear. One can change the functors in section B.J to
FX)=C  FPPX) = FE(X)® (A0 (B % X))

and the exponential ! around B %@ X then allows for discarding and du-
plication. As a result, 2’ in would have a normal (non-linear)
continuation type B — S and thus one would be able to express excep-
tions and non-determinism. On the other hand, the returning value of @) in
would be tricky, because 7(B ® S) is not expressible in CEGV.

In summary, runners and normal handlers are not dual: the former is
linear while the latter is not. This is also observed by Ahman and Bauer
[2020], who argued that runners are more suitable to model resources, in-
cluding the external world. We also note that a non-linear handler is not a
generalization of our handler, since the user program in the former would
be required to provide non-linear continuations that are discardable and
duplicable, which would forbid the use of sessions in the continuation.

Another alternative to linear continuations are affine continuations, which
many have argued have benefits over normal continuations, including imple-
mentation efficiency [Dolan et all, 2015, 2017] and better reasoning about
system resources [de Vilhena and Pottien, 2021]. These benefits apply to
linear continuations as well. Note that op. cit. uses the word ‘linear’ or
‘one-shot’ to mean ‘affine’. The functor modifications sketched above can be
adapted to affine continuations as well.

Multiple Handlers In many effect systems [Pretnai, 2015, Convent et al.,
2020, Brachthéuser et all, 2020a], an effectful computation is handled by
being wrapped in multiple layers of handlers, each handling a subset of the
effects and eliminating them from the effectful computation type. Moreover,
inner handlers can emit effects to be handled by outer handlers.

The first feature is related to our merge (example ). A notable difference
is that coemitters after merge are still independent (theorem [19), but layers
of handlers in existing effect systems might interfere with each other in the
presense of normal continuations (e.g., exceptions and non-determinisms).
Different orderings of handlers give different semantics, sometimes none of
which is the desired one. To solve this issue, scoped effects [Wu et all, 2014,
Pir6g et al), 2018, Yang et al), 2022] decouple scopes from handlers. We note
that it is unclear how to derive a version of merge for normal continuations,
but might provide new perspectives on scoped effects.

The second feature is related to our effects translation (example H) Fi-
nally, we note that both features are primitive in those effect systems, while
derived in our system.
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Handler Instances Bauer and Pretnay [2015] introduces instances asso-
ciated with resources which are essentially runners. However, their handler
type does not describe effects, and thus is not intended for effect safety.
Leijen [2018] introduces references which can be created at runtime and re-
ferred to using variable names, but breaks effect-safety because the variable
names of cells might escape the handler. XIE et al) [2022] solves the escaping
issue by using rank-2 polymorphism to encapsulate cell variables. Biernacki
et al) [2019] assign names to the handle binder so that effects in scope can
specify the handle binder they intend; they still require special treatments to
prevent effects from escaping their scope. While the mentioned works focus
on preventing effects from escaping handlers and breaking effect safety, our
(and the prefixed version in example [L1)) rule allows for safe escaping
of the coemitter.



Appendices

3.A 7LL, full specification

In this appendix we report the full specification of wLL with minor changes
to adapt it to the notation used in this paper. We refer the interested reader
to Montesi and Peressotti [2021] for more details.

Syntax and typing

P,Q :=zly]. P output y on x and continue as P
| z(y). P input y on x and continue as P
| []. P output (empty message) on x and continue as P
| z(). P input (empty message) on x and continue as P
| z[L]. P select left on x and continue as P
| z[R]. P select right on x and continue as P
| y.case{L:P,R:Q} offer on x a choice to continue
as P (left) and Q (right)
| z[DISP]. P request to dispose a replicable process
on x and continue as P
| z[pUP|(2). P request to duplicate a replicable process
on = and bind the copy to =’ in P
| z[USE|. P consume a replicable process and continue as P
| lz.{P} provider of replicas of process P
| z[X]. P output type A on x and continue as P
| x(A). P input a type on x as X and continue as P
|0 terminated process
| P|Q parallel composition of P and Q)
| vy P session with endpoints x and y in P
|z <y forwarding of x and y

103
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A, B:=A® B send A, continue as B
| A2 B receive A, continue as B
|1 send close, unit for ®
| L receive close, unit for g
| A® B select A or B
| A& B offer A or B
| 7A request a replicable A
|14 provide a replicable A
| 3IX. A send a type and use it for X in A
| VX.A  receive a type and use it for X in A
| X type variable
| X+ dual of a type variable
(A@B)Yr =At»Bt (AsBtr=At»Bt 1t=1 1t=1
(A@ B)t = At & B* (A& B)t = At @ &B (74)+ =14+
(14)+ =74+
(AX.A)t =vx.At  (vxAt=3x4t X)tr=xt (xbHt=x
HMIix0 HMix Cur
PG QFH PFG|T,z:A|Ay: At
(O] PIQFG|H vey PG| T, A
Ax TENSOR ONE
PrT,y:A|A,x: B PED
reoybz: Aty A z[y]. PFT,Ajx: A® B [ PRx:1
PAR Bor PrusL
PrT,y:Az:B PET PrFT,z: A
z(y).PFT,z: A9 B (). PFD,x: L z[L. PFT,2: A® B
PrLusR WitH
PHT,x:B PrFIz: A QrFT,z:B
zR].P+FT,z: A® B x.case{L:P,R:Q} F T,z : A& B
WaYW WuyD WnyC
PHT PFT,z: A PrT,x:?A,2" :7A

z[pisp]. PHT,z:7A

OrC
PHM,x: A

le {P} T,z : 1A

x[USE]. P T2 :7A z[pUP|(z'). P+T,z: 7A

FOorALL
PrT,z: A X¢T

z(X).PFT,z:VX.A

ExisTs
PrT,z: A{B/X}

z[B].PFT,z:3X.A
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SOS Specification for typing derivations

_PED g __PET w0, pyy
z[] PFxz:1 z().PFL,z: L

PHT,z:A|Ajy:B

=ly] PrT,x2:A|Ay:B
zly. PFT,A,z: B A

PFT,x:Ajy:B

z(y)
PrHT,z:A,y:B
z(y). PFT,z: B A Y

PHIz: A

ﬂ>P|—F,J::A
z[L]. PFT,z: A® B

PrHT,z:B [r]
z[R.PFT,z: A® B

P+-T,z:B

PrFT,z: A QFL,z:B
z.case{L:P,R:Q} FT,z: A& B

PHIz: A

PrT,z: A QFT,z:B @&
x.case{L:P,R:Q} FT,z: A& B

QFT,z: B

PET z[DISP] PET
x[pIsP]. PFT,x: 7A z().PFT,x: L

P '_ F7CE : A Z[USE]
x[USE]. P +T,2: 7A

PrT,z: A

PHT,z: ?A,.’IJ’ :7TA z[DUP] PFT,x: ?A,LC/ :7A
z[puP|(2)). P+T,2: 74 z(x').PFT,z:7A%7A

PrHT,z: A (USE)
le {P}FT,z: 1A

PFT,z: A

FN(P)\ {z} ={z1,...,2n}
0F0

P}_?F,x:A w(DISP) xHOl—l"l
le {P} 7Tz : 1A z1[DISP]. ... z,[DISP|. 2[]. O - 7T,z : 1
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FN(P)\{z} ={z1,...,2a} FN(Po)NFEN(P) =0
PEMxz: A

PobkMo,x0: A

le{P}F Tz 1A lx{P}o F Mo,z0: 1A

le{P} |z {P}o F T,z :1A| Mo,x0 : 1A

PrHMT,x: A
le {P} T,z : 1A

(pup) zlzo]. (lz{P} |lz{P}o) F T, To,x : 1A® A

z1[DUP](z10). ... 2, [DUP](2,,0). z[zo]. (lz.{ P} | lz.{P}o) F T,z : |1A® A
PARO
PrGL P HG  BNINFNQ) =0
PrG Qi—’HAP'I—g' QFH
PlQFGIH PG |H

PAR1

QFHLQFH  BNINFNP) =0
PrG _QFH  PFG  QFH
PIQFG|H PlQFG|H

SYN

PFGLHPEG  QFHSQFH  BNU[I)NFNP|Q) =0
PG QFH , PFrG QFH

- / !/
PlQFGIH PlQFG|H

AEQ
P=aQ QFGHQFG
PFGL Q¢

RES
PI—Q|F,J::A|A,y:ALi)P/I—Q’|l“/,x:A|A’,y:AL
PFG|T,z:A|Ay: AL
vzyPFG|T,A

z,y ¢ N(I)
| PG T 2 A A y: AT
vey PP=G | T A

LINK
PI—Q|F,x:A|y:AL,z:Aﬂ>P’|—Q|F,x:A
P+ De:Aly: At 2z A
GITe:Aly: A%z A o A g Te: A
veyPFG|T

ONE-BoT
PrG|a:1|T,y: L 20 prigr

PF 1|y L,
Gla:1]Tvy S PFGIT
veyPFG|T




3.B. OMITTED CONTENT OF CELL 107

TENSOR-PAR
Pl—g\F,AJC:A@B|E,y:AL>QBLI[IH¢>PW—Q\F,x':A\A,Jc:B|Z,y':AL,y:BL

PrHG|I,Az: A®@B|X,y: At 9Bt | PFG|Ta' :A|Az:A|%,y At y: Bt
%
vey PG| T,A L ve'y PFG|T,Az: B|%,y: B+
veyve'y PPEG|T,A %

PrLusL-WiTH
PrG|T,z:AGB|Ay: At & Bt XY priGip oA Ay : AL

PFG|T,z:A®B|Ay:At&BY . PPHG|T,z:A|Ay: AL
_>
veyPHG|T,A vey P'=G | T, A

PrLusR-WiTH
PHG|T,x:A®B|Ay: At e Bt WY, pri g1 2 B A,y: B

PFG|T,z:A®B|Ay:At&Bt | P-G|T,z:B|A,y: B+
%
vey PG| T,A vey PG| T, A

WayD-OrC
PFQ|F,1’:?A|A,y:!AJ‘ME)%P'FQ|F,1’:A|A,@J:AJ‘

PHG|T,z:?2A| Ay 1At . P'HG|T,z:A|Ay: At
veyPHG|T,A vey P'EG T, A

WHYC-OFC
PHGIT,z: 24| A,y 1AL OB, i G 0 2474 | Ay : AL @ A

PHGIT,z:?2A|Ay:'1AY . P'FG|T,z:?2A924 | Ay: At ® AL
vey PEG| T, A vey P'=G | T, A

WaYW-OrC
PFQ|F,I:?A|A,y:!AJ‘MP'FQ|F,I:L|A,y:1
PHG|D,z:?2A| Ay 1At . PG |Te:L|Ay:1
veyPHG|T,A vey PG| T, A

EX1SsTS-FORALL

PHGI|T,z:3X.A[A,y:vx.AL PBWE by Gip v A{B/X) | Ay A{B/X}*

PFG|T,z:3X.A|Ay:VX.At . PP+G|T,z: A(B/X}|Ay: A(B/X}+
_>
vey PG| T, A vey PG| T, A

3.B Omitted content of CELL
Omitted environment transition rules of CELL are in fig. ,ﬁg. ,

fig. .
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Iz:m°C Bzl I'z:C
’ ’

A,F,ZE : @eﬁi:(A:B)C el A, a:A | F,CC B @e’i:(A:B)C
B A

S0

F,y:@eC@éRy:C F,y:@eC Ov@

Id:Ay:Be&°C

BoW-Di1
G|N.a:8°C | Ay: 00 ot 2O,

G|IT,ALG|T,A

G|T,z:C|Ay:Ct

G |To.Tya:@0C | Ay 0° ot 21U,
G|Toa: A|T1,0:B3m°C|[Ad: A y:B*00% ¢t i:(A4:B)eo

g|F07F13AL>g|FOaF17A

Figure 3.B.1: Effects, transition rules for environments

The following process can be thought of as an internalized : it ‘ab-
sorbs’ a request /response interaction into the effect type @m®C.

Proposition 29 (Absorb). It is provable that (A ® B9 @°C) — @°C.
1
More concretely, we have absorbg,, b a’ : Al y: B+t ® <>® Ct,z:m°C.

Proof.

aN—)a\xHyl—a’:Al,a:A|y:BJ‘®<>®lCl,az:B>?@GC
absorbgsy, 1= @z'al.d < alz o ykad: At y:Bt® QGLCJ‘,SC . @°C

Proposition 30 (Relaxing). It is derivable that 8°C — @ AB)C. More

concretely, there is a process relaxy, = y : QQLCL,x :@°'C where @ =
©,i: (A: B).
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Xo,T1 ¢ FN(l)
g | Tz : IE\@CO | A,J?l : @601 L) Q’ ‘ F/,Jfo : @@CQ | A’,xl : @601

GIT,A,2:8°%Co®Cy) 5 ¢ | T, A, z:8°(Cy® Cy)

B 0
$0,$1¢FN(1) i:(AZB)E@

Q|P0,F1,x0 : @600 ‘ A7£L'1 : @601 Mg/ | Fo,aZA|F1,l'olB>?\E|®CO | A/,(El : @601

g | Fo,rl,A,$ : @9(00 ®Cl) M g | Fo,a c A ‘ FhA/,:E : B’?\E@(CO ®Cl)
BoCW
Xo,T1 ¢ FN(l)

G|, xg: @°C, | A, xq 8°C; WQ’ [T xo:Co | Ay - Cy

GIT,Az:8°Co0C) 12 ¢/ |1, Az Cow O

Figure 3.B.2: Races, transition rules for environments

ILe:Et 2:m°C — Ie:Et 2:m°C

Figure 3.B.3: Do-Until, transition rules for environments
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Proof. Let S := <>@,LCL.

b

Pi=z+itz:Sti:8
i:(A:B)eoCo
Q :=absorby.. Fz: St d AL Bt® S

A
feoyrf:Cy:Ct -
R::@f[]-f<—>ny:SL,y:CL

relaxy, := Gy{i. Pzd'2'. Q. f. R} Fy: QGLCL,x :@°'C

PROPOSITION 29

i

Example 12 (Nullary handler). For the sake of completeness, we give the
nullary case of merge.

PETi:1 foybfi1ty:1 @
merge0, (i.P) == &y{i. Pzd'2". _ f. foylbTy:Oel

Proof of theorem . By rule D1A| we have that

= Oyi(a)
merge, (y1.y1[yo]. P) = Sy{y1- y1lwol. P, 2d 2" Q. f. f <y} g

where

Z =vi'?" vz (2(2). @2 [a]. (a > d' | 2 (b). 2" (b). 2" (). 2 > 2" | yalwo). P |

1)y Sylici i, zd2".Q, f. f < y}).

Let X be vyiyy vyoyy (P | yo(b'). y(b'). merge, (i.i(yg). i <> y1)). We need to
prove that Z ~ X. The interleaved execution of the various parallel com-
ponents of X and Z leads to an explosion of cases. To keep the proof
manageable, we establish a correspondence _bhetween traces that subsume
the remaining ones by theorem B4, theorem P26, lemma Ea For each transi-
tion, we report the most significant rules omitting rules |AEQ, [PARQ, [PARI,
and where their use is clear from the context. Consider the following
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trace for Z.

Z =vi'?" vz (2(2'). 82" [a]. (a <> d' | 2 (b). 2" (b). 2" (2"). 2 ¢ 2") | ya[wo). P |
).y ). Oylici i zd 2. Q. f. f < y))
ir By for y1,2
Vil vy z vy (@2 [a). (a <> d' | 2/ (b). 2" (b). 2" (2). 2 5 2"') | P |
|8 (B). y (). Oylici i’ za 2. Q, f. f <> y})
I By for yo, 2z and P M P’
vi'Z" vy zvaad” vyeZ (a <> a’ | 2'(b). 2" (b). 2" (Z)). 2 < 2" | P |
).y, oylici i zd 2. Q. f. f < y))
I By for a,a”
Zy = vi'Z vz vyez (2(D). 2 (0). 2" (). z 5 2" | P | (). y(V). Syfii i, 2’2" .G, f. f < y})

Next, we need to synchronise over o which might depend on other endpoints in P’
before it is ready.

Zy
A By rule Red if P/ 2 P! and yo, 4, ¢ N(i1)
vi' 2" vz vyoz! (21(0). 2" (B). 2" (2). 2 < 2" | PL i (). y(b'). Syfii i’ zd' 2" Q. f. f <> y})

U By rule Red if P/_, X P! and yo,y1 ¢ N(1,,)
Zy = vi'Z vz vyed (2'(b). 2" (b). 2" (). 2 <5 2" | PL | &' (b)) y(b). Oylivi <> i, za 2. Q, f. f <> y})
v By for yo, ', P, © P

vi' 2" vy z vyoz Vb (27 (0). 2" (). z 5 2" | P |8 (). y ). Sylii i zd 2. QL f. f <> y))

I By [TENSOR-PAR for i, 2"

I By for i/, 2"
vi' 2" b by z vye? (27(2'). 2 <5 2" | P{b/6"} | y(b'). Syfii i zd' 2. QL f. f <5 y})
Lylb”]

I By for v/, b"

Zs = vi'Z vz vy (27(2). 2 2" | P" | Syfiir i zd 2. QL f. f <> y)})
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Next, we need to perform an action over y, any action, we select a general use of
an effect j.

Z3
loy(@)
vi'? vz vyed (2. 2 2" | P | vi” 2 viz (Q | i < 4
(). yb). Syliir i’ zd 2" Q, f. f < y})
I By for 4,4
Zy =vi'? vz vyed (2"(2'). 2 2" | P | vi2" (Q{i [z} | i (V). y(b). Gyli.i < i zd'2".Q, f. f <y}
=vi'2" vyrzvyez’ (27 (2). 2 2" | P" | vi"2" (Qd' )2} | " (). y(b). merge, (i.i <+ i"))

Then we build a matching trace for X to match the saturation of Z.

X = vyryy vyoyo (P | yo(b). y(b'). merge, (i.i{yp)- i > 1))

Similarly to Z;, we need to synchronise over yy which might depend on other
endpoints in P’ before it is ready.

X
A By rule if P/ Ly P and yo,11 ¢ N(l1)

vy1y1 Yoo (P1 [y (D). y(b'). merge, (i.i(yg). i < 1))

U By rule Red it P/, = P’ and yo,y1 ¢ N(I,)
Xy = vy1yy vyoyo (P, | yo(0'). y(b'). merge, (i.i(yp). i <> 1))
I By for yo, yh, P 2 P
vy1y1 vYoyo vob' (P [ y(V'). merge, (i-i(yo)-i < y1))
Lylb"]
Ir By for o/, b
X3 = vy1yy vyoyo (P | merge, (i.i(yy). i < vy))
1oy(a)
X4 = vyyy vyoy, (P | viz" viz (@ | ilyy)-i <> yy | (). y(b). mergey(i.i <)

Observe that the processes Z4 and X5 differ only for the arrangement of
restrictions and thus Zy ~ X4 since vzy (P | Q) ~ (vzy P | Q) for any P
and @ such that z,y ¢ FN(Q). All transitions that lead us from Z to Z4
have a matching transition in (saturation of) the trace from X to X4 and
vice versa. In fact, following the same reasoning we can build the trace
for Z starting from the one for X. Other cases can only differ because of
interleaving of concurrent transitions and of the action on y selected for Z3,
which is immaterial. O
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Proof of proposition @ Let S := <>®LDl and we derive
reribFa:Sti: S
THx:D,y:C
absorby., Fz: S ,d AL 2 Bt® S Gz[]. T+ x: Sty:C

fmap,, (T') := &Gy{i.x <> i, za'2 . absorby .., z. Bx[]. T} F  : @°D,y : <>®LC
Let S := &°(C % D) ® C* and we derive
P:=i<ibi:8%i:8

JIf(foflyey)Ff:Cy:CtaDy:D
Q R::f(y).@y'ﬂ.---l—f:SL,y:D
Syli. Pad'? . Q, f. R} i Sty <>®D
ilyl. (zylice)bi S o 8% CcteDt c:C
liftyey :=vid’ - Fe:Coy: D, (<>@(C?D))L

where @ is

Di

22 b 202 0F
i:(A:B)€©
i:(At:BhHecot
absorb, :L,I—:U:@aL C*+ ® D+ ,a':A,y:B@@Q ceD
y
2(x). Z'[y]. (z <> 2 | absorbary,) 2 : STa' A2 : B® S

PROPOSITION @

Let S := <>@l C+ and we derive
iei'Fi St i S
absorby i, b z: 8+, d At 2 Bt® S feybfiSty:s
flaty; = &Gy{i. Pzd'2.Q, f. R} i’ : Sty QGLS

O

The following result is dual to lift; they are not used in our paper but
still worth mentioning.

Proposition 31.
@°(C % D) — (C % @°D) C®&PD - &°(C® D)

Proof. we derive:

Y
C,D,C*+ @ D+
[AY

-m
C,@°D,Ct+ ® D+ D C,@°D,Ct+ ® Dt Bl
(®°(C» D))", C,8°D
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where D is
i:(A:B)e®©
c,ct  @°D, At Bteo® Dt
C,@°D, At Bt 9 ¢+ 2 ©® Dt

PROPOSITION P9

3.C Omitted metatheoretic proofs

We recall some notions from Montesi and Peressotti [2021], with our own
simplications.

o Recall that ltsq, lts, and lts. refer respectively to the LTS of the
derivations Der, processes Proc and (hyper)environments Env.

¢ Recall that there is projection proc : Der — Proc and env : Der —

Env. We extend proc and env to the powersets of Der; e.g., proc(ltsq(D,1)) :=

{proc(€) | € € ltsq(D,1)}.

¢ We extend proc and env to the typing rules. e.g., proc ) refers
to projection of in processes (Itd,), and env(BoCW]) refers to
projection in environments (l¢s).

o We use processes terms to represent derivations. For example, Exz[zg, x1] D
refers to the derivation of applying to D.

Proof of theorem @ We need to show that {(proc(D),D) | D € Der} is a
strong bisimulation for lts, and ltsy, which is to prove proc(itsq.(D,l)) =
lts,(proc(D),l) for any D,l € Der x Ibl. Prove this by induction on the
structure of D; we simply extend Montesi and Peressotti [2021] with extra
cases.

o If Dis or @, it is trivial.

o« If Dis , then procD is proc(Dy) | proc(Dy), then we have

proc(ltsq(D, 1))
—proc(ltsa(Do, 1)) (by [Pard)
Uproc(ltsq(Da,1)) (by |PAR1 m)
Uproc(Itsq(Do, lo)) | proc(ltsa(D1, 1)) (I =1o | l; by BN
=ltsp(proc(Dy),1) (By LH.)
Ultsy(proc(Dy),1) (By LH.)
Ultsy(proc(Do), lo) | ltsy(proc(Dy), 1) (By L.H.)
=lts,(proc(D),1) (By proc( (ParO, [PAR1, BYNi))
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If D is some action rule R and therefore proc(D) = w.proc(D’) where
7 is some prefix. Then the only non-trivial [ is 7w and it follows easily.

IfDis on &, then proc(D) is @z'[a]. proc(£). The only non-trivial
[ is @x'[a] and

proc(ltsq(D,1))

=proc({€}) (by [BoA4)
=lts,(proc(D),1) (by PTOC())

If Dis on &, then proc(D) is Ez]|. proc(£). The only non-trivial
[ is @z[] and similar to last case.

If Dis , the only non-trivial [ is 7, and similar to last case.

If Dis @, the only non-trivial [ is either & a() or &a'(a); both cases
are similar to last case.

If D is on &, then proc(D) is Ex[zo, x1] proc(E). The non-trivial
[ could be:

— if lis I' | @x[], then
proc(ltsq(D, 1))
=vaoyovary: (Q | proc(ltsa(€.1'| Baoll | Ba1[))))  (by BoCW)
=vxoyo vr1y1 (Q | Itsy(proc(E),l" | Bxol] | @z1[])) (by L.H.)
=lts,(proc(D),1) (by proc())
— if [ is I | @2'[a], then

proc(ltsq(D, 1))
=vaoyo veiyr (Q | proc(ltsq(E,1' | Bao'lal) Ultsq(E, | Bxy'[a])))
(by BoCAd,BoCA1)

=vaoyo vy (Q | proc(ltsq(€,1" | Bag'al)) U proc(itsa(E,1" | Bx1'[a])))
(by extended def. of proc)

=vaoyo vr1y1 (Q | ltsy(proc(E),1' | @xg'[a]) U lts,(proc(€),1" | @z1'[a]))

(by L.H.)
=ltsy(proc(D),1) (by proc(),proc(BoCAl))
— Otherwise, we have
proc(ltsq(D,1))
=@lx[zg, 1] proc(ltsq(E,1)) (by BoCH)
=@Ez[x0, x1] ltsy(proc(€),1) (by L.H.)

=lts,(proc(D),1) (by PTOC())
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e If Dis on &, the non-trivial [ are:

— if [ is not 7, we should have

proc(ltsq(D,1))

—vay proc(ltsa(€, 1)) (by [Red)
=vzyltsy(proc(E),l) (by L.H.)
=lts,(proc(D). 1) (by proc(Red))
— Othewise [ is 7, then
proc(ltsqy(D, 1))
= vay.proc(ltsq(E,z() | y[])U

y
ltsq(E,x(a") | yly'])U

ltsq(€, @[] | ©y()U
Itsq(E, 82 [a] | &y'(a')))

(by all communication rules)
= vay.(ltsp(proc(€), z() | y[HU
Itsp(proc(€), z(a’) | yly'T)V

ltsp(proc(€), B[] | ©y())U
oc(€),E

Its,(proc(E), Bx'[a] | &y (d))) (by L.H.)
=ltsp,(proc(D), 1) (by proc(allcommrules))
O

Theorem 32 (Non-interference). If D by und D l—1>, where lg # 11, then

INIA
D %

Proof. By induction on the derivation of D.
o If D is [IMixd, it is trivial.
o« If Dis on Dy and Dy, then we take cases on D o, and D 5.

— If both are by , then we invoke I.LH. on Dy, then apply .
— If one is by and the other by [Par1|, then we invoke .

~ DL s by which means Dy l—0>, and D L is by

which means Dy 1o, and Dy ll—l>, then we first invoke I.H. on Dy,

then invoke .
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— If both are by , then we will invoke I.H. on Dy and D; respec-
tively, then invoke .

— All other cases are similar.

o If Disby @ or some action rules, it vacuously holds because it cannot
be the case that g # [;.

o If Disby , that means it is of the shape vzy D’. We take cases on
DY and DL

lo. . . . . .
— If D 2% is by some communication rule, which means lj is 7, that

becomes trivial as 7| l; is 5.

— If both are by Red, that means D’ Lo, and D' L. Invoke LH.

and apply .
o« If Dis or or @ on &, trivial because it cannot be the case

that Iy # [4.
e IfDis , trivial because can only be 7 ¢ Act.

e If Dis to &, then proc(D) = @x[xg, z1] proc(E). Several cases:

— If both Iy, /1 are by BoCH, then & % and & %, then by LH.
E M, then apply and D ﬂ)
— 1f Iy is by and Iy is by BoCAd. Say Iy is I' | @x'[al, then

£ 2 and & 12N ihen by 1H. g LBl

and p 1B,
— Iflyis by and [y is by . Say l1 is I’ | @x|[], then £ Lo,

U|@zo[]|@z1 [] lo|l'|Ezo]|Ez1 (]

, then apply

and &£ . Then by LH. £ , then apply
and D loullﬂ}.
— All other cases are similar or impossible.
O]

Proof of theorem @ We only need to prove env(ltsq(D,1)) C lts.(env(D),1)
for any derivation D and label I. Prove by induction on D.

e If D is by [HMixd, it is trivial.
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o If Disby on Dy and Dy, and thus env(D) = env(Dy) | env(Dy).
We consider the members of env(ltsq(D,1)); to do that, we consider

how D i> is derived.

— if by , then for any

env(D}) | env(Dy) € env(ltsq(D,1))
env(D}) € env(ltsq(Dy, 1)) (by [Pard)
env(D}) € ltse(env(Dy),1) (by L.H.)
env(D}) | env(Dy) € ltsc(env(Dy) | env(D1),l) (by em)())

— the case for is similar.
— If by ByN, then I = [ | l; and for any
env(Dy) | env(D}) € env(ltsq(D, 1))
env(D}) € env(ltsqy(Do,lo)) and env(D]) € env(ltsd(Dl,h@
)

(by
env(D}) € ltse(env(Do),ly) and env(D]) € ltse(env(Dy),l1)
(by L.H.)
env(D}) | env(D]) € ltsc(env(Dy) | env(D1),1)
(by env(Bx)

o If D is BoA| on &, therefore env(€) is A,a: A |T,b: B,z : @°C and
env(D) is A, T,z : @9C where i : (A: B) € ©. The only non-trivial I
is @z'[a] and

env(ltsqy(D,1))

=env(€) (by )
€ltse(env(D),1) (by env())

« If D is BoW or @ or [BoR| similar.

o If Dis by @ or other action rules, similar.

o If D is apply on &, then env(&)is G | T, 2o : @PC | A,z1 : @®D
and env(D) is G | T, A,z : @°(C ® D). Take cases:

— If ¢ FN(I), then for any

G | T, Az : @°(C ® D) cenv(ltsy(D,1))
G | T, 20 :8°C | A, z1 : @D cenv(ltsq(€,1))  (by BoCPH)
Cltse(env(€),1) (by L.H.)

G | T, A"z : @°(C ® D) E€ltse(env(D),1)
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— If I is I | @z]], then for any

G'|T,Ax: C® D ecenv(ltsqe(D,l' | @z[]))

G |T,x0: C| Az : D eenv(itsqg(E, 1 | Bl | @]
(by BoCW])

Cltse(env(E),l' | @xo[] | @z1[])

(by L.H.)
G'|T,Ax: C® D €lts.(env(D),l' | @x]])
(by env(BoCW))

— If I is of shape I’ | @x'[a], then for any

G|To,a: A|T1,Ax: BeE®(C® D) cenv(ltsq(D,l | Bx'[a]))
G|To,a:A|T,z0: BeE°C | Az :B8°D cenv(ltsq(E,l' | Bxo'[a)))
(by i)

Cltse(env(E),1" | Bxo'[a))
(by L.H.)

G|To,a:A|T,Ax:BgE°C® D) €ltse(env(D),!
(by env(BoCAd))

There is also
G| Ag,a:A|ALT,z: Bea®(C®D) € env(ltsy(D,l' | Bx'[a]))

but symmetric and thus omitted.
— other cases are similar or trivial.
o If Dis on &, then env(€) is G | T,z : A| A,y : A+ and env(D) is
G| A. If [ is not 7, it is trivial; otherwise we have
env(ltsq(D, 1))
= env(ltsq(€, ' [a] | &y (d)))U
lt34(€, ma]) | Sy()U
) (by all comm rules)
=env(Itsa(€, Ba'la] | &y (a')))U
env(ltsq(€, @z(] | ©y()))
(by extended def of env)
Cltse(env(E), 8z'[a] | &y'(a))U
ltse(env(E), mz]] | &xz())U
(by L.H.)
= ltse(env(D), 1) (by env(all comm rules))
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O]

Lemma 33 (External choice of coemitter). If P+ G| T,y : &7 C, then
the following are equivalent:

Proof. The only ways those labels can be emitted are by or by ; and
the two have the same premises. Formally, one can prove this by induction
on PEGI|T,y: OO, O

Proof of theorem @ We strengthen the statement to the following. Let
PrFTg|---|Tp_1. For every i < n, we have P Ly where either l; =T or

FN(l;) N N(T';) # (0. This is so we can prove by induction on the derivaiton
of P+ G.

Trivial.
then P is Py | P, where

PykEDLg |-+ | Dt
PrEDy |- | Tt

For i < m we apply I.LH. on Py, and apply . For m <1 < n we
apply I.LH. on P, and apply .

then P is @z[zg,x1] P’ where

P g |-+ | Tpet, 20 : @PC | Tpy 2y : @D
PrLg |+ Tpoy,Tp,2: 8°(C® D)
Apply L.LH. on P’ and we get a series of labels lg, - -+ ,1,. Fori <n—1,
we apply on /; and we are done. For ¢ =n — 1, we look at [,,_1
and [,:
— If FN(l,—1) # o, then we apply .
— If I, is @x0'[a], then we apply .
— If FN(l,) # x1, then apply .

— If I, is @z1'[a], then we apply BoCA1.
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— Otherwise it must be that [,_; is Bzg[] and I, is Ez1[], and

we first invoke theorem @ to get P’ M

to get P@—xH>.

Then P is vazy P, where
Cut y P,

and then apply

PVl |- | Tpor,z: ATy, y: AL
PFFO ‘ ‘ Fn—lyrn
Apply I.LH. and we get a series of labels lg,--- ,l,. For i <n — 1, we

apply M on [; and we are done. For i = n — 1, we look at [,_; and
ly:

— If FN(l,—1) # x, then we apply .

— If FN(l,) # y, then we apply .

— Otherwise we must have FN(l,,—1) =  and FN(l,,) = y. By the-
orem P3 we know the the two labels must be dual. In particular,
if A or AL is ¢& one has to invoke lemma to ensure that &
emits actions matching with =.

o.w. then n = 1 and we have the corresponding action rule giving transition.

O]

Theorem 34 (Partial Diamond Property). ltsq with restriction on
and BoCA1 enjoys the diamond property. To be precise: if D l?0> E (left

premise) and D b (right premise) where lo#l; and not € =, F, then

there exists G such that £ l—1> G and F lf0> G. This generalizes the diamond
property in Montesi and Peressotti [2021].

Proof of theorem . By induction on the derivation of D. We first notice
that in most cases, lg # [1 is false, and therefore trivial. We only consider
the following cases.

D is Dy | D;. We take cases
~ D gispard on Dy 2% &, and D s Fis[Pard on Dy L5 T,
then apply I.LH. we get some Gy so that & l—1> Go and Fq l%) Go.
Let G := Go | D1, and by Pard we have € 5 G and F % G.
- ItD lt())giSOIlD() ljonfo, and D l—1>.7-'isonD1 l—1>.7:1,
let G := & | Fi, and (without I.H.) we will have £ g by
and F 2% G by [Pard,
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1t D " £ s Byd on Dy 12 & and Dy 1 £y, and D B F
is on Dy L Fo. By LH. we will have some Gy such that
€0 2 Go and Fo 2% Go. Let G := Go | &1, we should have £ 15 G
by PaRM, and F ——% ool G by .

All other cases are s1m11ar.

@x[mo, x1| D’. We take cases

Do e = @x[mo,xl | £ by BoCH - and D & F = Bx|zo, 1] F'
by BoCH - Then D' X% & and D' & 7/, and by LH. we have
some G’ such that &’ —1> G’ and ]:’ % G'. Let G := @x[xg,11] G

and we have £ % G and F % G both by BoCH

|5

IfD £ = @x[ro, #1] £ by [BoCHand D = F = vagyo vary, (Q | F)

N By LH. there

by BoCW. Then D’ j0> & and D’

1 |8xo]|Ez:
e

exist some G’ such that & ] G’ and ]-"’ G'. Let

@z
G :=vaoyovaiyr (Q | G') and we have £ e, G by BoCW| and
F ’f% G by Par and [Red.

I |@z'[a
IfD E = Bx|xg, 1] E by ,and D M F = vxoyovriyr (Q | F')

l i
by BoCAd, that gives D' % & and D' 420, 7 gy 1p,
l/ i
we get some G’ such that F’ lj()) G" and & M G'. Let

U@z [a]
G = vaoyovriyr (Q | G') and we have & —— e G by BoCA(
and fle) g and and REeS.

All other cases are similar or trivial (in the sense that ly # [; is
false).

vry D'. We take cases:

Both premises are given by Red, then we have D’ =% & and
D By F where £ = vry & and F = vay F'. By LLH. we have
some G’ such that F’ l:°> G’ and & % G'. Define G := vry G and
by [Red we have F 2% G and £ 1 G.
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— Right premise by and therefore D’ % F' where F = vry F'.

. L !
Left premise by some communication rule R, and we have D" -2

&' for some [{), where &’ is £ but with more or fewer cuts according

/

1
to R. By L.H. we get some G’ such that 7/ = G’ and &’ b, g
Apply R on the first we get F lj0> G, and apply RES several times

on the second we get & l—1> G, where G is G’ with more or fewer
cuts according to R.

— Both premises are by some communication rule. This is impos-
sible because the only way £ could be different from F is if one
side uses and the other BOCA1, which is preventd by the

requirement that D % E.
— Other cases are similar.
O

Proof of lemma @ The proof is similar to Montesi and Peressotti [2021].
Define R :=~ U{(D,€) | D = €}, we show R to be a bisimulation, and

therefore part of ~. For (D, &) € R where D % £, we note:

o For any D Lpop = £, then [ has to be 7, and we easily have
£ = & and (&,€) € R. Otherwise by theorem @ there exists £ such

that £ 5 & and D’ = &'. That gives £ L & and (D', &) € R.

e For any & KN &', we have D L & and (&, eR.

3.D Omitted content of CEGV
The functional fragment of CEGV is given in fig. and fig. . The

session fragment is in fig. . Omitted rules of the effect fragment is in
fig. B.D.4

Proposition 35. [Cy] is positive.
Proof. By simple induction on unlimited types Cyp. O
Proposition 36. [ — ] preserves duality. ILe., [Cs]* = [Cs]

Proof. By simple induction on session types Cg. O
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CONTRACT
”F,xo Ay, Ay B P Bu '
b

F,xo : AU F P[l’o/xl] : B

[P]y F [T+, o : [Au]*, =1 : [Au]*, b [B]
zo[DUP|(z1). [P F [T+, zo : [Au]t, b : [B]

WEAKEN
I'+P:B _ [P]s - [T]4, 0 : [B]
T,o: Ay P:B| = z[pise]. [Py [T]5 = : [Au]*, b [B]
b

TENSOR-I

'epP:C AFQ:D o

I,AF(P.Q):C®D o
d

[PlcF [T e [0 [QLaF [A]Y,d: [D]
dle]- ([P]e | [Qla) F [T]+, [A]Y, d - [Cl @ [D]

TENSOR-E
I'P:C®D A,c:Cid:DFHQ: FE
IVAFlet(e,d) = Pin Q: E

[P]: - [TT, 2 : [C] ® [D]
[Q)e - [A]" c: [C]*,d: [D] e : [E]

d(c).[Q]. F [A]*, d : [CT* = [D]Y e : [E] STAR
ﬁ lm = 0,Fz:1

vdz ([P]: | d(c). [Q)e) - [TT+, [A]* e« [E]

Fox:

Figure 3.D.1: CEGV, functional fragment, Part one
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LoLi-1
%I:Ic :CHP:D _ [Plak [T]*, ¢ : [C]H,d: [D]
THXe.P:C—D| ~ de).[Pla+ [T]*.d: [C]F » [D]
d

LoLI-E
[{FI—P:C'%D AI—Q:CN .
d

[LAFPQ:D

[P]. b [T], 2 [C]+ 2 [D]
[Ql. F [A]Y,c:[C] d«d Fd:[D],d :[D]*
d'd. ([Q]c | d <« d') F [A]*,d : [D],d : [C] ® [D]*+
ved ([P). | d'[c]. ([Qle | d +» d'))  [T]+, [A]*,d : [D]

ARROW-I
TybP:C—D|  [Pl.+[Tu]t, 2 [C]F 2 [D]
TyFP:C—DI| ~ 12{[P].}F [Tu]*, 2 : ([C]* = [D])

z

TARROW-E
T'HP:C— Dm o
w

I'P:C—D

[F]: F ITT, 2 - W([C]* = [D])
w < w' Fw: [C]®[D]*, v : [C] ® [D]
w[USE. w > w' Fw : A([C] @ [D]Y), w' : [C]+ % [D]
vzw ([P], | w[usg]. w < w') F [T]+, v’ : [C]* 9 [D]

Figure 3.D.2: CEGV, functional fragment, Part two
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AFQ:C I'P:IC.D
I''Abtsend Q P:D

[Pl + [T+, 2 : [C] = [D]

[Ql.F [A]Y,c:[C] d<«d Fd:[D],d :[D]*
d'lc]. ([Qle | d < d') - [A]*,d: [D],d : [C]® [D]*
vzd ([P | d'[d. ([Q]e | d « d)) F [T+, [A]*, d : [D]
L'P:?2C.D

I'breevP:C®D

I'- P :end;
' terminate P : 1

= [P]. - [I]*, 2 : [C] @ [D]

= [P]. F ] 2:1

z

Tz:CstPrend | [Pl.-[]5a: [Clg,2: L

Tk pop,(P):Cs ||~ vzz ([P].]0.) F [T]*, 2 : [C]&
PusH
I'FP:Cg _ [P]z - [T]*, = 2 [Cs]
T,z:Csk push, (P):endi || = 20).[P].F [[]% 2 : [C]5,2: L

z

Figure 3.D.3: CEGV, typing rules of sessions
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'P:D Ad:D|OFQ:FE
IA|OFletd = Pin Q: E

zzC
[Pla+ L]+, d: [D]
[Qlezc F [A]S, d : [DIS,2: B0, 2 : [E] @ €1 C*
Vdd, ([[P]]d | [[Q]]mzc) F [[F]]L, [[A]]L’:L' : @[[611072 . [[E]] ® <>[[@]]J‘CL

e:E|OFQ:E+D
e: E|©FdoUntile.Q: D

zz'C
[Qlezp - e [E]*2: ml¥1C, 2 : ([E] & [D]) @ &IV ¢
v 2 Faal®lo QHGHLCL
Pi=Z(c).x 2 Fe: [D)t 2 w0 2 : [D] @ 619V ¢t Borl
Baz(e){z [Qle:p}e. P+ e: [E]f,z: ml®lC, 2 : [D] ® <>[[9]]ch

R ]
I'|OFP:D
. PROPOSITION (]
' ©,i:(A: B)F P :=open(relax(close(P))) : D
I|@FP:D
T+ inst(P): (D — 8°D) - 8°D F unit: D — @°D

T+ close(P) := inst(P)(unit) : @D
is derived by cutting 2’ of [P], with ¢/ of the following, where S :=
CReR
Ri=y(2).2(y). f<zF f: 80 y: (D S)» Dt
Sylivi<r i’ za 2 absorbyr i, f.R} F oy <>@L((D ®8) e DY),i' st
1 1
liftysy 2 : (OF (D@ 8) e D)Ly : 0% (DY),2: DS
1. AOT L . .ol
vey - Fy &7 DYz:D®S,i S

Figure 3.D.4: CEGV, omitted typing rules of effects
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Proposition 37. The operation — is an involution; that is C:S =Cg.
Proof. By observing the definition of duality in CEGV. O
The following implication states that an emitter that does not use any

effect can be converted into a pure value. They are not used in our paper
but still interesting.

Proposition 38 (Purify).
@°C — C C — &°C
Proof. We will derive them in CEGV instead of CELL for simplicity. The first
can be derived by and the second by (which we omit)
purify := + handler{i.i,a’?’. ,y.y}:@°C — C
0

Note that the other direction can be given by the rule: - unit :
C — @°C. They together form an equivalence, as stated by the next theo-
rem.

Proposition 39. o Forany 't P:C, we have purify(unit(P)) ~ P
o Forany'F P:@°C, we have unit(purify(P)) ~ P
Proof. We first translates unit and purify to CELL (unfolding ’@):
unit' := @zl z < ¢+ : Ct 2 @°C
purify’ = Oyfii e ' zaZ . foy fY Ry OCH M C
Now for the first bisimilarity, we need to prove that for any P’ +T'- ¢ : C,

we have
ved vy (P unit’ | purify’) = P'[¢" /]
which follows by lemma @ and the fact that LHS would 7-transition to
RHS.
For the second bisimilarity, we need to prove that for any P’ - Tt 2/ : @*C,
we have
ve' " vy (P | unit’ | purify’) ~ P'[z/x']
Let R =~ U{(vd " va'y (P’ |unit' | purify’), P'[x/2']) | P' + T,2’ : @*C}.
We will prove R to be bisimulation and thus R C~.
o For labels [ s.t. FN(I) € T', then for LHS it must be by and say
j N Q. That means LHS transitions to

vd'd" va'y (Q | unit’ | purify’)

and RHS transitions to Q[z/z']. Note that LHS and RHS after tran-
sition are still in R.
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o For label @z[], say RHS transitions to Q[z/2'], and LHS transitions
to
Q' =vdd"va'y (P |z < | purify’)

, which further 7-transitions to Q[z/2']. As a result, (@', Q[z/2']) € R
by lemma

Proof of proposition @ We omit the types for simplicity

o (left identity) LHS translates to

vzoxy (zold']. ([Plar | zo < 20) | #1(d). [Qlay210)

RHS translates to
vdd ([Pla | [Qleozc)

We easily have LHS 7-transition to RHS, and thus follows by lemma @

o (right identity) LHS translates to
vzx' ([Plesc | 2'(d). 2'[d]. (d < d' | 2/ < 2))

RHS translates to
[[P]]a:z’C

2'[d

Consider how [P],..¢c will transition. First case is — @), then we

should have [P]z.c 2, Q[z/7'], and therefore LTS would 7-transition
into

vza'ved (Qlz/2'] | Z'[d]. (d+ d | 2/ + 2))
which then 295 into Q[d'/c]. On the other hand, RHS simply 2,

Q. Therefore the two are bisimilar.

For any other cases, LHS will simulate RHS by .

o (commutativity) RHS translates to

Vzox1 ([[P]]JUOZOC ‘ 1‘1(d) Vz122 ([[Q]]xlzlc ‘ 372(6)' [[R]]IQZQC))

RHS translates to

Vz122 (VZOZ'I ([[P]]IOZOC ‘ xl(d)' [[Q]]$121C) | x2(e)' [[R]]JC2Z2C)

which are trivially bisimilar.
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We conjecture the following properties about , but did not prove
them due to the computational complexity.

e A spawned process and a continuation thereof are on an equal footing.
That is forany I' | © - P: 1 and A | © F Q) : 1 we have

', A | © F spawn(close(P)); @ ~ spawn(close(Q)); P :1

e Spawning a trivial emitter does nothing:

I’ | © - spawn(unit(*)) ~ return(*) : 1

We can portray the behaviours of example E using bisimilarities, as fol-
lows.

Theorem 40 (One-sided Equality Theory). We have the following facts in
CEGV.

a(

o GivenT F P : 1+ X we have [cel* (P)], M—L)>% [(P, celF (inl %))y,

which says getting from a cell containing P (which might be empty)
returns P and leaves the cell empty.

o [cel(inl )]y, MM% [(inl %, cellX (inr )], which says putting

to an empty cell will fill the cell and returns empty.
e Given 't P': X we have

[cel (inr P')], 2220, @0,

[(inr ', celf (inr PNy

which says putting P to a non-empty cell will not change the cell and
returns P

Proof. We first translate the statements into CELL:

e Given PFT',7: Sy, we have
Oy-(a’)

cellf(i.P) v, o,

a' (). yli]. (P | celli() FT,d : L,y:Sx ® &0t xSx

« we have

X Oy(@), a'lw],

cell

yli]. (i[L]. 0 | cell,\ (id[R].a’ <+ i) FT,a’ : Xty Sx ® &0 xSx
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e Given P’ +T,i: X, we have

cellf(i.i[R}.P/) 4><>y_(a) _>a’[|q ~

y[b]. (B[R]. @ < b] cell; (i.i[R]. P')) FT,a" : X'y : Sx ® O xSx

And then we prove them one by one:
e We have LHS

Sy-(a') a1
—_—

celli((i.P) vi'z' viz (Qget | D | P)

whose only possible further transition (by tedious computation) is (im-
plicitly using some alpha-renaming)

L0, 2 M, it (P 210y | celiX (ii 5 1)

note that the only possible transition of RHS a(). y[i]. P | cellf is

o0, ¥, p | celli(

We therefore only need to further prove
vi'2 (Z'[L]. 0 | cell,\ (i.i <> 1)) m cell;) (i.i[L]. 0;)

which is easy, because on both sides, the only possible transition is
&y—(a’), which on LHS gives (using some alpha-renaming)

vi'2 (Z'[L). 0, |vizvi” 2" Q2" /2] | D[i" /i) | i +4')
Lvizvi”?" (Q[2" /]| D[i" /'] | i[L]. 0;)

which is same as RHS after the &>y—(a’) transition. Citing lemma @
and we are finished.

o We have LHS

vi'z' viz (Qput | D | i[L]. i]]. 0)

celli( Qv-leh),

which further transitions

YL T it (cellX (i o ) | i[1). 0; | #/[R].d < 2)

while the RHS transitions

M, (i[1]. 04 | cell:X (i.4[R]. ' > 4)
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thus only to show is
vi'2 (celli( (i.i< i) | Z[R].d < ) = cellff(i.i[R]. a’ i)

which is easy, because on both sides, the only possible transition is
&y—(a'), which on LHS gives

vi'2' (vizvi” 2" (Q[2" /] | D[i" )i'] | i« i) | Z'[R]. d’ < 2')
Lvizvi”Z" (Q[Z" /2] | D[i" /] | i[R]. @ 1)

which is exactly as RHS after <&y—(a’) transition. Citing lemma @
and we are done.

¢ We have LHS
Oy—(a’) ]
—>

cell\ (i.i[R]. P') AW i iz (Qput | D | i[R]. P')

which further transitions

é}%é} Vil viz (P/ ‘ Z/[R}.ZHZI ‘ b[R}_a/ b ’ Cellj((Z’L Hll))

while the RHS transitions

2B, (b[R].a’ > b | cellX (i.i[r]. P)

thus only to show is
vi'2' viz (P | Z/[R]. 2z <> 2 | cellf (i.i+d)) = cell;( (i.i[R]. P")

which is easy, because the only possible transition on both sides is
&y—(a'), which on LHS gives

vi'z viz (P'| Z'[R]. 2 < 2/ | vi" 2" i 2" (D" i) | "« 4" | Q[ /2|[2" ] 2]))
;VZZ (P/ ’ VZ'//Z// Vi///Z/// (D[i//,/i,} ’ Z//[R] PR i” ’ Q[Z////Z/] [ZI//Z]))
%VZ‘//Z” VZ'///Z/// (D[i////i/] ‘ VZZ (P/ ‘ Z//[R] PR i//) ‘ Q[z////z/][zl//z])

Compared to RHS after &>y—(a’), we only need to show (after some
alpha-renaming)

i"[R]. P'[i" }i] = viz (P"|i"[R]. z <> i")

which is trivial because the only possible transition on both sides is
i"[Rr], after which LHS gives P'[¢"/i], and RHS (via some 7 transition)
also gives P'[i" /i].

O
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Example 13 (Linear Exception). Exception is a common example of typical
effect systems. This is however difficult in our system, because we are not
allowed to discard continuation which is central for exception handling. As
a result, we must use the continuation, which brings the second issue that
we are not able to provide absurdity to continuation. Recall that typically
continuation receives absuridty which can be casted to any type in need; this
is an important feature of exception. Absurdity in linear logic corresponds
to the additive units, which are always omitted from the CP intepretation
of linear logic; To amend this would worth a standalone paper and we leave
it to future work. Here we take the easy way where we pass B := 1 to the
continuation, and simply discard the returning value of the continuation.

S=F+X A:=F B:=1 D:=X © :=raise: (A: B)

To handle exception at a’, we resume the continuation with x and dis-
gards the return value; instead we will use a’ as the return value. Note that
we require F+ X to be a unlimited type (positive type) for silently dropping;
this is always the case in typical functional programming.

a:A 7 :B—-oSFQ:S
Q:=let _ = 2 xin (silently drops the return value)

inl o’ (record error in result)
And we have
I catch := handler{i.i,a’2".Q,y.inry} : y : @8°D — §

On the other hand, we define main program (assuming F ¢p : E and
F 20 : X) which raises exception before returning.

|@FM: D
M :=emit"®(ep); (discard the unit given by the handler)
return(zo)

If we run M inside catch:
I catch(close(M)) ~inleg : S

we get some S which will be bisimilar to inl eg; the bisimilarity can be easily
proved by lemma R7.

While we can somewhat express exception, non-determinism (which calls
continuation multiple times with different response) would be certainly not
possible. Linearity of continuation is discussed in section B.8.
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Example 14 (Effects as a Service (EaaS)). In example @, instead of incre-
menting a number, we can allow client to perform effects directly by setting
Xg := &0Oend? and make serve simply forward all ©-effects from the client
to the server.

x: Xg | Ok serve := x < open(x); return(terminatex) : 1

Note in this case, cell®s stores @®end»; i.e. we have effects whose re-
quest /response are effectful computations. This is only possible because
the latter are merely types.

Note that example @ still lacks a program that put new sessions to cell.
Depending on the scenario we want to model, there are two approaches. If
we assume the client process to be some other emitter sharing the cell with
the server, it can simply put sessions itself, which is simple and omitted. If
we assume the client process to be isolated from the server and only talks to
the server via a channel, one tends to use coexponential [Qian et all, 2021],
but for simplicity we use list to model client queue. We could assume list as
primitive, but we will define it for self-containment.

Example 15 (Encoding List). We can think [X] a list of X as an emitter
that for many times emits X while expecting only trivial response. Define

©:=_:(X:1) [(X] = %1
We now have:

r=rP:X AFQ:[X]
F ] := unit(x) : [X] VAR P @ :=inst(emit=(P))(A_. Q) : [X]

r-p:5§ z2:8,d: XFQ:S
[+ fold(P, za'.Q) := handler{i.P,a'?' let 2 = 2/(x)in Q,y.y}:[X]—- S

Logically [X] = ; X, but semantically the latter allows clients permuta-
tion while the former does not, which is essential for racy client acception.
This is however not a problem for modeling most client/server, because
while the clients acception is deterministic, their interaction with the server
emits effects on the server and races with each other.

We are now at a position to define the process that accepts client sessions
Xg and put them to the cellXs.

Example 16 (Accepting client connections). We want to fold the list such
that for each element (which is a connection X) we sput it to cell. Note
that the list operations looks pure and do not mention effects at all, which
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is however not a problem. We use a similar trick as in example H and let
S := @1 and we define

FP :=unit(x): S
z2:8,d: XFQ:8S
Q :=inst(sput,/ )(\_. z)
Faccepter := fold(P, za'.Q) : [X] — S

Note that in general the user of fold can pick any {2 they want, assuming
the user can pick any S they want. Effect polymorphism[lBrachthéiuser et alL
] is a heated area, and our approach of reducing it to type polymor-
phism has limitations; for example, the function map : (X —Y) —o [X] —o
[Y] cannot support effects by simply instantiating X, Y to appropriate types.
We leave it to future works.

We now define (Recall that © represents database 10):

server :=using cell® (inl %)(
spawn(accepter(y));
workers)
'y :[Xs]|© Fserver: 1

Example 17 (Bidirectional Effects). hhang et alJ [|202d] introduced bidi-
rectional effects which means handler might emits effects themselves. In
contrast to example [| where the effects are handled by more primitive co-
emitter, here the effect are handled by the effectful computation that emit
effect in the first place. Our system can easily express this by setting the
effect response to be an emitter. Note this is only possible because the latter
is merely a type, which allows higher-order effects.

We consider a simple example where a main program would try to get
some value X. The effect will be handled and in fact cause some exception
FE back to the main program who will handle the exception. We define

Q:=get: (1:8°X) ©:=raise: (E£:1)

We first define the main program:
| QFmain: E+ X
main :=z < emit®(x);
return(catch(z))

where catch is defined in example @ We then define the Q-runner:

FP:=%:8S
z:8,ad 1 1FQger == (close(emit™=®(eg); return(zo)),*) : @°X ® S
f:SFR:=%:1

Frunner := runner{ P, za'.Q, f.R} : &1
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And we connect runner with main:

Flet (s,y) = coinst(main)(runner) in
let = counit(y) in s
EF+ X

we further claim the above is bisimilar to inl ¢e.

Example 18 (Positive Cell). A more traditional cell would (in contrast
to linear cell through out the paper) allow overwriting (destruction) and
repeated reading (duplication), in which case the content has to be an un-
limited type Xy. This was the case in IROCha and Caires1 [lZOQ]J] and can be
reproduced in our system. We choose to implement it in CEGV, as unlim-
ited types are more natural in CEGV than in CELL. Assuming initial value
I'F P: Xy supplied by the user. We first specify the effects:

© :=read: (1: Xy),write: (Xy : 1)

We then define the positive cell using with internal state S :=
Xy. For reading, we duplicate the old state z to two copies, one used as
new state, one given to user. For writing, we first discard the old state, and
forward the user input to the new state. However, both duplication and
discarding are implicit thanks to WEeAKEN and ConTrACT. In finalization
we simply return the internal state.

z:8,d 1FQd = (z,2) : Xy ®S
z:8d : Xy QY™ = (x,d):1® S

Combining everything:
pcellXV (P) := runner{P,zd’.Q, f.f} F T,y : &°8

This example is less interesting than linear cell as it cannot store non-positive
types such as sessions.

Example 19 (Dining Philosophers). Dining philosophers has been difficult
to express in linear logic due to its cyclic nature. We will represent a chop-
stick as a linear cell of 1. Non-empty cell means the chopstick is occupied.
To allow each philosopher to access multiple cell*, we follow example Erand
define the following prefixed version of sput and sget
|iget:(1:1+4 X)Fsget :=lete = xin doUntil e.emit"&*(x) : X
e: X |iput: (X :X+1)kFsput, := doUntil e.emit"P(e) : 1

We first define a single philosopher; they would acquire the left and right
sticks in order, and then release them.

Q= iget:(1:1+1),iput:(1:14+1),jget:(1:1+4+1),jput:(1:141)

| Q Fnerd” :=let u = x in sput’; sput) ; sget'; sgetd; return(x) : 1
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We first derive the following syntax sugar based on example El and
that silently discards the coemitter after using it, given that it returns an
unlimited value. This is to simplify the main program.

L QFP:0°Ey  AljO,QFQ:D
A | QF using® j.P(Q) := (d,y) < using j.P(Q); let _ = coinst(y) in return(d) : D

We now write the main program; we start by allocating two cells prefixed
with i and j with empty initial state. We then spawn two philosophers with
different order of cells.

| FM 21
M :=using* i.cell* (inl %)( (allocate empty cell and use it)
using* j.cell* (inl x)( (allocate empty cell and use it)

spawn (nerd”); spawn(nerd”")))

Here using® silently destroys (instead of returning) the cells after using
them. Note that M is an effectful computation with empty effect environ-
ment.

Remark 3 (Cell is not Reference). example [ gives the impression that our
Cell® is similar to references [Leroy et all, 2022]. However, Cell® being a
coemitter is not a positive type, and thus cannot be refered to more or less
than once. This is why the above nerd is parameterized over i and j instead

of taking two Celll as arguments, since each Cell' would be refered to by
both nerd.
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